THE ELEMENTS 


OF 


COORDINATE GEOMETRY 


BY 


8. L. LONEY, M.A, 


LATE PROFESSOR OF MATHEMATICS AT THE ROYAL HOLLOWAY COLLEGE 
(UNIVERSITY OF LONDON), 
SOMETIME FELLOW OF SIDNEY SUSSEX COLLEGE, CAMBRIDGE 


PART II. TRILINEAR COORDINATES, ETC. 


MACMILLAN AND CO,, LIMITED 
ST MARTIN'S STREET, LONDON 
1923 


CHAP. 


J. 


Il, 


III. 


_ CONTENTS 


CROSS-RATIOS 


Harmonic Ratio j 
Harmonic Properties of a Complete Quai 
Homographic Ranges and Pencils . 

Coaxal Homographic Ranges . 

Involution Ranges and Pencils 


TRILINEAR COORDINATES 


The Straight Line 

Cross-Ratios . 

Complete ———— ind Quailatera 
Areal Coordinates — 


TRILINEAR COORDINATES. ee OF 
THE SECOND DEGREE . 


Tangential Equation of the General Conic 

Pole and Polar . 

Equation to the Tangents — a — — 
Director Circle of the General Conic 
Asymptotes of the General Conic 
Circles connected with the Triangle of Reference 


Condition that the General —— * — 
a Circle. 


Foci and Axes of the — —— 
Cireumscribed and Inscribed Conics 
Self-conjugate Conics 
Four-Point and Four-Line Conics . 
Two Tangents and Chord of Contact 
Areal Coordinates 


. 103 
. 10 


PAGE 


14 
22 
23 


33 
39 
51 
52 
56 


62 
64 


67 


88 


70 
79 
79 
88 
94 


Vill 


CHAP, 


IV. 


VI. 


VII. 


VIII. 


. TANGENTIAL COORDINATES . 


CONTENTS 


MISCELLANEOUS THEOREMS . 
Pascal and Brianchon Hexagons 
Harmonic Locus and Harmonic Envelope 
Common Points and Common Tangents of two Conics 
Constant Cross-Ratio Property of Conics 
Homographic Ranges on Conics 
Maclaurin’s Theorem 

Involution Ranges on Conics . 
Homographic Plane Figures 

Parametric Coordinates . 


Meaning of$+A2=0 .. 
Circular Points at Infinity 
Foci and Confocal Conies . 


RECIPROCAL POLARS 

Polar Reciprocal of one Conic with respect to — 

Polar Reciprocal of one Circle with respect to another 
Reciprocation of Coaxal Circles into Confocal Conics. 


PROJECTION 

Homographic Ranges and Pencils are —— 

Fundamental proposition of Projection . 

Projection of a Conic intoa Circle... 

Circular points at cared and cae —— 
sations . 


Four-Line Conics project into Confocal Conice sf 
Four-Point Conics into Coaxal Conics , 


INVARIANTS 

Geometrical meaning of @=0, — 4 * 

Condition of tangency of two Conics ; 

Conics inscribed in one — and circum- 
scribed to another 

Invariant Relation between the — * the 
Harmonic Locus and Harmonic Envelope , 


ANSWERS. «2 0 os We ee 


. 144 


. 150 
. 161 


. 163 


PAGE 


» 115 
. 115 
. 12) 


123 


. 127 
. 128 
. 135 
. 138 


142 


169 
174 
178 
184 


. 188 


192 


. 193 


216 


- 219 


227 


CHAPTER I 


ANHARMONIC OR CROSS-RATIOS. HOMO- 
GRAPHIO RANGES. INVOLUTION RANGES 


[On a first reading it may be thought advisable for the student 
to omit from Art. 17 to the end of the Chapter.) 


1. If P,Q, , S are four points lying on a straight line, 
_ the ratio of PQ to QR divided by the ratio of PS to SF is 
called the anharmonic, or cross, ratio, of the four points 
P,Q, R, S and is denoted by the symbol (PQAS). Thus 
PQ PS PQ SR_ PQ.RS 
(PORS)= OR * SR QR” PS~ QR.SP’ 

The last form is perhaps the most easy to write down, 
especially when, as is often the case, the four points are not 
in order on the straight line. 

—— with P the four elements are PQ, QF, RS and 
SP in cyclical order; the first element is put in the 
numerator, the second in the denominator, the third in the 
numerator, and the fourth in the denominator. | 

Such a set of points lying on a straight line is called a 
range. 

Similarly a set of straight lines meeting in a point is 
called a penoil of rays ; and the point in which they meet 
is called their vertex. 

The cross-ratio of a pencil of rays OP, OQ, OR, OS is 

sin POQ. sin ROS 
sin QOR. sin SUP’ 
and is denoted by the symbol 0(PQAS). | 

2. Ifa pencil OP, OQ, OR, OS ts cut by any transversal 
in the points P, Q, R, S, the cross-ratio 
of the pencil ts the same as that of the 


9 
range PQORS. 
For, if p be the perpendicular from Si 
0 upon the transversal PQRS, then ‘ 
8 


px PQ=2A0PQ=O0P .OQsin POQ. PQ R 
] 


LO 
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So px QR=0Q.O0Rsin QOR, p x RS=OR. OS sin ROS, 
and px SP= 08. OP sin SOP. 
Hence, on substituting and cancelling like quantities, we 


have 
_PQ.RS sin POQ sin ROS 
[PORS) = QR.SP  sinQOX' sin SUP ~ O[PORS} 


If any other transversal cuts the rays in P,, Q,, 2, S; 
it follows that [P,(, R,S,]=[PQRS]. 
For 
[7.9 2, 5,]= 0 [P,Q, 2, 8,] =O[PQRS] =[PQRS]. 


3. When four points such as P,, Q,, R,, S, are obtained 
from P, Q, 2, S, or vice versa, by joining one range of four 
points to a vertex O, and obtaining the second range by 
means of the intersections of the four joining lines with any 
transversal, then one range of the points is said to be the 
projection of the other range. 

Thus the cross-ratio of a range of points is the same as that 
of their projections, or, as it is generally expressed, the cross- 
ratio of a range of four points is unaltered by projection. 
As will be seen in a Jater chapter this is a most important 
result, Arts. 199-20].] 


4. Cross-ratio of the pencil formed by the four straight 
lines y= m,%, Y= M42, Y=mM,z and y=m,zZ. 
Let a straight line parallel to the axis of y meet the four 


straight lines in the points P, Q, R, S and the axis of x 
in ¥. Let ON=h, where O is the origin. Then 


NP=mh; NQ=m,h; NR=mh; NS=m,h; 
. PQ=(m,—m)h; QR=(m,-—m,)h; RS=(m,—m,)A 
and SP =(m,-m,) h, 
Hence the cross-ratio of the pencil OP, 09, OR, OS 
= that of the range P, Q, 2, S=[PQRS] 
Rl PQ. RS * (m. — m) (m,— ms) 
QE.SP  (ms—m,) (m—m) 
This result is easily seen to be true whether the axes are 
rectangular or oblique. 
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5. Cross-ratio of the pencil formed by the straight lunes 
whose equations are 
y=0, y=me, x=0, y=me. 
In this case the third straight line cuts the straight line 


parallel to the axis of y, i. e. parallel to itself, at an infinite 
distance. : 


Also the points W and P of the previous article coincide ; 
hence in this case we have 
PQ=mh, PR=o, and PS=m,h, 


and thus : ‘ 
PQ. RS mh mh-o ™ 
——— OR. SP a—mh' -mh mm, 
6. Harmonic Ratio. If the cross-ratio of four points 
is equal to —1, the ratio is said to be harmonic. 
In this case, from the definition of Art, 1, 


—— PF oRe 
QR SR RS’ 
”. PQ(PS— PR) = PS (PR- PQ). 
. PR.PQ+PS.PR=2PS. PQ. 
pei ets 
oe PQ + Ps = PR’ 
i.e. PQ, PR and PS are in harmonic progression. 
If Q is the middle point of PR, then S is at infinity. 
If O be the middle point of PR, then OP’ = OQ. OS. 
For if 


a ee ae ee 
g+é8 





, ——— ee 
Si Agel 
1 OEE ee ee 


The points Q and § are said to be harmonically con- 
jugate with respect to the points P and £; this is also 
expressed by saying that they divide the straight line PR 
harmonically ; the points Q and S are said to be conjugate 
points as also the points P and &, 


1—2 
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7. Similarly, if a pencil of four lines is such that its 
cross-ratio is equal to - l, it is called a harmonic pencil, 
and two of the lines divide the angle between the other 
two harmonically. 


Iu the proposition of Part I, Art. 401, we have an example 
of a harmonic range, and the proposition may be expressed 


in the form 
(OPRP’)= -1. 


8. If x,, 2, 2, 2, are the distances of four points P, Q, 
K, S from any fixed origin 0 lying on the straight line on 
which the four points lie, then 

(POR _ %~%) (%— a) 
— (% — 3) (x, — 24) 

This quantity is equal to - 1, if 

| (aig = 2) (4 — 2g) + (0, — 4) (2 ~ 2) = 0, 
iif (+) (+X) = Ox,x, +.2%,x,, 
which is therefore the condition that the four points should 
form a harmonic range. 

The cross-ratio of the four points is equal to unity if 

(iq — %)) (44%) = (% - 2) (%- 2), 
1.0, if (a7, — a%) (x — a) = 0, 
and then %, = My: OF mae, 
so that either the points P and & coincide or the points Q 
and § coincide in this case. | 

Similarly the straight lines y= ma, y =~ mya, y = mya; 

and y=m,« form a harmonic pencil if 
(m, + m,) (m,+ m,) = 2m, m, + 2m,m,. 

Just as in Art. 5 it follows that the straight lines y = 0, 
y =px, = 0 and y=— pa form a harmonic pencil. 

9. To find the condition that the straight lines given by the 
equations ax’ + 2hay + by’ = 0 and a's? + 2h'ay + by = 0 may 
be harmonically conjugate. 

Let the first pair of straight lines be y=m,a and y= m,a, 


so that m, + m, = = and MIM = 


HARMONIC RATIO — 


Similarly, let the second pair be y= m,« and y= 1,2, 80 
é a’ 
that m,+m=—- * and m,m, = 7 
By Art. 4 we then have 


(1m, — ™) (m4 — ms) __y 
(m, — m,) (m, — m,) 


i.e. (m, + Ms) (m. + 4) = 2mm; + 2mm, 
Hence ~F (-F)- S45 
b b' Sees, 
ab! + a'b = Qhl 


is the required condition. 


Cor. 1. The pair of straight lines y’- p*a* =0 and the 
pair given by zy=0 are harmonically conjugate, i. e. any 
pair of straight lines and the bisectors of the angles between 
them form a harmonic pencil. 


Cor. 2. The imaginary straight lines 2*+y*=0 and the 
axes xy = 0 also satisfy the condition of this article. Hence 
any pair of perpendicular straight lines divide harmonically 
the lines joining their intersection to the circular points at 
infinity (Part I, Art. 392). 


10. Just as in the previous article a pair of points whose 
distances from a fixed origin are given by az*+2ha+6=0 
divide the straight line joining the pair of points given by 
a' a+ 2h'x +b’ =0 harmonically if ab’ +a’d = 2h/’. 

11. To find the pairs of lines passing through the origin 
which are harmonically conjugate both with the pair of lines 
given by azx* + hay + by*=0 and with the parr given by 
Oi, a + 2h,wy + by’ =0. 

To shew also that the lines so found are harmontcally con- 

jugate with respect to all the pairs given by 
aa? + Qhoy + by® +d (a,x" + 2h, cy + b,y*) = 0, 
where d 18 any constant. 

Tet the required pair be 

a a + Qh’ ory + b'yF =O .......... (I). 


6 COORDINATE GEOMETRY 


Then, by the previous article, we have 


@b6~-Wh+ba=0 we. (2), 
and 0b, — Qh’ hy + Ba =O ... (3). 
Solving, we have 
a’ 2h! b 


ah, — a,h ~ ab, a,b hb, ~ hb 
Also (2) and (3) give, for all values of A, 
a’ (b + Ab,) — 2h' (h + Ah,) +.B (a + Aa,) = 0, 
But this is the condition that (1) should be harmonically 
conjugate with the pair 
(@ + Aa,) e? + 2 (h + Ah) wy + (b+ Ad.) Yr =0. 
12. [f four points lie on a straight line, their polars with 


regard to any conte meet in a point, and the cross-ratio of 
the four points is equal to that of the pencil formed by their 
r8 


Take the straight line as the axis of a, and let the dis- 
tances of the four points P,, P,, P;, P, from the origin be 
1, %, %,,%,. The polar of the point P,, 1.6. (#,, 0), with 
respect to the conic 

ax? + Lhay + by? + Iga + 2fy +c¢=0 
is æ (aa,+g) t+ y (ha, +f) Oä wn... (1). 
For all values of ~, this passes through a given point, viz. 
the pole of the axis of a. 

Now (1) is inclined to the axis at an angle tan-'m,, where 
— 

ax, +g 
So for the polars of P,, P;, P,. 

Hence the cross-ratio of the pencil of polars 


_ (My — my) (1M, - MMs) _ (%y— %) (Hp — %) 
(ms —™_)(m,—™,) (Xs — Ly) (2, -- 2) 
on substitution and reduction, 


= the cross-ratio of the four given points. 


13. From four points P, Q, A and S, lying on a straight 
line, we can obtain different cross-ratios according to the 
order in which we take the points. Four points can be 
permuted amongst themselves in |4, i.e. 24, ways, but it 


CROSS-RATIOS 7 


is easily seen that they only give rise to six different cross- 
ratios. For 


(PQORS] =(QPSR] =(RSPQ]=[SRQP] ...(1), 

[POSE] =[QPRS] =[BSQP]=[SRPQ] ...(2), 

[PROS] =(QSPR] =[RPSQ] =(SQRP] ...(3), 

[PRSQ| =(QSRP] =[RPQS] =|SQPR] ...(4), 

[PSQR] = (QRPS] =(RQSP] =(SPRQ] ...(5), 

[PSRQ] =[QRSP] =[RQPS] =[SPQR]_...(8), 
as may be verified by the definition of Art. 1. 

The second, third, and fourth cross-ratios in either of 
these six rows may be obtained from the first by inter- 
changing any two letters in it and then interchanging the 
other two. Thus, if in ee we interchange P and S, and 
then interchange Q and FR, we obtain [S&QP], which is the 
last ratio in (1). We thus have six different cross-ratios, 
viz. the first in each of the above rows. 

These again are not independent. For if P,Q, &, S areany 
four points in a straight line, in any order, we always have 

PQ. RS + PR.SQ+PS.QR=0......... (7), 
where careful attention is paid to the signs of the quantities 
involved. 

For let the distances P, Q, 2, S from a fixed point in the 
straight line be p, g, 7, 8 30 that 

PQ=0Q-0P=q-p; RS=O0S-OR=8-+, ete, 
then the left-hand member of (7) 
= (¢—p) (8-7) +(r-p) (q-8) + (8-p)(r-g)=0. 
Dividing (7) by PS. QR, we have 
PQ.RS PR.SQ 
PS. OR + PS.QR +1=0, 
_ PR QS_, PO RS 
RY Bro OR ar 
Hence, if we put [PQRS]=A, this gives 
[PRQS] =1-). 
Again, dividing (7) by PQ. RS, we have 
PR.SQ PS.QR 
'+ PQ.RS* PQ.RS* 


8 COORDINATE GEOMETRY 


; _PR. SQ _ VR. SP _ l A-1l 

- [PRSQ] = Fe Op" | ~ Rs. a ele eas We 
Further, if we interchange the first and third letters or the ~ 
second and fourth points of a range, we easily see that we 
invert a cross-ratio, Thus 





aRel= gag) (P80E]= peggy - — 
cla 
and [PQSR] = [PRSO . 50) 7 =1+ = 7: 


Thus finally the six cross-ratios (1), ms, (3), (4), (5), and (6) 
become 
r A=-1l 1 I 


— — 

14. The 24 cross-ratios that can be obtained by taking 
the 4 points P, Q, R, S in any order have thus been expressed 
in terms of any one of them. 


On examination it will be seen that four of the cross- 
ratios are always positive, and the other two always negative. 


In the case when 7’, Q, 2, S form a harmonic range, if 
we put A=- 1], the other cross-ratios become 4, 2, 2, $, and 
~l, respectively, ¢ i.e. the 24 cross-ratios reduce to the values 

at 4 and 2. Hence a range of four points is harmonic, if 
their cross-ratio, when the points are taken in any order, 
reduces to either of the values - 1, 4, or 2. 


Similarly, if either of the cross-ratios is equal to 1, 0, or 
co , then two of the four puints coincide. 

If we put A=—tan* 0, the six possible values of the cross- 
ratios in the previous article can be written in the form 
sin? 6, cos’ 6, — tan? 6, - cot? 6, cosec’# and secꝰ h. If circles 
be described on PR and QS which meet in 7, and if 0, 0, 
be their centres, it can be shewn that @ is one-half the angle 
OTO,. Forif PQ=6b, Pk=c, and PS= d, the triangle 07'0, 
gives cos 07'0, = aa 
7 O20 _ b(d-c) PQ.RS 
T dient)” OR.gP> 


and hence 
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15. Zo shew that each diagonal of a complete quadrt- 
lateral 13 divided harmonically by the other two diagonals. 


Let PQRS be a quadrilateral. 





Produce the sides to meet in O, and 0,. 


Take QF and QP as the axes of wand y. Let the equation 
of PR be 


SS oe 2 | rere (1), 
and that of 0,0, be 
a Lae O.. (2). 
Then the equation of RO, is 
sa | eee (3), 
and that of 0,P is 
La+my—1=0 ee ere. rere (4). 


By subtracting (2) from (1), we see that the equation of 
B is 


(0-15) a + (1m — m9) y = 0. 
Th subtracting (4) from (3), we have as the equation 
of QS 
(J, — 4, — (m, -—m,) y = 0. 
Hence, by Art. 8, QB, QR, QA and QP form a harmonic 
pencil, so that (BAA P) and (BO,CO,) are harmonic ranges. 
Similarly it may be shewn that [QASC] is a harmonic 
range. 
Aliter. This proposition may also be deduced from 
Ceva's and Menelaus’ Theorems. 
Let 0,A meet QR in U. 
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From the triangle 0, PR since 0,0, QS, and RP meet in 
a point, Ceva’s Theoram gives 
QU. RS.0,P=UR.SO0,. PQ. 


From the same triangle, since PSO, is a transversal, 
Menelaus’ Theorem gives 


Q0,. RS.0,P=-0,R.S8O,. PQ. 
Hence, by division, 
OU 2% 5, OU RO, __ 
Uk” O,R’ ° UR’ 0,Q 7 
. [(QURO,] is harmonic. 
. 0,[QURO,] is a harmonic pencil. 
Hence, by Art, 2, (QASC]=—1 and [PARB]=-1. 
Also, since the pencil Q{PARB]=—-1, therefore the 
transversal BO, gives 
[0,C0, B] =-— i. 
Cor. The pencils at the three vertices A, 0,, 0,, viz. 
A (PO,S0,), 0, (PASO,), and 0, (QAPO,), are all harmonic. 


1. 


16. If four points A, B, C, D on a conic be given, the 
cross-ratto of the pencil P(ABCD) is constant for all 
positions of P on the conic. 


This follows from the final result of Part I, Art. 383, 
For the perpendicular from P upon 4B 
_2QPAB_ PA. PBsin APB 


— AB 
and so for the other three perpendiculars. 
_ (PA. PBsin APB PC.PDsin CPD 
— — — — 
FE LC .. PD.PA 


(=e sin BPC x DA 








sin DPA) 
is constant, i.e. 

sn APB sinCPD , A48.CD 

sn BPC’ sinDPA BC. DA’ 
where & is a constant, i.e. P[ABCD| is constant. 
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Wx. Shew that the cross-ratio of the pencil subtended at any 
point P of an ellipse by the four points whose eccentric angles are 
2a;, 2ag, 2a,, 2a, is 

sin (aq — a1) Bin (a4 — a) 
sin (ay — ag) eim (a - a4) 
(Take P at an end of the major axis of the ellipse, so that 


_ bsin2a, bd 
tan —— — ztan a;, eto.) 


EXAMPLES. 

1, Shew that the locus of a point the tangents from which to the 
circle x2+42-29,2+¢=0 harmonically divide the tangents from it to 
the circle x2+ y?- 2ggr+c=0 is 

a8 (de ~ 9° ~ gat) + By" (C - 9192) - 2 (91 + 92) F 

2c?— ¢ (91? + 92") =0. 
By Part I, Art. 389, parallels drawn through the origin to the tan- 
gents from (2’, y’) to the first circle are given by 
x8 (y'? +6 — 9,3) + y? (24 - 29, 2 +c) - 2ryy’ (x - — 
and similarly for the second circle they are given by 
a8 (y’? + ¢ — gg?) +2 (22 - 2gq2’ +0) - Qeryy’ — 92) *0. 
By Art. 9, these are harmonic if 
(y2 +6 ~ 913) (x? — Qgoa’ +0) + (y? +0 - ge?) —— * a +¢) 
= 2y” (2’ - 91) (2’ - 99). 
Hence, on reduction, the locus of (x’, 4’) is 
a8 (2c ~ gx? gx?) + By? (¢ - guga) - 2 (gi +92) (¢ ~ 9192) 
+2? -c¢ (9? +92") =0. 
If the two given circles cut orthogonally, then 
(91-93)"=g?-e+gy?—¢, ie. c= 9192, 
and the locus reduces to 
x= —¢, 
i.e. @ pair of straight lines, which are real since the circles intersect 
in real points, and theréfore ¢ is negative. 


2. A straight line is drawn so that its intersections with the circle 
ai+y3— -29,2+¢=0 are always harmonicaily conjugate to its inter- 
sections with the circle x2?+y2-2g.r+ce=0; shew that its envelope is 
a conic whose foci are the centres of the circles, and that this envelope 
reduces to the two centres only tf the circles cut orthogonally. 

The lines joining the origin to the intersections of the straight line 
lx 4+ my +n=0 with the first circle are 

n2 (2? +. 92) +29; nz (lx + my) +¢ (Iz +my)*=0, 
ie. 29 (n?4+2g,In+cl®) + Bry m (g\n + le) + y? (n? +m?) =0. 
Similarly for the second circle. 
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These are harmonic if (Art. 9) | 
(n? + cm?) [2n? +2 (91 +99) Ln + 2cl?] = 2m? (gin +c) (ggn+lc), 


i.e, if m? (c — 9192) +n® + (91 +92) In+cP=0, 
Pet lg,+n +n 
i.e. if —— aie ——— (i), 


i.e, if the product of the perpendicular from the centres of the two 
circles upon the straight line is constant. Its envelope is thus a 
conic, with these two centres as foci, and its semi-minor axis equal 
to »/9193-¢: 

If the circles cut orthogonally, then gigg=c, and (i) gives either 
lg,+n=0, or Igg+n=9, ie. the straight line passes through one or 
other of the centres of the two circles. This is clear geometrically ; 
for if two circles cut orthogonally any line through the centre O of 
one cuts that circle in P, and P, and the other in Q;, Q such that 
OQ, . OQ.=(rad. of first circle)?= OP,;?= OP,’, and thus (P191P2Q2) is 
harmonic (Art. 6). 


3. Shew that one of the cross-ratios, \, of the pencil in which the 
pair of lines ax? + 2hay + by?=0 are conjugates, and the other pair of 
conjugates is the lines a’x? + 2h’ry + b’y?=0 is given by 

A-1\? 4 (h?- ab) (h!?- a’b’) 
5) rset 

Let the first pair be (y-p,2)(y-psz)=0 and the second pair 

{y — Po) (y - P42) =0, go that 
PitPs=-- > PiPs= 5 


2h q’ 
Pet p= G and Prp=7- 





Then = (Po Pi) (Pa - Ps) 
(ps - Po) (P1-Pa)’ 
and hence —— = (p1— Ps) ( Po - Pa) 


A+1~ 2p) p3+ 2pop4 — (71+ Ps) (P2t Pa) 
_ 2, ff ab a/b? - a’b’ 
~ @0+ab-Shh  ” 
from the above relations. 
The cross-ratio is harmonic if \= - 1, and then ab’ +a’b=2hh’ as in 
Art. 9. 
4, Shew that the points whose abscissae are the roots of the quartic 
ax +.4b23 + 6cxr? + 4dz +e=0 
form a harmonic range tf 
(be — add)? = (b2 - ac) (c? - ae). 
If the roots are 2), 22, 23, 74, the points give a harmonic range 
(Art. 8) if 
(ary +205) (q+ 24) =2 (212g +TeT4)....erererererees (1). 
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But i 
— (24+ 23) + (2 +74), 


yng t 21g tty + yoy 404+ 2524, 

4 
ie. by (1), <= 2 (4X3 + L924) = (2 + 2g) (49 +24), 

4d 

~ 7 = H1%3 (3+ 24) + %9%q 
e 
and 5 = ty g X Tp.04. 
b? - ac 
“16 —— > =[(0y +23) + (vy +24) P — 4 (@1 +25) (22 + 4) 


: ==[ (2, + 3) — (2 +24), 


2. 
oa =A (ry 25 -2224)°, 


7 
and 16 — —— — 
+ 42 2s læʒ-4 æq) + 42g%4 (21 +25) 
=- 2 [ (x; +23) ~ (x9 +24)] [zy z3- xX] ‘ 
. (bc — ad)? = (b? - ac) (c? = ae). 
This may be written in the form 


16 





a, b, ¢ | 
ace + 2hed - ad? ~ ¢b?~c3=| b, c, d | =0. 
C; d, € | 
5. O, 4, B, C are four collinear points, 4’ is the harmonic conju- 
gate of O with respect to B and C, Q is the harmonic conjugate of O 
with respect to A and A’, and P is the harmonic conjugate of A with 
respect to Q and d’; show that 


"Sane: ier. eee 
OP GA * OB* OG" 
[Let OA =a, OB=b, OC =c, OA'=u', OQ=q and OP=p. Then 
ERE Lt TRE, aie: See, 


@ b'c'q a a’. p-a q-a a-a’ 
_a(a'-a) Baa’ —Babe 
Hence q ni sgt acl ; P= Jide bo+catab’ ete, | 
§, A, B, C are collinear points and X is the fourth harmonic of 4 
with respect to B and C; Y is the fourth harmonic of B with respect 
to C and 4; and Z is the fourth harmonic of C with respect to A 
and B; prove that 
l l 1 


axtpyt ag =? 
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7, If By, By are harmonic conjugates to B,, C, and B,, Bs to By, C, 
| By Be to Bs, C, show that By, By are harmonic conjugates 
29 Vs 


[Take any vertex O and estimate the pencils thus obtained on a 
transversal parallel to OC, so that the point C, is at infinity, i. e. in 
the language of a later chapter project C to infinity.] 

8, Two sets of four collinear points are such that the points of 
one set are at distances 2,4, -1, 1 from a fixed point on the line, 
and those of the other set at distances -8, #, -4, - 4% from a fixed 
point on the other line. Shew that two ranges of four points can be 
formed from the two sets which have the same cross-ratios. 


[The crogs-ratios of the first set are, as in Art. 13, equal to 2, 2, —1, 
4, -—1, 4 and those of the second are 4, -1, 4, -1,2, 2. Hence, with 
the notation of Art. 18, the ranges PORS and P,S,R,Q, have the same 
cross-ratios. } 


9, Shew that the asymptotes and any pair of conjugate diameters 
of a conic form a harmonic pencil. 


Homographic Ranges. 


17. Arrange of points on one line is said to have a one-one 
correspondence with a range of points on a second line [which 
line may coincide with the first line] if to each point of the 
first range there corresponds one, and one only, point on 
the second range, and if also to each point of the second 
range there corresponds one, and one only, point of the first 
range. 

Let the distance of any point of the first range from a 
fixed point on it be x, and the distance of the corresponding 
point of the second range from a fixed point on it be «. 
When the lines on which the ranges lie intersect, the fixed 
point for each may be taken to be the common point of 
intersection. 

Then, assuming the relation between « and 2’ to be 
algebraic, it must be of the form | 

Aga! + Bar + Cx! + D=O-ssesssecreveee(L), 


where A, B, ¢ and D are constants, For if in this relation 
we had a term of the form Hx, then, although for each 
value of x’ there would be only one of «, yet for a given 
value of we should have a quadratic equation for x’, and 
therefore more than one value of 2’. Similarly it would be 
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seen that any other terms, besides the four in the relation 
(1), would be impossible. 

When such a relation as (1) holds, the point on the 
second range is uniquely determined when the corresponding 
point of the first range is given. The two ranges are said to 
he homographic. 

Similarly homographic pencils are defined; if corre- 
sponding rays are inclined to any fixed lines at angles tan-'m 
and tan~' m’, then 

Amm’ + Bm +Cm'+ D=0. 

18. The cross-ratio of any four points of the first range 
ts equal to that of the corresponding four points of the second 
range. 

For let the distances of the four points of the first range 
from the origin be 2,, 2, 2, %,, and let those of the second 
range be 2,', 2, 2, 2,, 80 that we have four relations such as 

Ax, x, + Ba, + Cx, +D=0. 





Hence a =- a and 2, = corneas 
(AD— BC) (2,—2,) 


ee a3 0) (digs C) 


and similarly for 2, — 2X, %— 2, and x, — 2. 
Now, by Art. 8, the cross-ratio of the second set of points 
* (aq — 2) zs (ay — 2) (2% — %) 
(ty — iy) (2-24) (5 — &) (a — 2) 
(on making the substitutions such as the above) 
= the cross-ratio of the four points of the first range. 
Homographic ranges are thus ranges whose cross-ratios 
are equal. 
19. Pointe on either ranges corresponding to the points 
at an infinite distance on the other range. 


The relation —— any pair of points such as P and 
P, or Q and Q’, etc., being 





Ane + Be + Ca! +D=0 vein — 
— — — pe —— 
a Az+C’ ~ ee B’ 
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then to any point at infinity on one range corresponds a 
point on the other range. 


oof 


If x=, then 


B+ 


1 ee 
— — 7 
443 


Let this value of æ give the point J’, so that O, 


If x’ =o, then similarly x=- i giving the point J, so 


C 
that 0,J=-F . 


If we now take J and J’ as the origins of measurement, 
i.e. if we put 


w=Ol+$=-S 48, 
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and d= O/J' +8 =-F48, 


then (1) becomes 
te! = BC —- AD 
— 

Hence, if P, P be any pair of corresponding points, then 
IP, J’ P =constant. 

Conversely if JP .J'P’ is constant where J, J’ are fixed 
points on two ranges, and P, P are variable corresponding 
points, then P, P describe ranges which are homographic. 

These points J and J’ are called Vanishing Points, so 
that a vanishing point on one range is the point correspond- 
ing to the point at infinity on the other range. 


20. If C =0, the origin O, for x coincides with J. 

If B=0, the origin O,' for a’ is J’. 

If both B= 0 and C =0, the origins 0, and 0,’ for x and 
a are I and J’ respectively. 

If D =0, the origins 0, and O, are corresponding points, 

21. It may be noted that in the fundamental relation 
we must not have _ xi for if each of these quantities 


were equal to A, so that 4 = Bd and C= DA, the relation 
would become (Bz +D) (Av’+1)=0. In this case we should 





ae ; ; D.. 
have 2 =— 7 with any value for 2’, or # — with 
any value for x, and hence a definite point of one range 
would correspond to any point of the other, and we should 
not have two ranges of points corresponding one to one. 


22. In order to give definitely two homographic ranges 
three pairs of corresponding points must be given. For the 


relation (1) of Art. 19 contains three constants — and ; ; 


hence, when three pairs of corresponding values of x and 2’ 
are given, we have three simple equations to determine 
these three constants. 


Lu 2 
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If the three pairs of corresponding points be wt distances 
a and a’, 6 and 0’, c and c’ from their origins, we have 


Aaa’ + Ba+ Ca’ + D=0, 
Abb’ + Bb + Cb'+ D=0, 


and Ace’ + Be + Cc' + D=0, 
Hence 
A B C —D 
l, 4, — aa’, l, a ; aa, a, || ua, a, a | 
l, 8, 8 bb’, 1, 8 bb’, b, 1 bb’, b, 8 
il, ¢ e ec, 1, ¢ c, ¢, | cc, 6, 6 | 


























23. If there are any number of points P, Q, R, S,...0n 
one straight line, and a homographic system P’, Q’, kh’, S',... 
on another straight line, the locus of the pointe of intersection 
of ali such pairs as LQ’, ’Q ws a@ straight line, and the 
envelope of the lines joining corresponding points is a conic. 

Take the two straight lines as the axes of x and y 80 
that the common origin for both ranges is now O, their 
point of intersection (Fig., Art. 19). The distances x, and 
¥,, % and y,, of any two pairs of corresponding points P 
and J”, Q and Q’, are given by the equation 





Ax, y, + Ba, + Cy,+D=0 wee. (1), 
__ Ba+D 
1.€. \ y= Aa, +0 
Ba, + D 
ond —— 
The equation to PQ’ is 
2 + ⸗ 4 1, 
© Ys 


1.6, a (Ba, + D) — ya, (Aa, + C) = % (Bx, + D). 
So that of P’@ is 
x (Ba, + D) — yar, (Aa, + C) = 2 (Ba, + D). 
By subtraction, a line through their point of intersection is 
Bae (4, — 2%) + Cy (x, — %)=— D (e, ~), 
1.6. Bat Cy t+ DaQserccsccsrccerens (2). 
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This is therefore the required locus. It passes through the 
points (2.0) and (6, - 5): These are the points, X’ 


and X, on the two lines which are respectively the points 
corresponding to the origin 0, when the latter is looked 
upon as belonging successively to the two ranges. For 


when x, = 0, n=-5: and when y, = 0, m=—>p. 


The line (2) which is the locus of intersection of cross lines 
is called the Homographic, or Cross-, Axis of the two 


ranges, 
The equation to PP’ is = + : = 1, i.e. e+my=1, where 
l 1 


Dim + Cl + Bm + A =0, on putting =~ and m= in (I) 
1 1 


By Art. 437, Part I, the envelope of PP is 
Big! + O8y' + D* + 2yCD + 2aBD + 2ay (2AD - BC) = 0, 
1.6. (Ba + Cy + D) = 4ay (BC - AD), 
i.e. ® conic touching the two ranges at the points, X and 
K’, where the axis of homography meets them. 
If BC =AD, this conic reduces to a pair of coincident 


straight lines (Ba+Cy+D)*=0. This is the excepted case 
of Art. 21. 
It also reduces to a pair of coincident straight lines 
(Bes — Cy* = 0, 
if D=0, and then the point of intersection of the two ranges 
is a point corresponding to itself in each range, and is there- 
fore a common point of the two ranges. 

Ba, 
— and the 
equation to PP’ becomes Ba —y (Ax, + C) = Ba,, which, for 
all values of x,, passes through the fixed point (-§ ; -7) ; 
When, as here, the lines joining corresponding points of 
two homographic ranges meet in a point, the ranges are said 

2—2 


In this case the relation (1) gives y, =— 





20 COORDINATE GEOMETRY 


to be in perspective, and the point of concurrence is 
called the centre of perspective. 


24. From the preceding article it is easy to see how to 
construct the points of two homographic ranges. 

Let P,Q, Rand P, Q’, ' be the points which determine 
the ranges. Join P'Q, PQ’, Q'R, QF’, and so determine the 
Homographic Axis KX’. (Fig., Art. 19.) | 

Take any point X on the axis of the first range; join X 7’ 
to meet the homographic axis in U, and RU to meet the 
axis of the second range in X’. Then X’ is the point corre- 
sponding to X. By this method we can determine as many 
points as we wish, and so the ranges are known when three 
points of each are given. 

The vanishing points J, J’ are obtained as particular cases 
of the foregoing construction. For J corresponds to the point 
oo’ at infinity on the second range so that, if we take any 
two corresponding points Q and Q’, then Qa’ and Q’J meet 
on the homographic axis. 

Hence, if we draw Qo’ parallel to the second range to 
meet the homographic axis in V, then Q’ V by its intersection 
with the axis of the first range gives J. 

Similarly, draw QW parallel to the first range to meet 
the homographic axis in W, and then Q W by its intersection 
with the axjs of the second range gives J”. 

x. Draw th f Art. 19 fort here correspondi 
points are Somali as — pte pie “ 6=0. — 

25. The locus of the intersection of corresponding rays of 
two homographic pencils is a conte section. 

Let O and 0’ be the vertices of the two pencils. Take 0 
as the origin, OO’ as the axis of 2, and let 00'=c. 


Let the intersection of two corresponding rays OP and 
O'P be P, and let their equations be 


y=mx, and y=m’ (%—¢). 
Since the pencils are homographic, we have, as in Art. 17, 
Amn’ + Bn + Cm’ + D=0, 
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Eliminating m and im’, the locus of P is the conic 
Ay + By (a —c) + Cay + Du (x—c).=9, 
4.6. Da? +(B + C) ay+Ay?—¢ (Da + By)=0......(1); 
which passes through O and 0’. 


The tangent at 0 is y=-5e But-5 is the value of m 


which corresponds to m’ = 0, i.¢. to O'O. Hence the tangent 
at O corresponds to the ray 0’0, and the tangent at 0’ 
similarly corresponds to the ray 00’. 


If D=0, the conic breaks up into two straight lines, viz. 
Ay +(B+(C)2x—-Be=0, and y=0, the line joining the ver- 
tices of the pencil. In this case, when the intersection of 
corresponding rays is a straight line, the pencils are said to be 
in perspective, and the straight line is called the axis of 
perspective. When this is the case, +.e. when D=0, then m 
is zero when m’ is zero. Hence 00’ is the ray corresponding 
to 0’0, so that-the line joining the two vertices is a common 
ray, i. c. a Tay corresponding to itself in the two pencils. 


Bx. 1. Two homographio ranges are taken on the axes of x and y; 
three pointa on the first range at distances 0, 1, 3 from the origin 
correspond to three points on the second range distant 1, 4, 8 reapec- 
tively from the origin. Shew that the agers relation between the 
distances of corresponding points from the origin is 

£1 y — 22x, + by, -6=0, 
that the equation to the axis of homography is 112 - 8y+8=0, and 
the equation to the conic enveloped by lines joining corresponding 
points is (ll - 8y + 8)? + 126zy =0. 

(The student would do well to verify this by plotting out a number 
of points belonging to the system and drawing the corresponding lines. } 


Bx. 2, Two homographic pencils of rays have their vertices at the 
points (1, 3) and (2, 4). The rays given by z=1, y=3z, 2-y+2=0 
of the first pencil correspond to the rays y=2z, y=4, r+-y=6 of the 
seoond pencil. Shew that the ray y+3zc=6 of the first pencil corre- 
sponds to the ray #=2 of the second pencil, and that the equation to 
the conic given by the intersection of corresponding rays of the 
pencils is 627+ zy +y? - 242 - Gy + 24=0. 

[Prove that the relation between m, and mg is 

My Mg — 2m, + 3m, +6=0.] 


—— Consider what the theorem of this article becomes if 
A = » ; 
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Wz. 4. Shew that the straight line IJ’, joining the vanishing points 
of two ranges, is parallel to XX’, the line joining the points corre- 
sponding to the point of intersection of the two ranges. 


Coaxal Homographic Ranges. 


26, Let the axes of the two ranges in Art, 19 coincide, 
so that the two ranges of points are on the same straight 
line, and let the distances, x and x’, be measured from the 
same origin 0. A point £, looked upon as belonging to the 
first range, may now have itself as its corresponding point 
in the second range. This will be the case when a=2', and 
then the fundamental relation 


Aga! + Ba + Ca’ + D=0O.. eae (1) 
of Art. 19 becomes 
As? +(B+C)¢+D=0 wecceceeeeee (2). 


This equation gives, in general, two values for a, and 
hence two positions of M, viz. F and F. 


The distance of the middle point of HF from O 
(SP HH (0l+ 001) 


Hence the middle point of the common, or self-corre- 
sponding, points coincides with the middle point of the two 
points which correspond to the points at infinity, te. of the 
two vanishing points. These self-corresponding points, F 
and F, are often called the double points. 


27. If we transfer the origin to the point 0, midway 


and 





between the double points, ie. if we write x— _ 
a = Rak for # and 2’, then (1) becomes 


2A 
, B-C B+C/ 


6, Aga! + B,(a—2')+D,=0. 
The distances of the double points #, F from 0, are now 


=0, 





Aga 


+, where Man. 
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Hence, if x,, 2, are the distances from 0, of two corre- 
sponding points P,, P,, then 
A) (tu-A) _ ty +A (%—%)—-e 
EP, FP,) = “+ = 
( . . (A — 2) (—-A— 5) Wy My + d(x, — 2_) — A? 
_(Ad+ B,) (4-2) _ B, +A = B+ -AL ai ~AD, = const. 
(AA — B,)(x,-%,) B,-AA B,- - AD, 

Hence the cross-ratio of the range formed by the double 
points of two coaxal homographic ranges and any pair of 
corresponding pornts 18 constant. ; 

Bx. 1. If 0; be the middle point of IJ’, O' the point corresponding 
to 0;, the common points E, F are given by 

0, E1=0;F8= 0d’. 0,0’. 

Bx. 3. Two coaxal ranges have imaginary common points, and 0; 
is the real middle point of these imaginary points; X is a point on the 
line through 0; perpendicular to the axis of the ranges; if 0,K be 
properly chosen, shew that each pair of corresponding points of the 
ranges subtends the same angle at X, and hence the pencil subtended 
at K by one range can be rotated about X to fit on to the penoil sub- 
tended at X by the other range. 


0; K=+ J Di | 
Involution Ranges. 


28. We have seen that two homographic ranges on the 
same line are given by an equation of the form 


Ags’ + Be +Ca' + D=0, 
Bu+D — Ca! + D 
ae ae 
Take any point P whose distance from the origin is §. 
If P belongs to the first range of points, the distance of 
its corresponding point 
— 
—— 
If P is looked upon as belonging to the second range, the 
distance of its corresponding point 
Cé+D 
~ Ag+ B 





sothat w=- 
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In general these distances are different ; but they are the 


same if 
BE+D C§&+D 
A€é+C A&+ 3B’ 
weit AGP(B-C)+(P-C)é+(B-C)D=0. 

This is true for all values of ¢ if B=C’; hence, if B=C, 
the corresponding point of every point P is the same whether 
it is looked upon as belonging to the first or the second 
ranges of points. 

Such a range of points is said to be in involution. 





29. The fundamental relation for points in involution is 





thus 
Axa’ + B(a+ a’) + D=0, 
* B —— B-AD 
+ 3) (z A = — 
The origin being the point 0,, if we take O so that 
B 
—— 
this relation gives 
OP.0P' = a = constant = i’, 


The point 0 is called the centre of the involution and 
P, P' are a pair of conjugate points or mates. 

If % is positive, so that P and P’ are on the same side 
of the centre O, there will be two points, K and X’, on 
opposite sides of 0, such that OK*=OX'*=k*. These points, 
K and K’, are called the double points or foci of the involu- 
tion, 

If is negative, these double points are imaginary, and 
corresponding points P, P’ are on opposite sides of the 
centre 0, 

Since OX*=OK'=OP.OP’, therefore, as in Art. 6, 
[XPX' P’) is harmonic. 


30. Jf a number of points are in involution, the cross- 
ratio of any four points 18 equal to that of their conjugates. 
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Let the four points be P, Q, R, S and their conjugates 
P, Q', R, 8’ so that, if O is the centre of the involution, 
OP. OP =0Q.0Q' =OR. OR’ =08.0S' =F. 
Therefore 


PORS’ _0Q'-OP' 08'-OR 0Q OP OS OR 
[POR'S']= oR-0q' OP-0s' FFP — 
0Q-OP OS-OR_ 

=on-09' oP—os7 |PO*S) 

31. If six points are in involution, the cross-ratio of any 
four of the sia points (provided they do not form two pairs 
of mates) is equal to the cross-ratio of their four mates, 

Let the six points be P, Q, R, P’, C, #’, where 

OP.OP =0Q.0Q'=0R. OR =k. 


Then 
as eh 
_0Q-OP OP-OR OY OP OP OR 
[PQRP) = R09" OP-OP FF F'R FF 
_0Q'-OP OP-OR’_.,,, 
=on-0g' oP oP lh PRP} 
[This can be shewn to be true of any two sets of homo- 
graphic points only when B=(, and this is the definition 
in Art. 28 of points in involution. ] 


32. In an involution range the mates, I and J’, of points 
at infinity councide. 

For Awa! + B(x +2’) + D=0 (Art. 29), 
yf Det D es Ba!’ + D 
A + B? 


Hence when z=, — giving J’, and when a =, 





‘ 


ne 
n=—= , giving f, 


Hence / and J’ coincide, 
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33. The four properties given in Arts. 28-32 have been 
taken by different writers as definitions of points in involu- 
tion. It is thus seen that the last three follow from the 
definition of Art. 28. 


34. The fundamental relation connecting pairs of corre- 
sponding points in involution (Art. 29) contains only two 
arbitrary constants, viz, ; and . They are thus deter- 


mined when two relations between them are given. 

This is the case when two pairs of corresponding points 
are given. Thus.only two pairs of points are required to 
determine an involution, whilst three pairs were required to 
determine two homographic ranges. 

The constants are also determined when the two double 
points are given; for a double point is such that it corre- 
sponds to itself (i.e. a and «’ are the same in this case) and 
is thus given by Az’ +2Be+D=0. : 

If both double points are given, i.e. if both roots of this 
equation are given, we have the two constants. 


These constants are also determined when the centre and 
one double point are given; for then, by Art. 29, * and 
B-~AD 

A’ 

Similarly it may be seen that the involution is determined 


when a pair of mates and the centre are given, or when a pair 
of mates and either double point is given. ° 


are given. 





35. The relation given in Art. 29 for a range of points 
in involution holds similarly for a pencil of lines in involu- 
tion, 1.6. for a pencil which is cut by a transversal in points 
which are in involution. 

For if a pencil of lines y= px, y=p'a, etc., in involution 
is cut by any straight line parallel to the axis of y, we 
have a range of points in involution whose distances from 
the axis of a are proportional to p, py’, etc., so that the 
relation between any pair of lines belonging to a pencil in 


involution is 
App’ + B(p+p')+ D=0.....csecseeeee(L), 
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where y=px and y=pz are the equations to a pair of 
conjugate lines. 

The double rays, i.e. the rays to the double points of the 
involution range, are given by 

Ap*+2Bp + D=0. 

In the particular case where the axes of « and y are the 
double rays of the involution pencil, this equation is satisfied 
by p=0 and p=. Hence both A and D are zero, and the 
fundamental relation (1) reduces to p +p’ =0. 


There is no ray in an involution pencil which can be called 
the central ray of the involution, and so no ray to correspond 
to the centre of an involution range. | 

36. Involution Ranges are given by Coaaal Circles. 

If we have a system of coaxal circles (as in Part I, 
Page 168) and if from any point 0’ on the radical axis we 
draw a straight line to cut the circles whose centres are 
0,, O,, 0;, ... in the points P and P, and Q, Rand Ff, ..., 
we have OP, OP = 0Q.0Q' = OR. OF...=/4, where k is the 
length of the tangent from 0’ toany of thecirclesof the system, 

These pairs of points therefore form an involution range, 
and the double points are clearly the points where the axis 
of this range touches two of the circles of the coaxal system, 


If instead of any point O’ on the radical axis we take the 
point of intersection, 0, of the radical axis and the line of 
centres as the axis of the range, we have an involution pencil 
the double points of which are the limiting points of the 
coaxal system of circles. With the figure of page 168 these 
double points are real; with that of page 167 these double 
points are imaginary. 

Conversely, if we wish to construct pairs of points be- 
longing to the involution determined by P, P’ and Q, Q as 
two pairs of mates, through P, P’ and Q, Y draw any two 
suitable circles which intersect in two points J, V. Then 
the circle through U, V and any point & of the involution 
will pass through #’, the mate of A, and hence we can 
determine as many points as we wish, The double points 
are the points of contact of the axis PP’QQ with the two 
circles through Vand V which touch it, and the centre of the 
involution is the point of intersection of UV with this axis. 
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37. In every involution pencil to shew that there ts one 
pair of conjugate rays at right angles, and, if there 1s more than 
one pair at right angles, then every pair of conjugate rays is 
at right angles. 

With rectangular axes through the vertex of the pencil, 
let y=pa and y=p,x be conjugate rays. Then 

App, + B( p tpi) t+ CaO.crccccrereves (1). 

If there is a pair at right angles then pp, =—1, and (1) 


gives A-C=B (p - ) , 80 that the pair at right angles is 


given by Bp’ +(C —A)p— B=0. 

If there is more than one pair at right angles this equation 
must be identically satisfied, 1.<.C =A and B=0. In this 
case the general relation (1) between the rays becomes 


Pp,=-1, 
i.e, each pair of conjugate rays is at right angles. 
Such a pencil in which each pair of conjugate rays is at 
right angles is called an orthogonal involution pencil. 


Cor. The double rays of this orthogonal involution are 
given by p'=-1, 42 by 2*+9°=0, so that the imaginary 
lines drawn to the circular points at infinity are the double 
rays of every orthogonal involution pencil, and conversely 
an involution pencil having the lines to the circular points 
at infinity as double lines is orthogonal. 


38. To shew that the centre of the involution determined by 
the points given by a,x° + 2h,x +b, =0 and aya" + 2hyx + b,=0 


; R «1 Giby— a,b, 
is the point whose abscissa 18 — , and that the doub 


—1 





points are given by the equation | 
a (Iya, — hy) —2 (a,b, ~ a4b,) + byhy — byh, = 0. 
Let the relation connecting a pair of conjugate points be 
Amt, + B(x, + %)+C=0. 
Hence Ab, — 2Bh, + Ca, = 0, 
and Ab, — 2Bh, + Ca, = 0, | 
and the double points are given by 42*+2Bxu+C =0, 
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Eliminating A, B, C, the double points are given by 
a? (yy — hig,) ~ 2% (yb, — yb) + hy — by, = 0...(1). 
Also, the centre of the involution being midway between 
the double points, its abscissa = ; oe ; 
Clearly the double points are imaginary when the roots 
of (1) are imaginary, but the centre is always real. 





39. To find the condition that the points gwen by 
av + 2het+b,=0, ax + 2he+d,=0 
and a,x* + 2), æ + b,=0 shall form an involution range, 
Let the relation connecting pairs of points in the involu- 
tion range be Az,a,'+ B(x, +2,')+ C=0. 
Since each of the above pairsof points satisfies this relation, 
”, Ab, —2Bh, + Ca, =0, 
Ab, — 2Bh,+ Ca, =9, 


and Ab, — 2Bh, + Ca,=9. 
Eliminating A, B, and C, we have as the required condition 
a, h, 4, | 
Oy y hs, b, — — 
%, hy, 4, 








Cor. 1. It follows that all pairs of points belonging to 
the involution determined by the first two pairs of points is 
given by 

Oya’ + 2h, x +b, +d (aya? + Bhar + b,) = 0, 

where A is a variable parameter. 

For clearly (1) is satistied if 

y= 0, +a,, hy=h,+hy, and b=, + Ad,. 
Cor. 2. Similarly a pencil of rays given by the equations 
0,0" + hay +b, =0, yi" + 2haxy + by*=0 

and a, 2 + 2hywy + b,y* =0 
is in involution if the condition (1) holds. 
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40. A system of conics passing through four fixed poinis 
is cut by any transversal in a system of points which are in 
involution, . 

Take the transversal as the axis of 2, and let two conics 
through the four given points be 


S saat + Qhay +by* + 2gu + 2fy +0 =9, 
and S' Saat 4 Qh'ny + Vy + Iga + Bf'y re =O. 
Then 9+.’ =0 denotes any other conic of the system, 
and is met by the transversal, y = 0, in points given by 
(ac? + Iga +c) +A (aia + 2g'a+e') = 0. 
By Art. 39, Cor. 1, this denotes a range of pairs of points 
which are in involution. 


Taking as particular cases the three pairs of straight lines 
which can be drawn through the four points, we see that 
any transversal drawn across the quadrangle formed by the 
four points cute the three pairs of opposite sides in six points 
which are in involution. 


41. The locus of the intersection of two tangents to a given conic, 
drawn from conjugate points of an involution, is a conic which passes 
through the double points of the involution and through the pointe of 
contact of tangents drawn to the given conic from the double points of 
the involution. If the axis of the involution touches the given conic, 
then the locus is a straight line. 

Take the axis of the involution as the axis of +, and the centre of 
the involation as the origin, so that corresponding points of the in- 
volution are given by 2;23=k?, and the double points are (+ k, 0). 

Any conic is 222+ Shry +by!+2gr+2/y+e=0, The tangents to it 
drawn from (2’,y’) meet the axis of + where 

(ax’3+ Dha'y' + by’? + 2g2’ + 2fy’ +c) (ax! + 2gx +c) 

=[2 (az' + hy’ +9) +(g2’+fy' +°)F. 
This is a quadratic for x, and the product of ita roots is given to be k’. 
4p (ea- at) 28-2(fo-ch)a'y + (be -f*1y" 
(ab - hi) 2-2 (gh-uf)y’+ca-g® 
Hence the locus of {x’y’) is the conic 


(ca ~ 93) a? ~ 2 (fg -ch) zy + (be-f%) y? 
~ k2 [(ab - hi) 2-2 (gh - af) y +ea - g*)=0. 
This clearly passes through the double points (+k, 0). Also clearly 
the point of contact of a tangent from a double point to the given 
conic must lie on the locus; for from two (coinciding) points we have 
drawn tangents and their point of contact is their point of intersection. 
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If the axis of æ touches the conic, then g?=ac, and the loous reduces 
to the straight line 


~ 2 (fg— ch) 2+ (be - f*) y - k8 [(ab— h*) y - 3 (gh - af)}=0, 
which passes through the point of the involution which is conjugate 
to the point of contact of the conic with the axis of the involution. 


EXAMPLES. 


1, If one pair of conjugate points of an involution is at distances a 
and a’ from a fixed origin, and a second pair is at distances 8 and f’, 


shew that the distance of the centre of the involution is —— 


and that the constant of the involution is «-B)(e-P){e — A) ie -F) 5 
(a+a-B-') 


[We have (a-<) (a’ - z)=(8- 2) (p’ - x) =k*.] 


2, II 4 and 4’ area given pair of mates in an involution, and P 
and P’ any other pair of mates, shew that the ratio of AP. AP’ to 
AP. A’P’ is constant, and equal to the ratio of the distances of 4 and 
4’ from the centre of the involution. 


3, Shew that the harmonic conjugates of a variable point with 
regard to four given pairs of an involution of points have & constant 
cross-ratio. 


4, Shew that three pairs of points which are harmonic conjugates 
of a given pair of points form a system in involution. 


5, If A, d’ and B, B’ are two pairs of conjugate points of an in- 
volation, and C, C’ are the common harmonic conjugates of 4, B and 
4’, B’, shew that they are a pair of conjugate points of the involution. 


6, If A and 41, Band B,, O and U are point pairs in involution, 
as also 4’ and 4;, B’ and Bi, O and U, then prove that 4 and B’, 
A’ and B, O and J are point pairs in involution. 


7, The double points of the three involutions determined from any 
six collinear points by the pairs BC’ and B’C, Cd’ and C’A, and AB’ 
and A’B are themselves in involution. 


8, Given four collinear points, shew that they determine three in- 
volutions. Shew also that the double points of any one of these 
involutions are harmonic conjugates with respect to the double 
points of any other. 


9, If ABA’ B’ isa harmonic range, and L, M are the harmonic con- 
jugates of a point P with respect to 4 and 4’, B and B’, prove that 
L, M are @ pair of conjugate points of the involution determined by 
A and 4’, B and B’. 


10, The points P, Q, R in which a straight line meets the sides of 
a triangle ABC, and the points P’, Q’, R’ in which it meets the lines 
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joining any point O to the —— angular points of the triangle, 
form a range in involution, and hence 

PQ .QR’.RP=-P'Q.QR. RP. 
[Use Art. 40.] 


1], Shew that of conjugate points with respect to a conic (i.e. 
points such that the polar of each passes through the other) lying on 
any given line forma range in involution, whose double points are the 
intersection of the straight line and the conic, { 

(Take the given straight line as the axis of 2, and the conic as given 
by the general equation. Then the polar of (z,, 0) passes through 
(zq, 0) if ax, q+ (a1+%)+c=0. Hence, etc.) 

12. Shew that pairs of conjugate lines with respect to a conic (i.e. 
lines such that the pole of each lies on the other) drawn through any 
given point form a pencil in involution, whose double rays are the 
tangents to the conic from the given point. 

(Take the given point as origin, and y=pz, y=p'z as a pair of con- 
jugate lines, By Part I, Art. 975, the pole (z’, y’) of the line y - pr=0 
is given by az’ + hy’ +g=—p (he +by'+/) and gx +fy’+e=0. If this 
pole lies on y — p’z =0, we have also y’ — p’2’=0. Hence, on eliminating 
(2’, y’), we have (be - *) pp’ - ( fg —ch) (p +p) +ca-g*=0, so that the 
lines always form ® pencil in involution. Clearly the double lines are 
the tangents from the point.] 


18. Conjugate diameters of a conic form an involution pencil whose 
double lines are the asymptotes. [Deduce from the preceding, or prove 
independently from Part I, Art. 876.) 


14, Shew that the envelope of a chord of a given conic, whose ends 
lie on corresponding rays of a pencil in involution, is a conic touching 
the double rays of the involution, and also touching the tangents 
drawn to the given conic at the points where the double rays meet it. 

If the given —— through the vertex of the involution pencil, 
then the envelope reduces to a point. 

[Take the vertex of the pencil as origin, and the axes as the double 
rays of the pencil. (Art. 85.)] 


15, The loous of the intersection of tangents to a sonic drawn from 
corresponding points of two homographic ranges on the same straight 
line is a curve of the fourth degree, which reduces to a conic having 
double contact with the given conic if the axis of the ranges touches 
the given conic. 


16. The envelope of a straight line, such that its intersections with 
a given conic are harmonic conjugates with respect to its intersections 
with a peir of given lines, is a conic which touches the pair of lines. 
(Take the given linea as the axes of z and y.] 


CHAPTER II 


TRILINEAR AND AREAL COORDINATES. 
THE STRAIGHT LINE 


42. In the following chapter we shall introduce a new 
system of coordinates, which has been foreshadowed in the 
notation of Part I, Arts. 409, 410, 


A 


= 


TB L oh 
? — 
Let ABC be a fixed triangle known as the “triangle of 
reference.” 


From any point P in its plane draw straight lines PL, 
PM, and PN perpendicular respectively to BC, CA, and AB. 
These three distances PL, PM, and PN are called a, B, and 
y, and are known as the trilinear coordinates of P. 


Any such coordinate, a, is positive if P and the vertex 4 - 
_of the triangle are on the same side of BC, and is negative 
if P and A are on opposite sides of BC. So for the other 
coordinates. Thus in the figure P has all its coordinates 
positive; for P,, its a is negative and its 8 and y are posi- 
tive; whilst, for ?,, its a and 8 are both negative, whilst 
its y is positive. So for any other position of the point P. 


43. Whatever be the position of the point P, if a, b and c 
are the lengths of the sides BC, CA and AB, and if & be the 
area of the triangle, then aa + bB + cy =2A. 


Lit 8 
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If P be within the triangle, then 
aa+bB+cy= PL x BC+PMxCA+PN x AB 
=2A PBC +2APCA+ 24 PAB=2AABC = 2. 
If P be outside the triangle 4 BC but within the area formed 
by AB, AC as at P,, then a is negative, so that 
aa=—- 2A P, BC, 
and hence for this point 

aa+ bB+cy=-2AP,BC+2AP,CA+20P, AB=2A, 
as before. If P have a position such as P,, where both a 
and 4 are negative, then 

da+bB+cey=-2AP,BC-2AP,CA+2AP,AB=2A. 
Similarly any other point can be considered. Hence, if P be 
any point within a finite distance of the triangle of reference, 
we have this important relation always true. 

44. By its use we can always make any equation in tri- 
linear coordinates take a homogeneous form. For example, 
suppose we had an equation 

la? +my* + 2naB + qa+7Bh + sy+K=0......(1), 

qa, + bB + cy 
2A 
is always unity, we can multiply any terms we please in 
equation (1) by this quantity, or any power of it, without 
altering the equation. Multiply therefore the terms of the 
first degree in (1) by this quantity, and the constant terms 
by ite square, and we have 


where J, m, 2, g, 7, 8, X are all constants. Since 


(la? + my* + 2naf) + (qa + rB + sy) — 


+K (att =0, 





i.e. 
4A? (la? + my? + 2naB) + 24 (ga + rf + sy) (aa + 6B + cy) 

+ K (aa + bB + cy)*=0, 
which is a homogeneous equation of the second degree in 
a, 8, and y. 

In trilinear equations we almost invariably confine our- 
selves to homogeneous equations, or to equations which we 
have made homogeneous by the method of this article. 


TRILINEAR COORDINATES 3d 


45. Since our equations are homogeneous, if they are 
satisfied by the coordinates of any point they are clearly 
satisfied by any (the same) multiple of these coordinates. 
Hence we can speak of any quantities, which are proportional 
to the actual distances of a point from thesidesof the triangle, 
as the coordinates of the point. Thus it is easy to shew that 
the actual distances of the ortho-centre from the sides are 
2.Rcos B cos C, 2RcosC' cos A and 2A cos A cos 8. We speak 
of this point as (cos B cos G, cus G cos A, cos A cos B) or again 
as (sec A, sec 3, sec C’). 

If the coordinates of a point are given as proportional 
to a’, f’, y', we can easily get the corresponding actual 
numerical coordinates, a,, 63, y,. For 


a By yi _ aa, +08, +e) | 20 


a By aa + bp + cy aa +08 + cy” 

so that the actual coordinates are ·— — x 2A, and 
aa’ + bB' + cy 

two similar expressions. 


Ex. Verify that the coordinates of the following points of the 
triangle of reference may be taken as the values stated: 


In-centre; (1, 1, 1); 
Ex-centre opposite 4; (-1,1, 1); 
Circum-centre ; (cos A, cos B, cos C); 
Centroid; (sin B sin C, sin C sin A, sin A sin B); 
Ortho-centre; (cos B cos C, cos C cos A, cos A cos B) ; 
Nine-point centre ; [cos (B-(C), cos(C - A), coa(d - B)]. 
46. Relation between Trilinear and Cartesian Coordinates. 
Taking the origin O of rectangular Cartesian Coordinates 
within the triangle ABC, let the equations to the sides BC, 
CA, AB of the triangle of reference be | 
æ cos w, +y8iNnw,—p,=0, æ cosu,+y sin w,~ py, =0, 
and æ COS ws + ¥ SiN ws —p, = 0. 
Taking the case when w, <,; < w,, we easily see that 
w,-w,=7-A, w,—w=7—B, 
and w, -w, = Ir —-(r-Ch=ar+C, 
and hence that 
cos (w,—w,) == cos A, cos (w, — w,) = — cos B, 
and cos (w, — w,) = — co C. 
3—2 
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The perpendicular a upon BC has the same sign as the per- 
pendicular from the origin 0, since, the latter is within the 
triangle. Hence we have 
a =p, — cos w, — ¥ BIN w,, 
and so also B = py — æ CO8 Wy — Y SID w., 
and Y = Ps — £008 w, — y BIN w,. 
47. By these relations any equation in Trilinear co- 


ordinates may be transferred to one in Rectangular Car- 
tesians. 


It follows that Any trilinear equation of the first degree 
represents a straight line and any equation of the second 


degree represents a cont section, 
For the most general equation of the first degree is 
la + mB +ny= 0 —— — 


where /, m, n are constants. On making the substitutions 
of the previous article, this equation becomes 
a (£ cos w, +m C08 w, + 7 COS ws) 

+ y (/sin w, +m sin w, +7 8iD w,) =lp, + mp, + Ds, 
which always represents a straight line. 


Also, since (1) has two independent constants : and =, 


they can be chosen so that the equation is catistied by the 
coordinates of any two points, and hence the equation will 
represent any straight line. 


Again, the most general equation of the second degree is 
Lo? + MB’ + Ny + 2PBy + 2Qya+ 2RaB =0...(2). 
On waking the substitutions of the previous article, wo 


obtain the general equation of the second degree in Cartesian 
coordinates ; hence (2) always represents a conic section. 


Also, since (2) has five independent constants, they can 
be chosen so that the conic passes through any five points, in 
general, and hence (2) will represent any conic section. 


48. To find the distance between any two points whose 
trilinear coordinates are given. 


Let P, be the point (a,, 8,, y,) and P, the point (a,, &,, y2). 


DISTANCE BETWEEN TWO POINTS es 


Through P, draw P,£ and P,M parallel to AB and BC 
to meet BC and BA in LZ and M, and take BC and PA as 
— oblique axes in Oartesian coordinates, so that 


BL=«,, and LP,=%. 
Then 
a,=P, LsinP, LC =y,sin B, and y,=P,MsinP, MA=a,sin J. 
Similarly § a,=y,sin B, and y, =<, sin B, 
where (2, y,) are the coordinates of P,. 
By Part I, Art. 20, we have 
P, Pet = (ct, — ty) + (yr — yo)" + 2 (m1 — me) (Yi ~ Ys) 008 B. 
. Pi PP. sin? B= (a, - 0)? + (1 - y2)" 
+2 (a =a) (4,94) €08 B ......(I) 
We can express this in two forms, both symmetrical in 
a,— a2, B,— By, and a Te 
For, by Art. 43, 
aa, + bB, + cy, = 2A = aa, + 6B, + cys. 
1. @ (ay = 0g) +6 ( — 72) =~ 4 (B, — Ba) ...... (2). 
Hence, by squaring, we have 
Qc (a, — a3) (7) — y2) = 0? (B, — Bx)? — a” (a, - a4) - 2 (11 - y2)" 
Hence (1) gives 
P, PP. acsin® B = ae (a, - 04) + ac (y, — yz)* + 6? cos B (B, - B.) 
—a’* cos B (a, — a)’ —¢? cos By; — ya)” 
__=abcos A (a, —a,)* + b* cos B(B, — B,)* + be cos C (ny .. 
frie 
_ sin A cos A (a,—a,)*+sin Bcos B(B, — B,)’+8in Cocos C'(y,—y2)? 
5 sin A sin Bsin C 


Again, on multiplying (2) successively by (a,—a,) and 
by (y:—y2)) we have 
(a, — a4)" = — b (a, — az) (B; —B,)-¢ (v1 — Yo) (a, ~ ae), 
and ¢ (y;—y2)"= — 9 (Bi — Ba) (y= 2) — 4 (1 — Ya) (01 — 2%). 
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Substituting in (1), we have 


P,P}. ac sin? B= — be (a, — a4) (8, — B,)— 7 (y,- y2) (4 - —* 

- ab (8B, - Bs) (11 yx) — 2" (91 — Y2) (01 — «, 

+ 2 (7-72) (a,— ae). ae cos B 

=— be (a, = a,) (B, a Bs) - ab (B, * 6.) 6 44 2) 
1 0- Ya) (a; ~ dp). 
‘ge Bs) (y:—y2) 8in A + (y,—y2) (4;— a2) sin B 
ae) + (a; — a9) (8, - B,) sin C} 
ace. sin Asin BsinC€ 


Either (3) or (4) gives the required distance. 


49. By equation (1) of the last article, the square of the 
distance of any point (a,, 8,, y,) from the point B of the 
triangle of reference is othe . Hence the 
equation to the circle, whose centre is B and whose radius 
is 7, is 

a + y+ Jay cos B = — B=" (an + 88 + cy)* 





= 5 (aa + 08 + ey)? 

Again, the equation to the parabola, whose focus is B as 

whose directrix is the —_ side CA, is 
a? + y + Jay cos B ef 
aes, cr ae 

50. Area of thetriangle whoseangular poinisare(a,, B,,,), 
(2,, Be, yz) and (a, 85, 75). 

Referred to the sides BC, BA of the triangle of reference 
as axes, let the coordinates of these points be (a, 4), (2, Ye), 
and (x5, y,) 80 that, as in Art, 48, a,=y, sin B and y,=2, sin B, 
and so for the others. 


If A, be the required area, then, by Part I, Art. 26, 





oe — ‘+, @, 2A 
2A, wv 9 — J 2 Yu 1 mF 
anB |? §|* 24 nt | to 

sy Ysy iY, My 2d 
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Multiply the first column by ¢, the second bya, and subtract 
their sum from the third column, and we have 





1 Viv hy bB, Vis Fp B, 
4a5 Ya, ¶⸗, bB, = jain B Ya, Gey B, 
Y3o sy 36. | Va» G3, Bs 
a a, By 7 
= 71 |% Bz, ya\, giving the required area. 
as, Bs, Ys | 





51. Equation to the straight line joining the two points 
(a, B, 71) and (a), Ba; 72). 


Let the required equation be 
lat+MB+ny=0 oo... vee — 
Since it passes through the given points, 
lay + mB, + Ny, =O vere repre 3! 
and lag + Mp, + Myf—g=O ..rercereseves. (3). 
Solving (2) and (3), we have 
l ES. Se oe a 
Byya- Bon i 793 = 7% ~ @ By - agBy" 
and the required equation is 


a (By ya— Bays) + B (y19a— ¥2%) + y (41 Ba— 981) = 0. 
Or, on eliminating /, m, 2 from (1), (2) and (3), the equation 
may be written in the form 


a BF) 
i B;; Vi =0, 
Qs; B3, Y2 








62. Condition that three given points (a,, 81, y:)) (a2 Ba, ya) 
and (as, Bs, y;) may lie on a straight line. 

The straight line Ja+mB+mny=0 passes through the 
three points if 
la, + mB, + ny; = Q, 
lag + mB, + ny, = 0, 

and la, + mB, + ny, = 9, 
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Eliminating /, m, from these equations, we have 


m1, By P 
a, Bas V2 
Bas Bs Ys 
which is the required condition. 

53. Coordinates of the point of intersection of the two 
straight lines whose equations are la+mB+ny=0 and 
Ta+mB+n'y=0, 

Both equations are satisfied at their point of intersection 
(a’, B', y'). Hence, solving them, we have 

a’ } , 

mn'—min nl nil 


«6, 











Im'—I'm 
* “a (1) 
~ @(mn’ —m'n) +b (nl’ —n'l) +e (lm’—Tm) 

as in Art. 43. 


These coordinates are infinite, i.e. the two straight lines 
are parallel, if the denominator of the right-hand member 
of (1) is zero, 4.2. if 

a(mn' —m'n) +b (nl' - n'l) +0 (lm' -I'm) =0. 

54. To find the condition that two straight lines may be 
perpendicular. 

Let the equations of the lines be 

la+mB+ny=0 and 'a+mB+ny=0. 

On making the substitutions of Art. 46, the Cartesian 
equations of the straight lines are | 
æ (1 COB w; m COB wy + 7 COB ws) 
| +y (/sin w, + m sin w,+7 sin ws) — (lp, + mp, + np,) = 0, 
and 
a (U’ cos w, + m COS wy + 1 COS Ws) 

+y(I'sin w, +m’ sin w, +n’ sin w,) — (l’p, + mp, + n'p,) = 0. 

By Part I, Art. 69, these are perpendicular if 
(7 cos w, + 1 COB w, +7 COS ws) (1 COS w, + 170’ COS Wy + 12’ COB ws) 

+ ([sinw, + msinw, + nsinw,) (2'sin w, +m’ sin w.+% SiN ws) = 0, 
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1.6, If | | 
ll’ + mm’ + nn' + (mn' + m'n) cos (w, — 05) + 

(nl! + nl) cos (ws — w,) + (Im! + I'm) cos (w, — w,) = 9, 
i.e, by Art. 46, if | 
1’ + mm’ + nn’ — (mn’ + m’n) cosA ~ (nl +01) cos B 

— (Im’ + I’m) cos C = 0. 
Cor. The equation 

aa’+ 667+ cy + 2/By + 2gya + 2haB = 0, 

when it represents straight lines, is equivalent to 
(la+mB + ny) (la+mB +n'y) =9, 








so that 
ll’ * mn’ . nn’ mn’ +m'n . nl +nt lm’ +U'm 
ce: Wag ae *saiie es | ee 


and hence the straight lines are at right angles if 
a+b+c-2fcos A — 2g cos B-2h cos C =0. 
55. The angle 6 between the two lines of the previous 
article may be obtained. For by Part I, Art. 66, we have 
tan = A, B, - 4, 8, : 


In the case of the two lines of the previous articles the 
numerator 


= (I cos w, + m’ cos w, +n’ cos ws) (J sin w, + m sin w, + 2 BID ws) 
— (1.008 w, + m C08 wy +7 008 ws) ( sin w, +m’ sin w, +N’ sin ws) 
= (m'n — mn’) sin (ws — w,) + (n'l — nl’) sin (a, — ws) 
+ (I'm —Im’) sin (w, - ,) 
=(m'n— mn) sin A + (n'l — nl’) sin B + (I'm — Im’) sin C, 
since, by Art. 46, 
w,-w=n-A, wo -o,=7—B, and o,-a=7+C. 
Also the denominator is as in the last article. Hence 
(m'n —mn’) sin A + (n't— nl’) sin B + ('m— lm’) sin C 
oo ee ~(nl'+n'l)cos B . 
~ (Lm' + I'm) cos C 





tan §= 
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The two lines are parallel if @=0, so that the numerator 
of the right-hand side is zero. 

Thus the two lines are parallel if 

a (mn ~ mn) +b (nl — n'l) + ¢ (im’ — Um) = 0. 

66. Intercepts of a straight line on the sides of the triangle 
of reference. 

Let the straight line, whose equation is 

la + mB + ny =0 — seerewe overceven (1), 


meet the sides BC, CA, AB in the points P, Q, 2. The 
coordinates of P are 0, CP sin C, and BP sin B so that they 
are proportional to 0, c(a—x), and ba, where x= BP. 








Hence (1) gives 
me (a— a) + nba = 0, 
ma 
g= BP=—— = i : 
m-~nb m 1 
bc 
nl — 
So CQ=—— and AR=7——. 
¢ a a b 
imn 
If —— that the equation of the given line 


becomes aa + 68 + cy = 0, all three of the above quantities 
ure infinite, ire. the given straight line meets each of the 
sides of the triangle of reference at an infinite distance from 
A, B and C respectively. This straight line is known as the 
Line at Infinity. 

In Part I, Art. 386, we have shewn that the equation to 
the line at infinity in Cartesian coordinates is 

0.2+0.y+C=0 
or, more shortly, C = 0. 

In Art. 43 we have shewn that for all points at a finite 
distance from the triangle of reference we always have the 
relation 

aa + 68 + cy =a const. 
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In the case of trilinears the equation to the line at infinity 
thus reduces to C =0 also. 


The relation aa + b8 +cy=0 is satistied by quantities 
which are proportional to the coordinates of any infinitely 
distant point. 


57. Condition that two straight lines may be parallel, 


Let the two straight lines be 
la+ MB + Wy =O viccscsreccereeees (1), 
and Fatma Bam’y — (2). 


In Part I, Art. 386, we have seen that parallel straight 
lines meet on the line at infinity. Hence these two straight 
lines meet on 

Gat bB+ey=O .........cceceeeee(B). 


Eliminating a, 8, y from (1), (2), (3), we have 
| m, 2 
I, m,n’ |\=0 
a, 6, ¢ | 
as the condition of parallelism. This has been obtained 
before in Arts, 53 and 55. 


Cor. The equation of the straight line at infinity, 
aa.+bB+cy=0, satisfies the conditions, of this article and 
of Art. 54, for being both parallel to and perpendicular to 
any straight line la+mB8+ny=0. The explanation is that 
the direction of the straight line at infinity is quite in- 
definite. 


58. Straight lines which pass through a given point 
(a’, B, y') and are respectively (1) parallel to, and (2) perpen- 
dicular to, the straight line la + mB + ny = 0. 

(1) Any straight line which is parallel to the given 
straight line passes through its intersection with the line at 
infinity and hence, as in Part I, Art. 82, has as its equation 


la + mB + ny +d (aa + bB + cy) = 0. 
If, in addition, it passes through the given point, then 
la’ + mf’ + ny’ + A(aa’ + bf’ + cy’) =9. 
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Hence, on elimination of A, the required equation is 
ws Meng | ee eee 
la'+mB'+ny' aa’ + bB' + cy’ 

(2) Let the required line be 


Da+ MB + Ny=0...... eee (1). 
Since it passes through the given point, 
. Lo + MB + Ny =0 oe ees (2). 


Since it is perpendicular to the given line, we have 

L (l—m cos C —ncos B) + AM (m—ncos A - 1 cos C) 
+ V(n- cos B-mcos A) =0......(3). 

Solving for £, M, N from (2) and (3) and substituting 
in (1); or, what is the same thing, eliminating Z, Mf, V from 
(1), (2) and (3), we have as the equation to the required 
perpendicular 
7 a, 8, Y 

a’, 8, ¥ '=0. 
l-moosC-neosB, m-ncosd—lcosC, n—lcosB—meoos a | 


59. Perpendicular distance of a given point (a, B, y) 
Srom a given straight line la + mB + ny = 0. 

When transformed to Cartesian Coordinates, asin Art. 46, 

the equation of the line becomes 
æ (1 008 w, + m CO8 w+ 7 C08 ws) + Y (I Sin w, + m BIN w, + 7 81D Ws) 
| — (Ip, + mp, + np,) = 0. 

The perpendicular distance of any point (2’, y') from this 
line is obtained (Part I, Art. 75) by ‘substituting 2’, y’ for 
x, y in this equation and dividing the result by the square 
root of the sum of the squares of the coefficients of a and y 
in the equation. 


The numerator when rewritten 

= (a! con w, + y' 81N w, — p) + m (zx cos w, + y BIN wy - p.) 
. + (2' COS ws + sin w, — ps) 

= la’ + mB’ + ny’. 
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The quantity under the square root of the denominator 
= (1.008 w, + 1 008 w, + C08 w,)* 
+ (Lain w, + m sin w, + 2 8iN w,)* 
=P +m? +n? + 2mn cos (ws, — 05) 
+ 2nl cos (w, — w,) + 2/m cos (w, — w) 
= +m? +n?— 2mncos A — 2nl cos B- Am cos C’ 
(by Art. 46). 
Hence the required perpendicular 
le’ +m’ +ny’ 
/8 +m? +n? — 2mn cos A — an) cos — 2imcosO 


60. Bx. 1. Shew that for any triangle ABC the following sets of 
lines are concurrent: 

(1) the bisectors of the angles; 

2) the lines joining the vertices to the middle points of the opposite 
sides; 

(3) the perpendiculars from the angular points upon the opposite 
sides. 

Let D be the middle point of the side BC, and D, and L the points 
on BC where the bisector of the angle A and the perpendicular from A 
upon BC meet BC. 

If a straight line pass through 4 its equation must be of the form 


ome constant, [For if the general equation la + mB +ny=0 is satiafied 


by the coordinates of A, where 8 and y are both zero, we must have 
1=0, and henoe the equation becomes . =- : = const. ] 
(1) The equation to AD, is 
= =const. =the value of E for any point on AD, 


Did —— 
— 





=the value for lj⸗ 


D,A sin 3 


The equation to AD; is thus 8-7 =0, and those for the corresponding 
* rg CF, are y-a=0anda-S=0. These all meet at the point 
o =9 ° 


(2) The equation to AD is 
i. const. =the value of e at the point D= 
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Hence the equation to AD is b8-cy=0, and similarly those for the 
corresponding lines BE, CF are cy-aa=0 and aa-bS=0, These 
all meet whereaa=bB=cy, 
{8) The equation to AL is 
B _ const, = (2 82S _ 008 Cain C _ cos C 
y * BLsin B~ coos BsinB cos B 
Hence the equation to AL and the two corresponding lines are 
Bcos B--+ycos C=0; ~cosC-acosd4=0; and acos 4-4oos B=0. 
These meet where acos A=8 cos B= cos C, i.e. at the point 
(cos B cos C, cos C cos A, cos A cos B). 


Bx. 2. Find the equation to the circle described upon the side BC 
of the triangle of reference as diameter. 


vr — line through B is a-py=0, and one through C is 
a--g8=0. 
These are at right angles if, by Art. 54, 
1-. pq cos A+p cos B+ q cos C=0, 
Eliminating p and g, we have at their point of intersection 
By +a [8 cos B+ cos C-a cos 4]=0, 
which is the equation required, 


Bx. 8. If p,q, 7 be the lengths of the perpendiculars drawn from 
the angular points of the triangle of reference upon any straight line, 
shew that : 

a* p? + b?g? + c?r? — 2be gr cos A - 2carp cos B - 2ab pq cos C =4A?, 
where A is the area of the triangle, and that the length of the perpen- 
dicular from a point (a9; Bo, yo) upon the line is 

pdag+ qhBotreyo 
2A ; 

Let /a + mB +ny=0 be the equation to the straight line. 

Then since the point A of the triangle of reference is (= » 0, 0) we 


have, by Art. 59, 





c= 
s a 


* Je +m?+n—-Imncosd—-BalcosB-2imcosC 0) 


with similar expressions for g and r. 





“ Ot p ...+...-2begroopA-...-...=4A% 
Also the perpendicular from (a9, 8p, Yo) 
NOI i 5 id, SE a 
~ sf t8-+ m2 +n? — mn eos A — 2nl cos B — 2im cos C 
__ {Pay + bg By + ery 


2A 
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Gor, Since, by (i), 1: m:n:: pa: qb: rc, the equation to the 
straight line is 
paat+qbs+rcy=0. 


Bx. 4. P, Q, R are points on the sides BC, CA, AB of a triangle 
ABC such that BP. CQ.AR=PC.QA.RB; shew that AP, BQ and 
CR are concurrent. (Ceva’s Theorem.) 


If BP.CQ.AR=-PC.QA.RB, prove that P, Q, R are collinear. 
— Theorem,) . 


Let —* —2 and 
The equation to AP is 
8 _ perpendicular from Pon CA _ PC sin€ 
y perpendicular from P on AB ~BPainB' 
i.e. \8b=yc; 80 the equations of BQ and CR are wyc=aa and 
vaa=fd; on multiplying the equations together, we see that they are 
satisfied by common values of a, 8, y if \ww=1, which is given. 
In the second case, Auww=-1. Here, for the point P, 
B PC sin C_ co 


AR 


Rp” 0 that, in the first case, Auy=1. 


Hence P is the point (0, c, gr So Q is the point (uc, 0, a) and R is 
(b, va, 0). These lie on a line if 
0, ¢, Ab 
uc, 0, a =0, 
b, va, 0 
i.e. if \uwabe+abc=0, i.e. if \w = - 1, which is given. 
ux. 5. ABC isa triangle ; AO, BO and CO are drawn to any point 
O and meet BC, CA and AB respectively in P, Q and R; QR and BC 
meet in P’, RP ‘and CA meet in Q’, and PQ and AB in R’. Shew that 
P’, Q, R’ are collinear and that the ranges [BPCP’], [(CQAQ’] and 
[4 RBR’] are harmonic. 
Let the equation of AP be m8 - ny=0, let that of BQ be ny- la=0. 


These ie een are clearly satisfied by the point whose coordinates 
are free : :) which is therefore the point 0. Hence the equation 
to CR is la- mp=0. 





The point Q is given by ny-/a=0 
— ), 

and the point R by la~mBp=0 
——— (2) 


As in Part I, Art. 82, any straight line through Q is given by 
ny ~-la+8=0, 
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and this passes through R if 
| ae Ler } 
T a —m’ 4.é. if A=m. 


Hence the equation of QRis -la+m8+ny=0 


Hence P’ is given by this and ser — (3). 
So Q’ is given by — 4 ty 

and J mate ' 

and R’ is given by la+mB - ny =0 

and * 


Any straight line through P is then given by 
-la+mB+ny+pa=0, 
and this passes through Q’ if 
pl 


eos 
——— i.¢. if p= 2b. 


Hence the equation of P’Q’ is la+mB +ny=0. 


This clearly passes through the point R’, and hence P’, Q’ and F’ are 
collinear. 


For the equation of 4P’ we want an equation which is derived from 
equations (3) by adding some multiple of one of them to some multiple 
of the other; since 4P’ passes through 4 we also want an equation 
which does not contain a. Hence the required equation is obtained 
by multiplying the second of equations (8) by / and adding it to the 
first, i.e. the equation of AP’ is m8+ny=0. Also the equation of AP is 
mg - ny =0 and by Art. 5, or as will be seen in Art. 61, the straight lines 

y=0, mB-ny=0, B=0 and m8+ny=0 
form a harmonic pencil, i.e. [BPCP’] is a harmonic range. Bo also 
by symmetry [(CQ4Q’] and [4RBR’ are harmonic ranges. 

The above example has been written out at full length; but in 
practice the work is much shorter. Thus from (1) and (2) the student 
would see on inspection that -/a+mB+ny=0 was satisfied both by 
equations (1) and by equations (2) and henoe is the equation he wants 
for the line QR. 

Similarly for the equation of P’Q’, since it is derivable from (3) and (4). 


In working with trilinear coordinates attention must be given to 
considerations of symmetry, ¢.g. in the previous question the equation 
of RP was easily obtained from that of QR by a cyclical change of 
a, B, y into B, y, a and of |, m, n into m, n, |. 


Bx. 6. Inthe previous question shew that the lines 40, BQ’ and CR’ 
meet in a point i the lines BO, CR’ and AP’ in a point V, and the 
lines CO, AP’ and BQ’ in a point W, and hence given the line PQ’ R’ 
determine the point O, 

The equations to 40, BQ’, CR’ are mB-ny=0, ny+ la=0 and 
la+mB=0. These clearly meet in the point (mn, nl, Im). Bo for the 
other sets of three lines. 
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Given P’, Q', R’, let BQ’ and CR’ give U, CR’ and AP’ give V, and 
AP’ and BQ’ give W. Then AU, BV and CW give the point 0. 


The line P’Q’ R’ is called the polar of the point O with respect to 
the triangle, and the point O is called the pole of the line P’ Q' R’. 


Bx. 7. If two triangles ABC, A’BC’ are such that the lines AA’, 
BB’, CC’ meet in a point O, then the points of intersection of the corre- 
sponding sides, viz. BC and B’C’, CA and C’A’, AB and A’B’, lie ona 
straight line. 

Take ABC as triangle of reference and let the point O be (/, g, 4). 


Then the point 4’ lies on the straight line En J and hence its co- 


ordinates may be taken to be a’, g, h. So B’ is the point (f, B’, A) and 
C’ is (f, 9, 7’). Hence the equation to the straight line B’C’ is thus 
a (By - gh) + Bf (h-')+ vf (9 - B) =0. 
Its intersection, D, with BC is thus given by 
=0 and 20. 
g-B  h-y 

Similarly for the other two intersections. They all clearly lie on the 

straight line 
a B 


7 
a $e +8. 
f-@ 3-7. 48-¥ 


The two triangles ABC, 4’B'C’ when they satisfy the condition of the 
question are said to be in perspective. The point 0 is called the 
centre of perspective or homology, and the straight line on which 
the intersections lie is called the axis of perspective or homology. 


The above theorem is often expressed in the form copolar triangles 
are also coaxial. Thoir pole is the centre of perspective and their 
axis the axis of perspective. 

More generally any figure of points P, Q, R. S,... is said to be in 

pective with a figure P’, Q’, R’, 8’, ... if the straight lines 
PP’, 0Q', RR’, SS’, ... all meet in a point, the centre of perspective, 


EXAMPLES. 

1, Shew that the coordinates of the centroid of a triangle whose 
angular points are (a;, 61, 71), (a2) Bas ya), and (a3, Bs, ys) are 
atagtas Pit PetPs 4 vitretys 

Tee. ‘ee 3 
9, Shew that the lines 
aa+Ab5+yc8=0 and acos A+foos B+ 700s C=O 

are parallel, 

3 Shew that the equation to the straight line joining the in-centre 
and circum-centre of the triangle of reference ABC is 

a (cos B - cos C) +8 (cos C - cos A) 4 (cos A - cos B)=0, 
Li 4 
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that any point on it is (m+ncos A, m+ncos B, m+n cos C), and that 
it is perpendicular to the straight line 
a+B+y=0. 

4, Shew that the equation of the straight line through the circum- 
wor centroid, nine-point centre, and ortho-centre of a triangle 
ABC is } 

asin 24 sin (B-C) +f sin 2B ain (C - A) +7 sin 20 ain (4 - B)=0, 
and that it is perpendicular to the straight line 

acos A +8 cos B +ycos C=0. 

Shew also that the former of these straight lines passes through the 
four corresponding points for the triangle obtained by joining the 
middle points of the sides of the triangle ABC. 

5, Shew that the equations of the straight line joining the vertex 4 
of the triangle of reference to the circum-centre, centroid, nine-point 
centre and ortho-centre are respectively 

B oos C-+ cos B=0, Bsin B-ysin C=0, 
B cos (A -B)~ycos(C-A)=0, and ScosB--ycos C=), 
and prove that they form a harmonic pencil. 

6, Shew that the intersections of any side of a triangle with the 
external bisector of the opposite angle are collinear, and that their 
intersections with the tangents to the cirocum-circle at the opposite 
angles are collinear also. | 

7, Shew that the equation to the straight line which passes through 
the point (a’, 8’, 7’), and is perpendicular to the side BC of the tri- 
angle of reference, is 





a, B, % 
a’, B, ¥, |=0. 
-1, cosC, cosB 





8, Shew that the perpendiculars to the sides of a triangle through 
the middle points are concurrent. | 
9, Shew that the straight lines, which are parallel to the side BC 
of the triangle of reference and are twice as far from A as it is, are 
2aa+bB+cy=0 and 2aa+ 88+ 8ey=0. 
10, Shew that the straight line 8=py is inclined to the side 4B at 
sin 


ra: Re 
an angle tan — 


1], If three straight lines through the vertices of a triangle are 
concurrent, shew that the three lines equally inclined with them to the 
bisectors are concurrent also. 

[For 8- py=0 and y~p8=0 are corresponding lines.] 

In the particular case where the first three lines are the medians, 
the second three lines are called the symmedians and their point of 
concurrence the symmedian point whose coordinates are (a, b, ¢). 
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12, If the straight lines to * 2 meet in a point O and the 
straight lines <0 7 in a point 0’, prove that the six angles 


OAB, OBC, OCA, O'AC, O'BA, O' CB are all equal to the same angle w, 
and that cot w=cot A +cot B+cot C. 


[O and O’ are known as the Brocard points of the triangle ABC, 
and w as the Brocard angle. ] 

61. Cross-Ratios. The propositions of the preceding 
Chapter hold for trilinear coordinates just as for Cartesians. 

Suppose that we have a pencil of four straight lines, 
passing through the point A of the triangle of reference, 
whose equations are 

B=my B=pay, B= psy and B= py. 

Let them be cut by a straight line parallel to the side 
AB in the points P,, P,, P,, P, and let the straight line 
meet AC in 0. 

These points all have the same value for y; hence the 
values of 8 for the points P,, P,, P;, P, are proportional to 
1, Pa» Ps, P, and hence the values of OP,, OP,, OP;, OP, 
are proportional to ,, po, Ps) 7%. 

. the cross-ratio of the pencil = (P, P, P; P,) 

(PrP) (Pe Ps) ae in Art, 4. 
(93 — Pa) (Pi — Pa) 

Just as in Art, 5 it follows that the straight lines 8 = 0, 
B=p,y, y =9, and B=p,y form a pencil whose cross-ratio 
is Ke and that the four lines B=0, B=p,y, y=0, B=-p,y 

2 
form a harmonic pencil. ? 
Also, as in Art. 9, the straight lines 
af? O and a’? + Qh’By + by? =0 
are harmonically conjugate if 
ab’ + a'b = Qhh’, 

62. The cross-ratio of a pencil of four concurrent straight 
lines whose equations are - 

“Lat+mB +7 =0, La + mB + nyy = 0, 
lat m8 +n,y=0, and la+m,B + my =0, : 
4--2 
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being equal to that of the four points in which these straight 
lines meet the side BC of the triangle of reference, i.¢, a =0, 
is equal to the cross-ratio of the four straight lines 

mB +my=0, m, 8 + ny=0, 

m8 +nsy=0, and mB+ny=0, 
which join A to these four points of intersection. 


63. {f P=la+m,B+n,y=0 and Q=ha+m,B+n,y=0, 
the cross-ratio of the four straight lines given by —/— 


P+i,Q=0, P+A,Q =0, P+A,Q=0, and P+A,.Q=0 
(As - A) (A, — Aj) 
(Ag — Ag) (A — Ay) 
For let X and Y be the perpendiculars from any point 
upon the two straight lines ? = 0 and Q = 0, so that 


: LatmB+my 
X = -=— 


V1? + m2 +n, -2m,n, cos A — 2n, ¢, cos B — 21, m, cos ( 
r 
F ¢, (say), 
_Q 
and Y= C, . 
The equations to the four given straight lines are thus 
ACY — Y 
art C 


rae; and ruc eet 


1 
1 ] 


and then, as in Art, 61, the cross-ratio is as stated. 
Cor. These straight lines will form a harmonic pencil if 
(Ay + Ag) (Ag + Ay) = 2AjAs + 2A Ay. | 
64. Complete Quadrangles and Quadrilaterals. 


Let P, Q, & and S be four points forming a quadrangle. 
Let PR and QS meet in A, PS and QR in B, and PQ and 
RS in C, so that A, B,C are the vertices of the quadrangle, 


Take ABC as the triangle of reference, 


28 
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Let the coordinates of S be f, g, 4 so that the equations 
of BS and CS are respectively 


and 





v 


O; 
By Art. 15, BQ, BA, BS and BC form a harmonic pencil, 
so that the equation of BA is (Art. 61) 


By the same article C[PASB] is harmonic, so that the 
equation of CP is 


P is the point of intersection of (1) and (4), so that its 
coordinates are proportional to f,-g, i. @ similarly has its 
coordinates given by (3) and (4) proportional to +f; ~ g, -h, 
and, from (2) and (3), the coordinates of # are proportional! 
to J J) — h. 

Bx. In addition to the equations found in the previous article, shew 
that the following lines have the equations set against them; 


QRP,E+t=0; 0,80, 8 - 720; 


h a 

0,0, 7 +e +10; 0,8, ~F 4E 4 Lad; 
Ses 

j : 


= 


g Jf 


2a B : 2a 6 
— =0; a a ac a 


i 0 


f h 
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65. Let PQ, QR, RS,and SP be four straight lines forming 
a quadrilateral. Let PQ and RS meet in O,, and PS and 
QR in O,. If the diagonals P/?, QS, and 0,0, meet as in 
the figure, then 4 BC is the tri- 
angle formed by the diagonals 
of the complete quadrilateral. 
Take ABC as the triangle of 
reference. 

Let the equation to PQ be 
la+mB+ny=0, sv that 0, 
is given by this and a=0. 
Hence the equation of AO, is 
mB + ny =0, | 

Now the pencil 4 [0,C0, 8] 
is harmonic (Art. 15), Hence the equation of AQ, is 

mB — ny = 9. 
la+mB + ny =0 
+=0) 





Hence P P’ is the point 


and 0, is the point * ot ; 

.. the equation to PS is la + mB — ny =9. 

la + mB + ny =0 

A=0) 
Hence the equation to Q0,, ze. QK, is la—mB + ny =0. 
la — mB + ny = 0 

asi 

la + mB — ny = 0 

Bool: 
Heuce the equation to RS is — la + mB + ny = 0. 

The equations to the four straight lines forming the sides 
of the quadrilateral are therefore, when referred to the 
triangle formed by the three diagonals as the triangle of 
reference, of the form 

la + mB + ny = 0. 
Also the coordinates of the four points which are the 
angular points of the quadrangle are also, when referred 


So 9 is the point 


Finally R is the point 


and Sis the puint 
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to the triangle formed by the three vertices as the triangle 
of reference, of the form 


tf, +9, th. 

It must be carefully noted that the triangle of reference is 
different in the two cases; the words in thick print may 
assist the memory; it will be noted that lines go with lines, 
and points with points. 

Bx. In addition to the equations found in the previous article, shew 
that the following lines have equations as set against them 

CP, la+mp=0; CR, la-mB=0. 
BQ, la+ny=0; BS, la-ny=0. 

66. Bx. Shew that the middle points of the diagonals of a quadri- 

lateral lie on a straight line. 


Using the notation and figure of the last article let U, V, W be the 
middie points of the diagonals 0,0,, QS, and PR. 


Since W is the middle point of PR it, with the point in which PR 
meets the line at infinity, divides PR harmonically. Hence CW and 
the line through C parallel to 4B divide CP and CR harmonically, 


The line through C parallel to 4B is aa +bS=0. 
Also R being the point 
la - mB +ny=0 
y=0 
the equation of CR is la-mB=0. So that of CP is la+mB=0. Hence 
if the equation of CW is a-8=0, the four straight lines 
la+mB=0, a-A\B=0, la-mB=0, and aa+b8=0 
are a harmonic pencil. 
Hence, by Art. 63, Cor., 


ow Pw 
Nee 55 and the equation to CHV is a+ B=0. 
A mi 
-. W is given by cats 8=0 and y=0. 
mon 
So U is given by > B+ mh es anda=0. So for V. 
All three points lie on the straight line 


gm m,n 
Pia ski ick 
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Areal Coordinates. 


67. Another system of coordinates, which is often used, 
is one in which, instead of having the position of the point 
P (Art. 42) given by the perpendiculars on the sides of a 
fundamental triangle, we determine it by the ratios that the 
areas of the triangles PBC, PCA and PAB bear to the area 
of the triangle ABC. We shall denote these coordinates by 
the quantities a, y, # so that | 


es eit eee 


v 
APBC APCA APAB AABC' 
Now APBC = 3 aa, etc., so that : 
aa bB 


Tis pe —— 
ey Pag — 
where A is the area of the triangle ABC. Olearly we always 
have 
e+y+2=1. 


Any homogeneous equation in a, 8, y can be at once trans- 
ferred to the corresponding areal equation by substituting 
=, : for a, 6, y respectively, and conversely. 

68. The work of the previous chapter to a great extent 
is true for both trilinear and areal coordinates, and need not 
be repeated. Subjoined are the formulae and results which 
are different in areal coordinates from what they are in tri- 
linear coordinates. They can be obtained independently or 
by substitution from the corresponding trilinear formulae. 


When areal coordinates are implied we shall always use 
a, y, a8 the coordinates, and px + gy + 72 = 0 as the standard 
form of the equation to a straight line, 


I. The fundamental relation between the areal coordinates 
of any point is : 
| a+ytz=l, 
and the equation to the line at infinity is 

a+y+2=0. [Arts, 43 and 56.) 
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II. The area of a triangle whose vertices are (a, 4,5 2); 
(55 Yay %q) and (as, Ys, Zs) is 


| OG Yy 4 
A x : a eo (Art. 50.] 
vy; Ys» ay 


III. The straight lines pa +qy+7rz2=0, patq'y+rz=0 
are perpendicular if 


a’pp’ + b'gqq' + err’ — be (gr’ + q'r) cos A 
—ca (rp' + r'p) cos B— ab (pq' + p'q) oos C = 0, 
and they are parallel if 


Pp 9. 7 . 
ip’, gi r|=0. (Arts, 54 and 57.] 
5 ee Oe 


IV. The perpendicular distance of a given point (2, y, 2) 
from the straight line pa + gy +72 =0 is [Art. 59] 

= (px +qy'+rz) x 2A 
Jan? + bg? + ch? — 2begr cos A = 2carp cos B — 2abpq cos C 
Since the areal coordinates of the angular points A, B, C of 
the triangle of reference are (1, 0, 0), (0, 1, 0) and (0, 0, 1), 
it follows that the perpendiculars from these angular points 
on the straight line are proportional to p, q, 7. Also that, 
if p,, 41,7, are the actual perpendiculars from these angular 
points, the perpendicular from any point (a%, y,, %,) 18 
Di Ly + VUYo + 11%: 


69. Just as the coordinates in trilinear coordinates are 
transformed into the corresponding areal coordinates by 
putting a=, p=", and y * so the constants in the tri- 


linear equation of a straight line are transformed into the 
corresponding constants in the areal equation by putting 
l=pa, m=Qb, and n=re. 
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EXAMPLES, 
1, Shew that the equation 


bc ¢ 4 a b 
q 1 2 = os — — = - pone 
a?+ B+ +(2+5) ort (E45) am (5 +2) op 0 
gives only one finite line. 


3. Find the equation to the third pair of straight lines which con- 
nects pairs of points given as the intersections of a?= (mf +ny)? and 
ft=(my+ na)3, 

3, In the question of Art. 60, Ex. 5, if the point O moves on a. 
fixed straight line, shew that its polar line P’Q’R’ touches a conic 
inscribed in the triangle ABC. 

Shew also that BQ’, CR’, and AP meet in a point O,, such that 
(40 PO,) is harmonic. 


4, In areal coordinates shew that the straight lines 
z sin? d+y sin? B+2 sin?C=0 
and æ cos’ 4 +y cos? B +2 cos? C=0 


are both perpendicular to the line joining the centroid and ortho-centre 
of the triangle of reference. 


5, The vertices of a triangle move on three concurrent lines and two 
of the sides pass each through a fixed point. Shew that the third side 
passes through a fixed point collinear with the two given fixed points, 


8, The vertices of a triangle move slong three fixed lines and two 
: ng —— pass through two fixed points; find the envelope of the 
third side. 


7, A variable line passes through a fixed point; find the locus of 
the point on it which forms a constant crose-ratio with the three 
points in which it cuts the triangle of reference. 


8, ABC is a triangle and P, Q, R any points on the sides BC, CA 
and 4B; QR and BC meet in D, RP and Cd in E, and PQ and AB 
in F. If DF and BQ meet in G, and DF and CR in H, shew that EG 
and FH meet on BC at a point P’, such that [BPCP’] is harmonic. 


9, Ifa triangle ABC is circumscribed to the triangle PQR so that 
BC, CA, AB pass through the points P, Q, R respectively, shew that 
an infinite number of triangles can be drawn which are insoribed in 
the triangle PQR and also are circumscribed to the triangle ABC. 

{Draw any line through 4 to meet PQ, PR in N and M and let BN 
meet QR in L; prove that LA passes through C.] 

10. The perpendiculars from the vertices A, B, C of one triangle upon 
the sides B’C’, C’A’, d4’B’ of a coplanar triangle are concurrent, Shew 
that the ndiculars from A’, B’, C’ on the sides BC, CA, AB 
respectively are also concurrent. 


1], ABC is a triangle; AD, BE, and CF are the perpendiculars 
upon the opposite sides; EF meets BC in L. Shew that, if O is the 
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ortho-centre, OL is‘perpendicular to the line from 4 to the middle 
point of BC, 


12. Points D, E, and F are taken on the sides of a triangle ABC 
such that AD, BE, and CF are concurrent and L, M, N are the middle 
points of EF, FD and DE respectively. Shew that AL, BM, and CN 
meet in a point. 

[Let the equations to AD, BE, CF be 8-py=0, y-ga=0 and 
a-rf=0, so that pgr=1, and the equation to EF is ga - grB -y=0. 
Now (Art. 6), since L is the middle point of EF, AL and the line 
through 4 parallel to EF form a harmonic pencil with 4B, AC. Also 
the equation to this parallel line is easily seen to be 

g8 (b+ar) ++ (a+cq)=0. 
Hence (Art, 61) the equation to AL is 
. g8 (b+ ar)=¥ (a+cq). 
So for BM, CN etc.) 

13, Find the loous of a point P such that if D, E, F are the feet 
of the diculars from it upon the sides of the triangle of reference 
ABC then AD, BE, and CF are concurrent. 


14, A triangle PYR is circumscribed to a triangle ABC and is in 
perspective with it; prove that the lines joining A to the vertices of 
the triangle PQR are harmonic conjugates to AB and AC. 


15, If parallels to a=0, 8=0 be drawn through the intersections of 
lat+mB+ny=0 and l’a+m'p+n'y=0, 
shew that the four lines will form a harmonic pencil if 
3 (lm! + Um) + 2aban’ = be (nl' +n'l) +ca (mn' + mn). 
16. Shew that the cross-ratio of the four straight lines 
AB+uy=0, AUBtwy=0, AB+u,y=0 and A18+4,y=0 
. vay (y- AP 
(Np — Ay Hr) (Ai — Are) 

17. Shew that the locus of a point which moves so that the straight 
lines drawn from it to four given non-collinear points form a pencil 
of given cross-ratio is a conic passing through the four given points, 

[Take the four points as (+f, +g, +A).] 

18, Shew that in a complete quadrangle the three sides of the 
harmonic triangle are met by the sides of the quadrangle io six points, 
other than the vertices of the harmonic triangle, which lie by threes 
on four straight lines, and hence that these six points are the vertices 


of a complete quadrilateral whose diagonal triangle is that formed by 
the vertices of the quadrangle. 


19, Each angle of the triangle formed by the diagonals of a complete 
quadrilateral is joined to the ends of the diagonal which does not pass 
through it; prove that these six lines pass, three by three, through 
four points, 


CHAPTER III 


TRILINEAR COORDINATES. | 
EQUATIONS OF THE SECOND DEGREE 


70. We shall take as the general equation the form 
aa? + bB + cy* + 2/By + 2gya + 2haB = 0, 
and shall often write it in the form ¢ (a, 8, y)=9. 

This form has the great advantage of agreeing with the 
general equation in Cartesian Coordinates ; for, on putting 
y=1 and replacing a, 8 by æ, y this equation becomes the 
standard Cartesian equation. 

It has one disadvantage; the quantities a, b, e of this 
general equation may be mistaken for the lengths a, 0, ¢ of 
the triangle of reference. Whenever there is any possibility 
of mistake, the sides of the triangle of reference will be 
denoted by the symbols a,, 5,, ¢p. 


71. To find the equaiwn to the tangent at any yiven 

point (a', B’, y’) of the conic 
(a, B, y) = aa? + bf? + cy’ + 2/By + 2yya + ZhaP = 0. 

As in Part I, Art. 373, the equation to the line joining 
the points (a’, A’, y') and (a”, 8”, y’) lying on the curve is 
a(a—a)(a—a") +b (B-B) (B-B") +¢(y-y) (y- 7) 

+ 3f(B-B)(y-y') + 2y (y-7) (a-a") + 2h (aa) (8-8) 
= $ (a, B, y). 
For it is satisfied by the values a=a’, B=’, y=y' and also 
by the values a=a", B=f", y=y'; also the terms of the 
second degree cancel on each side and hence the equation 
represents a straight line. Hence it is the required straight 
line. 
Let now the point (a”, 8’, y) move up to and ultimately 
coincide with the point (a’, f’, y’), and then the straight Jine 
becomes the tangent at (a, §’, y’). 
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On putting a’ =a’, B’ =f’, and y’=¥' the equation be- 
comes, since $(a,, f, y') =0, | 

aaa’ +b A'+ovy' +f (Ay + Ary) 

+6 (vo +y'a) +h (a8'+a'f) =0. 

This may be written in either of the forms 
a (aa' + AB’ + gy’) +B (ha’ + B+ fy’) + y(ga' + JB + cy’) = 0, 
or a’ (aa +B + gy) +B (ha+bB+fy) + y' (ga +fB+ey) =0, 
or again, in the notation of the Differential Calculus, it may 
be expressed as 

db 4 


dp ya 
— t Vay 
db, 9, db, 


or | Ptr tts. 


72. To find the condition that the straight line 
lat mB + my =O wee eeeceeceeeee (1) 
may touch the conic 
aa} + 6B? + ey + If/By + 2gya + 2haB=0....,.(2), 
The equation to the straight lines joining the angular 
point A of the triangle of reference to the intersections of the 
straight line and conic are given by eliminating a between 
the two equations, and hence it is 
a (mB + ny)" + 2 (dB? + cy* + 2/By) - 20 (gy +hB) (mB + ny) = 0, 
i.e. B® [am*+ bP —-2hlm] + 2By[amn +f? - glm—hin) 
+7 lan’ +cP —2gin}=0......(3). 
For, being derived from the equations of the straight line 
and conic, it is satisfied wherever they are, i. e. at their points 
of intersection ; also it is satisfied at the point A, and breaks 
into two linear factors, real or imaginary, and is therefore 
two straight lines. 


If the given line is a tangent, the two lines given by (3) 
coincide, and (3) is a perfect square. This is the case if 
(amn +P —glm — hin)? = (am? + bP - Qhim) (an* + cP — Qgln), 
1.6. if 
P (be — f") + m* (ca —g*) +n? (ab — h?) + 2mn (gh -af) 

dnl (hf - bg) + 2lm( fg - ch) =0......(4), 
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i.e. if : 
Al’ + Bm!+ Cn! + 2Fmn + 2Gnl + 2HIm = 0...(5), 
where A, B, C, F,G and H are the co-factors of a, b,c, f, 9 
and fA in the determinant 
a, h, g 
h, b, f 
nh ¢ 
The equation (4) or (5) is called the Tangential Equa- 
tion of the Conic whose Point Equation is (2), It may 
be written in the form 


A= 








* h, 9; f | 
h, b, J ™m 
9 SJ, C, 92 * 0 Debeeeriorre ses (6). 


5 mm, n,0 
This form may also be obtained directly. For if 
la+mB +ny= 0 
is the equation to the tangent at the point (a’, 6’, y) then, 
comparing it with the equation to the tangent in the previous 
article, we have 
—— —— Ee) 
. aa +hB +gy - N=0, 
ha'+bB +fy'-Am=0, 
ga’ +fB + cy'—dAn =0. 
Also lo'+mB+ny = = 0... 
Eliminating a’, f’, y, and A from these equations we 
have (6). 
Some particular cases of the tangential equation are as follows: 
Cireum-conic, L8y+Mya+NafS=0; Tangential Equation 
122 4+ M2m* + N22 -2MNmn -2NLal - 2LMim=0, 
i.e. Jf Li+ J Mm+./Nn=0. 
In-conic, ./La+./Mp+ i Ny=0; Lmn + Mnl+Nim=0. 
Self-conjugate conic La? + MA*+ N7?=0; + + * =0. 
Conic By - ka?=0; 2 -4kmn=0. 
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73. It is easily seen that the Point-Equation of the conic 
is obtained from the Tangential or Line-Equation of the 
conic in precisely the same way as the Tungential Equation 
is obtained from the Point-Equation. 

For, starting with equation (5) of the previous Article, 
we have 
BC — F* = (ca —g*) (ab —h*) — (gh-af') 
=a [abe + 2fgh - af* — bg* — ch*] =a. 

Similarly CA —G?= bA, and AB— H*=cA. 

Also 

GH - AF =(hf-bg) (fy oh) - (bo-f*) (gh-af) 

= flabe + 2fgh -af* —bg*- ch® |=/A. 

Similarly H7- BG =gA, and FG-CH=haA. 

Thus, if to the coefficients of (5) we apply the same process 
by which the coefficients of (4) are derived from those of (2), 
we arrive at (2). 

This may be verified independently by finding, as in 
Part I, Art. 437, the envelope of (1) under condition (5). 

For, eliminating /, we have 

m*| Af" + Ba? - 2HaB) + 2mn [ABy + Fa®—GoB — Hye] 

+n?[ Ay + Ca*-2Gya]=0, 
the envelope of which is 

(4By + Fa’ — GaB — Hya)? 
= (AB* + Ba? 2Haf) (Ay + Ca® - 2Gya), 
i.e. 

a? (BC — F)+...4...+2(GH—AF) By+...+...=0...(6), 

i.e, by the relations proved above, 

aa* + DB? + cy? + 2/By + 2gya + 2haB = 0, 

which is (2). | 
Clearly the coefficients in equation (6) are derived from 


those in (5) by the same. process by which the coefficients in 
equation (4) are obtained from those in (1). 
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7%. Condition that the conic may be a parabola. 

If the conic be a parabola it touches the line at infinity 
aa +b,8 +¢y=0. Hence a,, b,, c, must satisfy the tan- 
gential equation of Art. 72, te. 


Aa? + Bb? + Co? + 2F b,c, + 2Gc,a, + 2Ha,b, = 0, 


or 
(be—f*)ae+... to. +2 (gh-af) ot... + =O. 

The condition that the conic may be an ellipse or a hyper- 
bola may be found by finding its intersections with the line 
at infinity, and introducing the condition that they may be 
both imaginary or both real, On substituting a,, 5,, ¢, for 
1, m, n in equation (3) of Art. 72, we should find that the 
conic is an ellipse or hyperbola according as 

Aa? + Bb? + Co? + 2F byt) + 28e,a, + 2Ha, 6, 


is positive or negative. 


75. Polar of a given point. 

Just as in Part J, Art. 375, it could now be shewn that 
the polar of a point (a’, f’, 7’) with respect to ¢ (a, 8, y)=0 
is 
a (aa’ + hf + gy’) + B (ha’ + BB +f’) + y (ga! +B’ + ey) =0 

rite 
i.e. the polar of the point (a’, 6’, y’) is of the same form as 
the tangent at the point (a’, 6’, y’) when the latter is on the 
curve. 

This may be written either as 

ot LY ue Pn D 
“ga tPag tras 
or a8 is 
dp a 
ant B ap? * =0, 

The polar of (a', A’, y’) will therefore pass through the 
point (a”, 8”, y), i.e. these two points will be conjugate, if 
a’, 8’, y’ satisfies equation (1), i.e. if 
aa'a’ 4 be4 4 eyy +f (B'y' + B’y’) + g (ya" +y a) 

+h (a'B" +0"f’) = 0. 
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76. Pole of a given line. 
If the given line be 
la + MB + my =D ................. (1), 
then, if its pole be {a’, 8’, y’), this equation must be the same 
as (1) in the previous article. 
Hence, for some value of A, we have 
aa’ +hB' + gy =), 
ha’ + 6B’ +fy' =mA, 
and ga’ + fp +ey' =n. 
If A, B, C etc. be defined as in Art, 72, we thus have 
a te B e y — 
Al+Hm+O6n Hl+Bm+Fn Gl+Fm+Cn A’ 
Hence the pole of (1) is 
(4b + Hm+ Gn, Hlæ Bm+ Fn, Gl+ Pm+ Cn). 
This lies on the straight line 
Vat mi B+ m'yHO . (2), 
i.e. the lines (1) and (2) are conjugate, if * 
CEM + @n)+m' Hlæ Bm+ Fn) +n (Gl+ Fm + Cn) =0, 
i.e. if 
All’ Bmm + Can’ + F (mn! + m'n) + G (nl' + nb) 
+ H (Ilm' + I'm) =0. 

77. To shew that the diameter of the conve 

(a, B, y) = acl + cy’ + 2/By + 2gya + 2haB = 0, 
which bisects chords parallel to the line la+ mB +ny = 0, 18 
2 (meni) + sana +P (b—na)=0, 

The diameter required is the one which is conjugate to 
the given chords, and is therefore the polar of the point in 
which the given lines meet the line at infinity. This point 
is given by the intersection with aa + 08 + cy =0 of the given 
line, and is (me—nb, na — Ic, 1b - ma). The polar of this 
point (by Art, 75) is 

(me - nb) (aa. + hB + gy) + (na -le) (ha + bB +/y) 

+ (lb — ma) (ga + fp + cy) =9. 


Lu | 5 
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78. Coordinates of the centre of the conic, 


Let (a,, 8,, y,) be the centre. Then its polar is the line 
at infinity, an therefore i is 


Aya + 5,8 +Oyy= 0, 
where a, 5), ¢, are the sides of the triangle of reference. 
Comparing this with equation (1) of Art. 75, we have 
aa, +hB, +9" _ ha, + : tin” ga, + fB, + — Al) 
By Co 
equations to give the required coordinates, 
Aliter. The centre is the pole of the line 
aa+68 +ey=0. 
Hence, as in Art. 76, its coordinates are 
(Aa, + Hb,+ Ge, Ha,+ Bb, + Fea, Ga, + Fb, + Ce). 
Or these coordinates can be obtained by solving equations (1). 


Particular Cases. 
Circum-conic, Lpy + Mya+Nas=0; 

centre, 
[L (Mby+Neg- Lao), M(Neg+Lag- Mbp), N (Lag+Mby- Ne)]. 
In-conic, Lat /MB+ /Ny=0; 

centre, [Mcot+Nbp, Naj+Leo, . Lby + Mag]. 
Self-conjugate conic, La?+Mp*+N72=0; 

centre, (? ’ 3 — 
Conic, By - ka?=0; 

centre, (-ay, 2key, Akbo). 


79. Equation to the tangents from a given point. 
Just as in Part I, Art. 389, the ‘equation to the pair of 
tangents from (a’, B, 7’) to the conic ¢ (a, B, y) is 


$ (a, B, y)x h(a, By 7/)= UP een. (1), 
where 


u = a(aa' + AB’ + gy’) + B(ha’ + OB + fy’) + y (ga' + JB + cy’). 
On simplification, this equation becomes, with the notation 
of Art. 72, 


a®(CB" + By? — 2F By] +.. 
+ 2By(- Fa” —— + By ‘a’ + Ga'B’} +... +... =0. 


DIRECTOR CIRCLE | 67 


Director Circle. By Art. 54, Cor., these straight lines 
are at right angles if 
(CB? + By? —2PB'y') +... + 0. 
+2 (Fas Apty! Hye — Ga'B’| cos A+... +... =0. 
Hence the locus of (a’, f’, y’), i.e. the Director Circle, is 
a?[B+C +2Fcos A]+...+... 
+ 2By [4 cos A - F—G cos U — Hos B] +... +... =0...(2). 
Particular Cases. 
Circum-conic, Lpy + Mya+ Nop=0; 
director circle, 
a! (M?4+N2~—2MN cos A) +... +++ 
+26y(L (L cos 4+ M cos B+N cos C)+MN)+...+...=0, 


In-conie, JLat /MB+ /Ny=0; 
director circle, 
L cos Aa?+... +... -By[L+M cos C+N cos B)-...-...=0, 
Self-conjugate conic, La*+Mfi+Ny2=0; 
director circle, 
L(M+N) a2+...+...+2MN 0084 . Pyt i. t.e =O. 
Conic, By — ka?=0; 
director circle, 


~ 4k cos Aa? + 62+ 43+ 28y (2k +008 A) + 4kya cos C+ 4kaB cos B =0. 


80. Condition that the conic may be a rectangular hyper- 
bola. 
-  Onchanging the general equation to Cartesian Coordinates, 
as in Art. 46, the coefficients of x* and y* are respectively 
a cos? w, + 6 C08 w, + c cosꝰ w, + 2/008 wy COB 0, 
+ 2g 00 w, 008 w, + 2h cos w, COS 2, 
and 
asin? w, +b sin’ w, + ¢ sin? w,; + 2/sin w, sin 0, 
+ 2g sin w, sin w, + 2/ sin w, sin «,. 
Hence, by Part I, Art. 358, it represents a rectangular 
hyperbola if 
a+b +0 + 2fcos (w,—w,) + 2g cos (u, — w,) + 24.008 (w,—«,) = 0, 
or, by Art. 46, if 
a+b+c-2fcos A — 2g cos B- 2h cosC =0. 
5—2 
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81. Condition that the general equation may represent two 
straight lunes. | 

Just as in Part I, Art, 116, the equation breaks up into 
linear factors, and therefore represents two straight lines, if 


abe + Yfgh— af? - bg?—ch?=0. 


82. Equation to the asymptotes of the general conic. 

The asymptotes are the tangents drawn from the centre 
to the conic, and are therefore given by the first equation of 
Art, 79, where (a, , y) are given by 

aa! +h +gy _ bo 408 + fy _ gu’ 4 JB ty 
By by — Gy Z 
and hence 
a’ — 6 = y A 
Aa, + Hb + Gc Ha, + Bb,+ Fo, Gay + Fy+ 0c a’ 
with the notation of Art. 72. 
Then 


p(a, B, y)=a .aAt+B.AtY oA 
, [a, (Aa, + Hby + Ge,) +b, (Ha, + Bb, + Fe, 
+ ¢, (Ga, + Fb, + Ce,)] 
i : [da,2 + Bb? + Co, +2F bse, + 26¢,% + 2H4,),) 


Also : 
u=a[aA] + B[b,A] + [cA] =A[a,a + 5,8 + cy]. 
Hence equation (1) of Art. 79 becomes 
(a, B, y)[Aa,? + Bb, + Co? + 2Fb,c, + 2Gc,a, + 2Ha,b,| 
=A (a,a+b.B + cy)’, 
which is therefore the required equation of the asymptotes. 


83. Equation to the circle circumscribing the triangle of 
reference. 


Let P be any point (a’, A’, y') so situated that A’ is nega- 
tive and a, y' both positive. — PL, PM, and PN per- 
pendicular to BC, CA, AB respectively, so that 2 MPN = A, 
. NPL=2- B, and . LPM =C. 
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The areas of the triangles MPN, NPL, LPM are then 
respectively 

1PM. PNsinA, }PN. PLain B, and 7 PL. PMsin(, 
ie, —2f'y'sin A, by a'sinB, and —jaf'sinC. 
*, ALMN=A4 PMN + SPML-APNL 

=—1[f'y'sin A +y‘a' sin B+o'8' sin C]. 

|The same result will be found to be true for the magnitude 
of the area of the triangle for all positions of P. | 

If the point P lies on the circumcircle of the triangle 
ABC, the feet L, M, N of the perpendiculars lie on a straight 
line, viz. the Pedal or Simson line of P, and hence the area 
of the triangle LMN is zero. 

Hente, in this case, 

B’y' sin A +y'o' sin B+ a sin C=0, 
i.¢., the equation to the circumcircle is 
Bysin A + yasin B+ aBsin C =0, 


or a, By + b,ya + c,aB = 0. 
As in Art. 72 the tangential equation of the circumcircle 
is easily seen to be 
Jia, + mb, + /ne, = 0. 


84. We have seen, in Part I, Arts. 387 and 388, that, if 
S = 0 be the equation to any circle, the equation to any other 
circle is of the form § =),u, where w is of the first degree, 
and that the equation to any concentric circle is of the 
form S =yp,, where p, is a constant, 


Using Art. 44, in order to make the equations homo- 
geneous, we see that the equation to any circle whatever is 


S = (la + mB + ny) (aya + boB + coy), 
and that the equation to any concentric circle is 
=p (aa +b,B + cy)’, 


where /, m, m and p» are any constants whatever, and S = 0 
is the equation to any circle. 
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85. Zo find the condition that the general equation of 

the second degree 
p (a, 8, y) = aa + bB? + cy’ + YBy + 2gyat BZhaB = 0...(1) 

may represent a circle. 

Taking S=0 as the circum-circle, we see that the equation 
to any circle is of the form 

a, By + by ya + Cap = (lo + mp + ny) (aya + 5B + Cy). 
Comparing this with equation (1), we have 


Oe — 
la, mb, ey me,+nb,—ady) na, + le, — by 
2h 

‘ey ae ee 


The required condition is therefore 
be,? + cb, — 2/0, c, = ca,? + ac,’ — 2gc,a, = ab,* + ba,” -2ha 093 
for each of these quantities is equal to a,b, c,A. 


86. The equation to any circle being 
aBy + bya + caB = (la + mB + ny) (aa + bB + cy), 
to shew that Lee, m= at — and a83, where t,, ta, ts are 
the lengthe of the — drawn from the vertices A, B, C 
of the triangle of reference to the circle, and a, b, e are the 
lengths of the sides of the triangle of reference. 

Let the circle meet the side BC of the triangle of reference 
in the points 4, and A,. Then these points are given, on 
putting a = 0 in ‘the equation to the circle, by 

mbB? + (me + nb-a) By +ney=0......... (1). 

If « be the distance of the point 4, from B, then 

B _ ACsinG (a-2).¢ c 
* ~ BA, snB xb 





Hence (1) gives 
mbc' (a — x)" +(me + nb — a) bex (a — x) + nb*ca? = 0, 
i.e. a —a [me — nb + a] + mea = 0, 


The roots of this quadratic are BA, and BA,; hence 
mca = product of the roots = BA,. BA, =" 
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So for the others. 


ON. ae ae _4 

“tay — Bre and — 

Cor. The radical axis of this circle and the circum-circle 
of the triangle of reference is 


Hast es 


87. From the preceding article we can easily write down 
the equations to some important circles. 
In-circle. Here ¢,=8s—a, t,=8—6, and t,=8-c. 
Hence its equation is 
apy + bya + caf 
= (Cpr es eo gy OD yaa + 58+ ey) 
1.6. 
a? (@—a)*a?+.., +... + beBy [(s—b)*+(8-c)*-a?]+... +... =0. 
Now 
(s—b)*+(s—c)? +2 (s—b) (s—c) =(8-b+8-—cP=a% 
Hence this equation is 
a?(s—a)*a? + b* (8 —)* B* + c? (8 —c)* y*— 2be (8-4) (8 -c) By 
— 2ca(s—c) (8 — a) ya — 2ab (s—a) (s—b) a8 =0, 
1.6. Ja(s—a)a+ Vb (e- b) B+ Ve(s—c) y=, 


Vevwo⸗ — Bout? 3 + 9 yout =0. 


The tangential equation, by Art. 72, is found to be 





mn cost 5 + nl coe +lm cost © = 0. 


Escribed-circle opposite to A. Here | 
t=8, t=8—c, and t,=3—6. 
Hence its equation is 


— — [Fare y B+ —* Albæ t 58 + ey) 
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1.6. 
as'a"+b*(s—c)? 8° +07 (s— b)* y+ By [(¢ —6)* + (8 - c)® — a] be 
+ ya [(s—6)* +s? —b*) ca + of [(8—c)'+8°=c*] ab =0, 
4.¢., a8 before, 
a*s'a? +b? (¢ — c)* B* + c? (¢ — b)® y* — 2be (8 — b) (¢—c) By 
+ 2cas (8 — b) ya + 2abs (s—c) oB =0, 
i.e. nl =a8a+ nb (8 —c) B+ Ne(s—b) y=0, 


or a) acon 4 o/ paint + / ysiat 0 
The tangential equation is (Art, 72) 


A . _B —— 
— mn cos? > + ni sin 3 + lm sin 5 =. 
Nine-point circle. This circle passes through the 
middle points of the sides of the triangle, and through the 
feet of the Te from the vertices upon the oppo- 





site sides. Hence ¢,*= =.ccos A, etc., so that the equation is 
aBy+ bya + caf = ‘teund+iae iv aiimaamilad 


1.8. 
a cos A.a?+ bcos B. B*+¢c cos C. y — aby — bya — caB = 0. 
The tangential equation is (Art. 72) 
Phe (bc) +... +... + Imnatbe [at — (b%c* + c'a® + a*b*)] 
+ set vee 30, 
This can be written in the form 


— fot] +r =0, 


Self-conjugate circle. If AD, BE, * be the per- 
pendiculars upon the opposite sides meeting i in O, this circle 
has centre 0 and radius JOA. OD, it being only real when 
one of the angles of the triangle is obtuse. 

Now J04.0D=~J-2R cos A. 2K cos B cos C. 

“. 43 = 0A" — (rad. = OA*- OA. OD 
= 4 cos'A +4*cos Acos B cos =4R* cos A sin B sin C 
= be cos A, 
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and so for the others. Hence the required equation is 
apy + bya + caB =(acos A + B cos B+ ycos(’) (aa + bB + cy), 


1.6, a cos Aa® + b cos BB’ + ¢ cos Cy’ = 0, 
i.e. a’sin 2A + 68in 28 + y*sin 2020. 
The tangential equation is (Art. 72) 
i? wt? * 


“a ~ an — = Q), 
sin 24 * sin 2B’ sin2C 

Circle on BC as diameter, This circle goes through E and F, 
Hence t;2=AC.AE=b.coos 4. Also t?=0 and ts?=0. Hence the 
equation required is 

apy + byat+caB=(aa+bB-+cy) .acos A, 
i.e. a? cos A — By - ya cos C -afcos B=0. 
(See Art. 60, Ex. 2.) 


88. Bx. 1. Shew that the equation to the circle which passes 
through the centre of the three escribed circles of the triangle of 
reference is 

aa*+ b8? + cy? + (a+b +c) (By + yat af) =0, 
and that of the circle through the in-centre and two of the e-centres is 
aa? + bB? - cy? - (a+b -c) (By + ya - af) =0. 

The equation to any circle is 

apy + bya + caf = (aa + bB + cy) (la+mB+ny). 

If this passes through the e-centres whose coordinates are pro- 

portional to (1,1, - 1), (1, - 1,1) and (-1,1,1), we have 





l+m-n= —— 

a+b-—c 7 

l-m+n =-l, 

and -l+m+n =-l, 


., lz=am=n= ~l, 
and the equation is 
aBy + bya + ca + (aa +68 + cy) (a+8+y)=0. 

Similarly, if the ‘circle passes through the in-centre and the two 
e-eentres opposite the points 4 and B, whose coordinates are pro- 
portional to (1, 1,1), (-1, 1,1) and (1, -1, 1), we have J=1, m=1, 

=: ~], and hence as before. 


Bx. 3. Shew that the nine-point circle, the self-conjugate circle, and 
the circum-cirole of a triangle intersect in the same points. 
The radical axis of these three circles taken in pairs is, by the 
previous article, 
acos 4 +8008 B+ cos C=0. 
Hence they all three meet where this line meets either of them. 
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Ux. 8. Shew that the tangential equation of the circle, whose centre 

ts the point (a;, 81, y;) and whose radius is r, és 
(lay + mB; + ny;)?=72 [2 +m? +n? - 2mn cos A - Qnl cos B - 2lm cos C), 
and hence that the point-equation is 

a* [r? gin’ A — (8,7+y,°+ 26, y, 008 4)]+... +... 

+ 2By[r* sin B sin C + 8,7, + 7,0, 008 C+, 8, 008 B- a,” cos 4] 
+...+...20, 

If la+mB+ny=0 is the equation to any tangent, the perpendicular 
upon it from the centre (a;, 8, 71) is equal to r, and hence, by Art. 59, 

(1a, + mB, + ny,)*=17 (2 +m? + n° — 2mn cos A - Qnl cos B - Bm cos C), 
the equation required, 
te, PB (a8 — 93) +... +... +2mn(B,y, +12 008 A) +... +,..20, 
Hence, by Art. 78, the coefficient of a? in the point-equation 
= (A)? - 1") (v7 - 1°) - (By, + 1° 008 4)? 
=r[r'sin® A —(8,* +y;"+ 28, 7; cos 4)), 
and the coefficient of 28-7 
= (14; +r? 008 B) (a; 8, +12 008 C) — (a2 - r2) (8, ¥, +12 cos A) 
= 72 (9? sin B sin C + Bi; +7141 008 C + a; 8; 008 B· ajꝰ oos A). 
Similarly for the other terms, 

Hence the point-equation as stated. 

Cor. If p, q, r are the perpendiculars from the angular points of the 
triangle of reference upon any tangent to the circle whose centre is 
(a;, 81, 71) and whose radius is p, then 

paa, + bf, + rey, =p (aa, +b, +cy,), 
or, in areal coordinates, 
PX, + QY, +72 =p (2, +Y; +4)» 

Hix. 4. Shew that the circles described on the three diagonals of a 
complete quadrilateral as diameter are coazal, 

Taking the figure and notation of Art. 65, we have m8 - ny =0 and 
mf +ny=0 as the equations to AO, and AQ). 

BO,8inB_ om F BO, _ mm , * Bo, 
0,CsnO~n' ‘0,0 sinB sin 0,0" 
Hence, by a well-known geometrical proposition, the circle on 0,0, 
as diameter is the locus of a point K such that 

BK _ m = 1n 

KC sinB sin@’ 
m@sin?C BK? (y*+ 02+ 2ay cos B)+sin’ B 
n'sin?B KC?” (a?+6?+2a8 cos C)+sin® C’ 
i.e. the equation of the circle on 0; Og as diameter is 

y+a'+2aycosB B aꝰ 4 44208 oos C 
mẽ = — 





Hence 


i.e. 
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So the equations of the circles on PR and QS similarly are 
f+y2+2Bycosd 4*+07+2aycoaB 
—— — 


mꝰ 
—A — —— C 
and ai teow eae” ee 


These three circles clearly meet in the same two points; for, at the 
intersection K of the firat two, we have 


— Wi Oe OE 
KC? gin? B ain? ¢ KA® sin?C * sin? A’ 
BK? nn P 
and hence 


KA’ sin?B sin? A’ 
i.e. K also lies on the third circle. 

It will be found in Art, 99, Ex. 6, that this proposition is a particular 
case of a more general theorem. 

Bx, 5. Prove Feuerbach’s Theorem that the nine-point circle of any 
triangle touches both the inscribed circle and the three escribed circles. 


If S=0 be the equation to the circumscribing circle and L=0 the 
equation to the line at infinity, then, by Art. 87, the equation of the 
nine-point circle is 

S=}L [a cos 4+ cos B++ cos C], 
and that of the inscribed cirole is 
~ ai? _ hi? _¢\2 

——— ==) — 2* —— =! v| 

Henoe, by subtraction, their radical axis is 
aa[be cos A -2 (s-a)*]+...+... =0, 
i.e. aa [0®+¢?-a?-(b+c-a)"]+...+...=0, 
ie TE OY oe 
b-c e-a a-b © 
This touches the in-circle 
— — 

if (by Art. 87) 


1.0. 


be 
— — 


i.e. if (s — a) (b-¢) + (8-5) (¢ -q) +(8—c) (a- 6) =0, 
which is true. 


Sinca the radical axis of the two circles touches one of them, it is 
clear that the two circles must touch. 


Similarly the radical axis of the nine-point circle and the escribed 
circle opposite A is 


aa (be cos A — 2s*) 
+B [ca cos B - 2 (s - ¢)*]+ cy [ab cos C - 2 (s - b)*]=0, 
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— aa b8c6c 
i.e. on reduction, — oc sie 
By Art. 87 this touches the escribed circle 
| nf — asa + Jb (0 - c) B+ n/c (2 - 6) y=0 
if as.bo b(s~c)cea  c(s—b)ab n 
(c+a)(at+b) (b-c)(a+b) (b-c)(c+a) ’ 
which is true. Similarly for the other two esoribed circles. 


Bx. 6. Shew that the equation of the straight lines joining the 
point A of the triangle of reference to the circular points at infinity is 
fF +*+28y cos A=0, and that with AB and AC they give a pencil of 
cross-ratio equal to oos 24 + /-1sin24. Prove also that they make 
the same angle tan-! ,/ -1 with every straight line in the plane, 

The circular points at infinity are the intersections of aa +b8+cy=0 
with any circle such as the circumcircle aBy+bya+ca8=0. Elimin- 
ating a between them, we see that the required lines are 

~ a8 By + (by + ¢8) (0B +e) =0, 
i.e. B? +2 + 28y cos A=0. 


These are the straight lines e.. ~ (cos A +i sin A) = - et4*, and by 
: as 
Art. 61 the cross-ratio required 
=e4t2 ¢- 46= e84i= 908 24 +i sin 24. 
Similarly, in Cartesian coordinates the lines from the origin to the 
circular points are z?+y?=0, i.e. a 
y=+2 — 1. 
The line y= zi makes with any line y=mz +c an angle @, such that 
Sei Sa ae 
6 tan ttm (-f). 
So the other makes with it an angle tan~! (i). 


Cor. By solving the equations 
62+7°+28y008 4=0 and aa+b8+cy=0, 
we can easily shew that the coordinates of the circular points at 
infinity may be taken to be 


(cosB+,/-1sinB, cosA+,/—-isinA, -1). 





Bx.7. To obtain the radical azis of two circles given by the general 
equations 
S,=a,a"+ b, B* +c, y°+ 3f, By + 29; ya + 2h, 08=0, 
and S,=aga* + bg8* + coy? + Bo Py + 2go7a + 2hgaB=0. 
As in Art. 85, we see that the general equation S,=0 has to be 
divided by a quantity A, to make it become of the form 
S=L ° [, 5 
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where S is the equation to the circum-circle and L the equation to the 
line at infinity, so that 


8, _ 
=8-L. Ly, 
On subtraction —-—=-L(L,-L,). 
Ag 


But L,-L,=0 is the radical axis of the two circles, Hence 
= - i=0 gives the product of the radical axis and the line at infinity. 
1 
Also, as in Art. 85, M and A, are given by 
by 69? + 1 bg? — Vi boty =C, Ay? + @, 64? ~ 2g, Cy 4g =a bg? bi a)? — 2h, ay by 
=Agbotor, 
with similar expressions for .. - 


EXAMPLES. 


], Shew that the equations to the circles through the points B and 
CG of the triangle of reference and (1) the ortho-centre, (2) the circum- 
centre, and (3) the in-centre are 

apy + bya+ca8=la (aa +58 +cy), 
' 1 
where (1) 1=2 cos A, (2) a , and (3) 12 1. 

2. Find the equation of a circle which has for diameter the perpen- 
dicular drawn from the angular point A of the triangle of reference 
to the side BC. Find also the radical axis of this circle and the 
circum-circle. | 

3, AD, BE are the perpendioulars from 4, B upon the opposite 
sides of the triangle of reference; shew that the equations to the circles 
(1) on DE, (2) on the median through A, as diameters are 
(1) aBy + bya +caf =(aa+6B + cy) [(a cos A +8 cos B) sin? C + oosꝰ C] 
and (2) aBy+bya+ca8=4 (aa +58 + cy) (8 cos B+ cos C). 

4, If from any point P perpendiculars be drawn to the sides of a 
triangle, and the area of the triangle formed by joining their feet is 
constant, the locus of P is a circle concentric with the circum-circle of 
the triangle. 

[By Art. 83, the equation obtained is S=(aa+b8+cy)? x & constant, 
which is a concentric circle.] 


§, Shew that the equation 6*+ y*+ 287 cos 4 = k* represents a circle, 
and that the radical axis of it and the circum-circle of the triangle of 
reference is 

be sin? A (c8 + by) =k? (aa +b8+¢7), 
and is thus parallel to the tangent at 4 to the ciroum-cirale. 
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6. A triangle is inscribed in a circle; shew that the intersections of 
each side with the tangent at the opposite angular points lie on a 
straight line. 

7, O is a point on the circum-circle of a triangle ABC, and O4, 
OB, OC meet the opposite sides in a, b, c respectively. Shew that the 
straight line on which lie the points of intersection of ab and AB, bc 
and BC, ca and CA passes through a point which is the same for all 
positions of 0. 


§, If the sides of the pedal triangle of the triangle ABC are produced 
to meet the opposite sides in D, E, F, then the straight line DEF is 
the radical axis of the circum-circle and self-conjugate circle of the 
triangle 4 BC. 


9, Shew that the equation of a circle, which is of radians p and 
which is concentric with the circum-circle of the triangle of reference, is 
abe (aBy + bya + caf) =(R? - p?) (aa-+ bB + cy)*. 

10, Shew that the radius of the circle, whose equation is 
apy + bya+cap=ka (an +bB + cy), 
is R ,/1-2k0084 +k?, where R is the radius of the circum-circle of 
the triangle of reference. 


1], If the equation ay=kf* represents a circle, shew that k=1 and 
give the geometrical interpretation. — 

13, Shew that in areal coordinates the equation 

a? (y+2-2)'+0%(2+2-y) 1 +09 (z+y-2)*=0 

represents a circle, and state its position relative to the fundamental 
triangle. 

13, Find the trilinear equations to the fourth common tangent to 
the in-circle and the three escribed circles of the triangle of reference, 


and shew that they are parallel to the tangents to the circum-circle 
at the vertices of the triangle, 


14, Exhibit the equation of the nine-point circle of the triangle of 
reference in the form 


0, y, 6, sind 
7; 0, a, sinBy — 
B, a, 0, sinc) — 
cos. A, cosB, cosC, 0 
What geometrical property of the circle does this equation express? 
15, Shew that the equation to the pedal line of any point (a’, 6’, y/) 
on the circum-circle of the triangle of reference is 
* E 008 4) (7 + B’ cos A) 


— +..+...=90, 
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89. Foci of the conic given by the general equation. 

To find the foci proceed as in Part I, Art, 393, By Art. 79 
write down the equation to the tangents drawn from any 
point (a’, 6’, y’)and introduce the conditions found in Art. 85 
that they shall satisfy the conditions for being a circle. We 
shall find that a’, 6, y’ are given by the equations 
(boc + 0,96 — 2b,6,f') (a, B. V) -[bo(ga +JB + cy) 


— ~ 0 (ha.+ bB + — 
= two similar expressions, i.e. by 


4 (byte + ob - 2b, cyt) > (a, B; y) -| rs ~ Cy al 


= 4 (ca +4,'¢— 2¢,4,9) > (a, B, y)- E “4 4, Z| 


= 4(a,2b + b,2a — 2a,b,h) (a, 8, y)- E 3 —b, 4 ! 


When the foci have been found, the directrices, which are 
their polars, can be at once written down. 
If we eliminate \% B, y) from these equations, we shall 
obtain an equation of the * 
dp , ag) dp doy’ 
K| 7-98 | + L| 4 7 — 


3 
+M aura =0...(1), 
where A, L, M are constants. 

This isa conic which passes through the foci. It also passes 
through the centre. For each term of equation (1) is 
satisfied at the centre as is seen from the equations giving 
the centre (Art. 78). Since it passes through the four foci 
and the centre, it can only represent the axes of the conic. 
Hence the axes are obtained by eliminating ¢ (a, 8, y) from 
the above equations which give the foci. 


90. Conics circumscribing the triangle of reference. 
The general equation to a conic is 
aa? + bf? + cy + 2fBy + 2gya + BhaB = 0. 
If the conic passes through the vertex 4, the equation must be 
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satisfied by 8 = 0, y=0, and a=constant. Hencea=0. So, if 
it passes through the points B and C, we have b= 0 and c =0. 


The equation to a circum-conic is thus 
2/By + 2gya + 2haB = 0, 
or, as we shall write it, 
LBy + Mya + No = 0. 
As in Art. 72, it is easily seen that the straight line 
la + mB + ny = = 0 touches this conic if 
LE + Mm! + N%n? — 2UNmn - 2NInl - 2LMIm = 0, 


i.e, if JTi+ Jim + Nn =0. 
Bx. The equation to the straight line joining the _ (a’, 8’, 7’) 
and (a”, 8’, >’) on the circum-conic is + o8 apr tym and the 


tangent at (a’, f’, y’) nett ote 0. 
Since the points lie on the curve, we have 
LB’y' + My'a' + Na'p’=0 and Lp"+/'+ Mya" + Nap’ =0. 
Hence 


— —— Sie tial 
2 


: _ " equation to the straight line joining the two given “Fm is, 
y Ars. of, 
a (B’y ” ~ By’) +B (y'a " —9"a") + (a'B” -a"B’)=0, 
MB , Ny Ny * 
* v7 
On putting a’=a’', 6*6, *, we have the equation to the 
tangent at (a’, f’, 7’). 


: La 
t.€. a’a”’ + — 


91. Contcs inscribed in the triangle of reference. 
The general equation to a conic is 
aa? + bB + cy? + 2f/By + 2gya + 2haB = 0. 


This meets BC, i.e. a=0, where bf?+cy'+2/By=0, and 
therefore touches it if 


fisbe, ie. if f=+ Jobe. 
So the conic touches the other two sides if 


y=+ ea, and h=+ Wad, 
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Putting a= L', b= M', and c= NV, we have as the equation 
to the inscribed conic 
Tick + M*B* + N*y + 2MN By + 2NLyo + 2LMoB = 0. 

These ambiguities in sign are not however all independent; 
for, if they were replaced by all positive signs, or if they 
were replaced by two negative and one positive signs, we 
should in either case get a perfect square, and the locus given 
would be two coincident straight lines. 


[Two coincident straight lines clearly satisfy the condition 
of passing through two coincident points on the side of the 
triangle. | 

Hence the ambiguities may only be replaced by (1) three 
negative signs, or (2) by one negative and two positive signs. 

The equation may be written in the form 

JLo + VB + VNy=0. 
Taking the equation 
— * / MB + J Ny = 0, 
ie, Lia? + M'6*+ N%?— 2M NBy — 2NLya-2LMa8 = 0, 
we see, from Art. 72, that the straight line 
la. + mB +ny= 0 
touches it if Imn + Mnl + Nim = 0, 
i.e. we see that the line (J, m, n) touches the in-conic 
J La + J MB + JNy = 0) 
if the point (J, m, n) lies on the corresponding circum-conic 
LBy + Mya + Naf = 0. 
Also similarly, from Art. 90, we see that the line (/, m, n) 
touches the circum-conic 
LBy + Mya+ Naf =0 
if the point (J, m, n) lies on the corresponding in-conic 
Jia + JHB + Vy =0. 


Bx. The equation to the chord joining the points (a’, 8, y') and 
(a”, B’, y") on the in-conic is 


a JLB +N 7B +B MV Yo"4 ey) 
+7 AN [/a'8" + -/f'0"]=0, 
un J 6 
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and the tangent at (a, Bs isan) Et en/B+1 J/S-0 


Since the points lie on the in-conic, wo have 


Ja + [Mp + »/Ny' =0 and ./La”+ ./Mp" + /Ny’=0. 


Hence 
es: aes /N 
JB’ - — — Vye'-ya' Jap’ - Jap 
py" - =.» fae ya" - -y"a' 
* EW By'+ NB) liye’ /7e 
a ‘B” a ap 
~ IN aR" + a8) 


Hence the equation to the required chord (Art. 51) is 
aN LVR + VB I+BN Myo" ay) 
- +yNN[a/a'p" + o/0"8))=0. 
On — — * 6*8*the equation to the tangent at 
(a’, B’, 7) ist 
"aE +B /Mya’ + ./Na’p’ =0, 


— — E+ Jet J a0 


92. Bx. 1. A conic circumscribes a given triangle and one of its 
asymptotes passes through a fized point; shew that the other asymptote 
touches a fixed conic inscribed in the triangle. 

Let atm B+nyy=0 and ka+mg8+nyy=0 
be the asymptotes. Then the equation to the conic must be 

(ha+mB+m7) (ha -+mgB +09) =k (aa +bB + cy)’, 


since the conic touches the two asymptotes where they meet the line 
at infinity. 


Since the conic sireamscribes the triangle of reference, its equation 
has no terms containing a’, £?, or 7’, 


* yle-kat=0, mm, -kb?=0, and nng-kc?=0. 
Since one — passes through a fixed point (f, g, h), 
kb f+mgtnh=0, 
* * + —— 
Lo m % 
”. atfmgng +b gng ls +cthlgmg=0. 
Hence the other asymptote touches the inscribed conic 


Jatfat ot gh+ /cthy=0. (Art. 91.) 
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Wx. 2. Shew that the locus of the foci of conics which touch four 
given straight lines is in general a curve of the third degree. 
Take three of the tangents as the triangle of reference, and let the 
fourth tangent be 
la+mB+ny=0. 


Let the foci be (a’, p’, y’) and (a”, 8”, y”). Then, since the product 
of the perpendiculars from the foci upon any tangent is constant, 


* ala” =p'p” 2yy⸗ ——— ar) (etme toy) = ki, 


where L2m/*+m?4n?—2mn cos A - 2nl cos B- 2lmcos C. 
1 WL = (a+ mp'4my) (+ St +) 
oP. F 
Hence the locus of (a’, f’, y) is the cubic curve 
(la +mB + ny) (lBy + mya + nas) 
= LiaBy =apy (2+ m?+n? - 2mn cos A — nt cos B- 2lm cos C). 
This curve passes through the six intersections of the four given 
straight lines. 


If -= =", Ia if the fourth tangent is the line at infinity and 


hence the conics are parabolas, this locus reduces to 
apy+bya+cap=0, 
i.e. the circum-circle of the triangle formed by the other three 
tangents. 
If the four tangents form a parallelogram then, as in Part I, page 
376, Ex. 11, the locus is a rectangular hyperbola. 


wx. 8, If the inscribed conic — —8 | Ny =0 be a parabola, 
shew that its focus is the point .3.3). and that the equation 
to its directriæ is Lacot A+ MB cot B+ Ny cot C=0. 


Shew also that the directrices of all such parabolas pass through the 
orthocentre of the triangle of reference and that the locus of their foci is 
the circum-circle. . 

The tangential equation to the conic is 

Lmn+Mnl+Nim=0, 
and hence the line at infinity is a tangent, and therefore the conic is 


a parabola, if 
Lbe+ Meat Nab æ ....scccccsrsrsreroeens (1). 
For any conic inscribed in the triangle of reference, we have 
a 09 = By =y1'79=(semni-minor axis)® .......... (2), 


where (a, 61, 71) and (a2, Bp, yg) are the foci. 
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_ If the conic is a —— one wie is the point of content of the 
line at infinity and is thus given by 
L (Lag - MB3- Ny) M (- Lag+MBy-N-yq) _ N (- Lag- MB_+ N+) 
a - b * e 
Hence ag : Bo: yo:: Me 4Nb: Na+Le : Lb+Ma:: — + sy by 
equation (1), 
Hence (2) giyves ay 2 61: tie i ay FP ...4 .68). 


The directrix is the polar of the foons, and hence ia 
La (La; - MB, - Ny) +... +... =0, 
i.e. La (aꝰ — b? - c2) +...4+...=0, 
i.e. La cot A+ MB cot B+ Ny cot C=0. 
From (1) and (3) we have af; 7, + by; a; +ca, 8; =0, so that the focus 
lies on the cireum-circle. 


Also the directrix clearly passes through the orthocantre, i.e. the 
point (cos B cos C, cos C cos A, cos A cos B), since (1) is true. 


Bx. 4. Shew that the locus of the centres of rectangular hyperbolas 
inscribed in the triangle of reference is the self-conjugate circle 


a’ gin 2A + 62 sin 2B +7? sin 2C=0, 
An inscribed rectangular hyperbola is 
Ba? + m2 62 +423 — Imn By - Inlya-2lmaB=0 ...... (1), 
where 4+m?+n?+2mn cos 4+ 2nl cos B+2lmoos C=0 ......(2). 
The centre of (1) is given by 
L(la- * ny) _m (mB - * la) _n (ny -la-mB) 


€ 
pot: 
- noni it 


. bntem cl+an _am+ bl 


= . — — — 


a B 7 
lbe mea nab 
* Btey— aa cy¥+aa-bB aa+bp- ~cF 
Substituting in (2), we have 


a? (bB +c¥ — aa)?+...+... 
+2cos A . be (cy + aa—bB) (aa+bB -cF)+...+...=0. 
Hence, on reduction, the required locus is 
a® sin 24 + §* sin 2B +y* sin 2C =0, 
which is the self-polar circle. (Art, 87.) 
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EXAMPLES. 


1, Shew that the equation to the conic circumscribing the triangle 
of reference, such that the tangent at each of its angular points is 
parallel to the opposite side, is be By+caya+abap=0. 


9. Deduce the equation to the circum-circle of the triangle of 
reference from the fact that the tangent at 4 makes with 40 an angle 
equal to B, and similarly for the other angular points. 


3, Two conics circumscribe the triangle ABC; through 4 is drawn 
any straight line to meet them in P and Q; shew that the tangents 
at P and Q divide BC in constant cross-ratio, 


4, Shew that the equations 


1 pnd a /h 42 — —— 
— 


represent the same conic, and give the geometrical interpretation. 


5, A conic circumscribes the triangle of reference and touches the 
line la+mBS+ny=0; shew that the locus of the pole of the line 
ha+y8+ry=0 with respect to the conic is 

fla (up + vy — da) + a/ mB (ry + da HB) + 4/ny (ha + nA - vy) =0. 


Deduce the locus of its centre, 


8, If the cireum-conic [fy +mya+na8=0 is a parabola, shew that 
_ the equation to its directrix is 
be (m? +n? — 2mn cos A) a+ ca (n? + 2 ~ 2nl cos B) B 
+ab (i? +m? — 2lm cos C) y=0. 
If it touches the circum-circle of the triangle of reference at A, shew 
that it is one of two parabolas whose axes are at right ang 


7, If the normals to the conic 1fy+mya+naB=0 at the vertices 
of the triangle of reference are concurrent, prove that 
(m - cos A) (n - l cos B) (t- m cos C) 
=(n~m cos A) (1 - n cos B) (m—-1 cos C). 


8, Shew that the equation to the conic which has contact of the 
‘ gecond order with the conic 18y+m-ya+na8=0 at the vertex 4 of the 
triangle of reference, and which passes through the vertex B and the 
in-centre, is 

(m+n) (19y + mya + nap) =(1+m +n) (nB + my) ¥. 


9, Atriangle ABC is inseribed in a conic; the polar of a point 4, 
lying on BC, meets CA, AB in B, and C,. Shew that 44,, BB and 
CC, meet in a point. 
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10. Shew that the coordinates of any point on the ciroum-conic 
L py + Mya+Na8=0 can be written in the form 


(L cosec? ſ, M sec? #, - N), 
and that the tangent at that point is 


© en? oan to 
z sin 6+ 57 008 6+5=0. 


So for the in-conic ./Ia+ ./MB+./Ny=0, a point is 
a sin? @ ‘) 
— 7 
ta MBA 
cont + — Ny=0. 
1], Whatever be the value of i, m and n, shew that the equation 
(m=n) /B+ y+ (n-D) /B+my+(t-m) /B+ny=0 
represents only the line y=0. 
Interpret the equation \ ,/L+4./M+v ./N=0, where L, M, N are 
(1) general, (2) concurrent, straight lines. 
12, Shew that /iz+,/my+./nz=0 and 
(~ lo-+ my + nz)-1 + (lz - my + nz)! + (iz-+my ~ nz)? =0 
represent the same conic, and give the geometrical reason for this. 


and the tangent is 


13, A conic is inscribed in a given triangle and passes through 
a given point; shew that the locus of its centre is a conic which 
touches the three lines joining the middle points of the sides of the 
given triangle. 


14, ABC is o triangle and P any point on a fixed straight line, 
Shew that the envelope of the harmonic conjugate of PA with regard 
to PB, PC is a conic touching the sides of the triangle ABC and the 
fixed straight line. 


15, Parabolas are inscribed in a given triangle; shew that the 
line joining the points of contact of any two sides passes through a 
fixed point. * 


16, Shew that the equation 
nla(b-c)atba/ -B+er/y=0 
represents a parabola whose axis is the external bisector of the 
angle ABC, 
17, Shew that the equation . 
Jaa+ 08+» -ey=0 


ee a hyperbola whose asymptotes are parallel to the lines a=0 
and B= 
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18, A conio touches the sides BC, CA, AB of a triangle in P, Q, R. 
og that 4P, BQ and CR are concurrent and that the pencil P(QARB) 
is harmonic. 


If AP, BQ, CR meet the conic again in P’, Q’, R’, shew that the 
tangents at P’, Q’, R’ meet the sides BC, CA, AB in collinear points. 


19, A conic, whose centre is O, touches the sides BC, CA, AB of 
the triangle ABC in the points D, EF, F respectively; DO, EO, FO meet 
EF, FD, DE in L, M, N respectively and MN, NL, LM intersect 
BC, CA, AB in X, Y, Z respectively. Shew that X, Y, Z are collinear. 


If D’, E', F are the other ends of the diameters through D, E, F, 
shew that AD’, BE’, CF’ are concurrent. 


90, Shew that the triangle formed by the poles of the lines joining 
the middle points of the sides of a given triangle with regard to any 
inscribed conic is of constant area. 


91, Shew that, in areal coordinates, pr+qy+rz=0 is an asymptote 


of the conic 
JLz+ [My +/Ns=0, 
if p, q, 7 are given by 
Lor+Mrp+Npq=0, 


and p(M+N)+q(N+L)+r(L+M)=0. 


99 A conic ia inscribed in a triangle; shew that its foci lie on 
a cubic curve circumecribing the triangle if the major axis passes 
through a fixed point, or if the centre lies on a fixed line. 


93, A conic is inscribed in the triangle of reference; if ite minor 
axis is of given length 2A, the loous of its foci is the cubic curve 


4A? aBy=N* (aa + 0B + cy) (afy+ byatcap), 
where A is the area of the triangle of reference. 
If its axis is parallel to the straight line la +mB8+ny=0, their locus 
is the cubic 


a (8? +2) (me - nb) + B (y*- a¥) (na — Ie) +-y (a? — fA) (1b - ma) =0. 


94, Find the equation, in areal coordinates, of the conic which 
touches the sides of the triangle of reference at their middle points, 
and verify that the centre of the conic is the centroid of the triangle. 


Shew that the equation to the axes of the conic may be written in 
the form 


(b2 — ¢3) (y — 2)* + (c2 - a2) (2 -- x)? + (a? - B4) (w- y)? =0. 
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93. Conics with respect to which the triangle of reference 
is self-conjugate. 

The polar of the point A viz, (a’, 0,0) with respect tothe conic 

$ (0, B,7) = a0t+ bf" + oy? + Yffy + Igya + Dhap 
is a’ (aa+hB+gy]=0. (Art. 75) 
This is the opposite side BC, 1.2. a=0, if g=h=0. So the 
polar of the point B is the opposite side C/A if h= f=0. 

Since the polars of the points A and B pass through C, 
— by Part I, Art. 375, the polar of (’ passes through 

and B. 

Hence, if f= g=h=0, the triangle ABC is self-conjugate 
with respect to the conic. 

The equation to such a conic is usually written in the form 

La? + MB + Ny =0. 

A conic with respect to which a triangle is self-conjugate, 
or self-polar, is often called a self-conjugate conic with 
respect to the triangle, or, for brevity, “a self-conjugate 
conic,” it being understood, when this latter expression is 
used, that the words “with regard to the triangle of refer- 
ence” are implied. 

94. Condition that la+mB+ny=0 may be a tangent to 
Lo? + MB + Ny =0. 

The tangent at any point (a’, f’, y’) of the conic is 

Laa' + MBB’ + Nyy’ =0. 
If this be the given straight line, then 
Ia' Mp N 


cia a 
so that aiBiyiipige: zy, 
Since (a’, 6, y) lies on the conic, 

— Oe 
“Ete t yee 


This is the required condition of tangency. 
It is clear that if 4+mB+ny=0 is a tangent, so also 
are the four lines + /a + mB + ny = 0. 
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Cor. The conic is a parabola if it touches the line at 
infinity, aa + 5,8 + ¢)y =0, the condition for which is 
a, b,? — 
F + 7 * WV = 0, 
This parabola will also touch the three straight lines 
&a+b)B—cy= 0, Qa —b, B+ Coy — 0 and —%atbB+ey= 0, 


But these are the three straight lines joining the middle 
points of the sides of the triangle of reference. 

Hence If a parabola be self-conjugate with respect to a 
iriangle ABC, it is inscribed in the triangle formed by joining 
the middle points of the sides of the triangle ABC, 

95. Bx. [f a triangle is jugate with respect to a rectangular 
hyperbola, ——— ang a the — of the hyperbola, 
If it is inscribed in the rectangular hyperbola, then its nine-point circle 
passes through the centre. ; 

In the first case the conic is 


La? 4. N= 0, 
where EFM EN (1) 
by Art. 80. : 
The centre is given by 2 
Hence, by (1), ap? +bya+cap =O, 


i.e. the centre lies on the cireum-cirele, 
In the second case the conic is 
Lpy + Mya +NaB=0, 
where L cos A+ M cos B+ N cos C=0 ............ ccs. (2), 
The centre is given by | 
My+NB _Na+Ly_LB+Mi 
a 





b c 
le; AOE Se. 
— aa-bB+cy aa+bB-cy 


Hence (2) gives 
ã (-aG+b8 +c7) cop A+... +...=0, 
ic. 89+ b7a+ caB -— a 008 da? - bcos BB*- coos Cy*=0, 
i.e. the centre lies on the nine-point circle. 
The second part follows at once from the first; for, if a rectangular 


hyperbola circumscribes a triangle, it is easy to shew that the pedal 
triangle of the latter is self-conjugate with regard to the hyperbola. 
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96. To shew that, in general, any two conics have a 
common self-conjugate triangle, and to find in what cases st 
is real and when tt 18 imaginary. 

The intersections of two conics are either (1) all real, (2) all 
imaginary, or (3) two real and two imaginary, since imaginary 
solutions always occur in pairs. 

(1) If the intersections P, Q, R, S are all real, as in 
the figure of Art. 64, then the triangle ABC is the self-con- 
jugate triangle, For, if AC meets PS in M and QR in X, 
then, since the pencil (' (PASB) is harmonic, therefore 
[BSMP] and [BRNQ] are harmonic, and hence by Part I, 
Art. 401, CA is the polar of B. Similarly C is the pole of 
AB and A the pole of BC. 


(2) If the intersections are all imaginary, 


let P ve (a4 + 28, 9, + Yat), 
let Q be (x, — 4, 41 — Yat) 
let R be (25+ 24%, Ys Y4%); 
and 5 be (x1; — 44, Ys— Ya"), 
the coordinates being Cartesian, and i v=1. 
Then the equation of PQ is 

| Hy (Y —¥;) =Yg (BHM) -ovrcvereeevere (1), 

and that of RS is 
Bu (Y — Ys) = Ya (WM) ver rererersvees (2). 


That of PR is L+ Mi=0, and that of QS is L-Mi=0, 
where L and M are both wholly real. That of PS is 


L'+M'1=0, 
‘and of QF is L' - H'r=0, 
where L' and M’ are wholly real. 

Now PQ and RS intersect in a real point C, PR and QS 
intersect in a real point A, given by L =0 and M=0, and 
PS and QR meet in a real point B, given by L,=0 and &, = 0. 

In this case the self-conjugate triangle is therefore wholly 
real; but only two of the common chords are real. 

(3) Next, let P, Q be real and R, S imaginary. Let 

P be (21, 9:)3 Q, (as Ya); By (tat tats Yat Yad); 
and 8, (x5 * 24%, ¥3— y,2). 
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Then PQ is 


| Y (2 — %) — 2 (Y, — Yn) — (Ys — a4) = 9, 
and RS is . a, (Y¥ — Ys) = Y, (* — %). 
The equation of PR is 
L,+M,1=0, 
and that of PS is L,- Mr=0. 
The equation of QF is 
L' + M1 =0, 
and that of QS is Ly — H,'s=0, 


where Z,, M,, Li, M,’ are all wholly real. PQ and RS 
intersect in a real point (. Now, since PR passes through 
the real point P, it cannot pass through any other real point ; 
for then it would be wholly real, which by supposition it is 
not. So QS has no real point on it except C. Hence PR and 
QS cannot meet in a real point. Hence the point A of the 
figure of Art. 64 is in this case imaginary. Similarly PS 
and QF cannot intersect in a real point. 

In this case therefore only one vertex of the self-conjugate 
triangle is real, and the others are imaginary, whilst two 
of the common chords are real. 


If the conics touch at a single point, then two of the 
points of intersection, P and Q, coincide, and it is easily seen 
that the triangle ABC of Art. 64 becomes evanescent, the 
points A and B both coinciding with P and Q. 


If the conics have double contact then two of the points, 
P and Q, coincide and the other two, 2 and S, also coincide. 
PQ and RS then give a real point C and the lines PR and 
QS coincide, as also PS and QR, giving in each case an 
infinite number of points of intersection, and hence an 
infinite number of self-conjugate triangles, It we take CPR 
as the triangle of reference, so that the equations of the 
conics are ky’ — 2a8=0 and k’y’— 208 =0, it is easy to shew 
that, if X and L be any points on P# such that [PXRZ] is 
harmonic, then (KL is a self-conjugate triangle with respect 
to the two conics. 


Hence in this case there is an infinite number of self- 
conjugate triangles. . 


92 COORDINATE GEOMETRY 


If the conics have three or four-point contact, the self- 
conjugate triangle reduces to an infinitely small triangle at 
the point of contact. 

Bx. Find the self-conjugate triangle for the conics whose equations, 
in any system of coordinates, are 

Sma (b-c) yz+b (c-a) zz+¢ (a-b) cy=0, 
and §’ ma? (b —c) ye +02 (c - a) 2x+07 (a -b) zy=0. 

Clearly, kS +8’ =0 is a pair of straight lines when k= -4 or - 6 or 
-¢. 


When k= ~-a, we obtain -bzz -exy =0, giving the two lines 7=0 
and bz ~cy=0, which meet at the point (0, b, c). 

So when k= -b, or -c, we have two straight lines meeting at the 
points (a, 0, ¢), and (a, b, 0). These three points are the vertices 
of the self-conjugate triangle. 

The equations to its sides are easily seen to be 

Xa ~zbce+yea+zab=0, 

Ye sxbce-ycea+zab=0, 
and Zum xbe+yea-zab=0, 
and we have S={(b-c) X?+(c-a) ¥Y2+(a-) Z2]~4abe, 
and S’=[a (b—c) X?+b(c -a) Y2+¢ (a -b) Z2)+4abe. 


EXAMPLES. 


1, A given triangle is self-conjugate with regard to a conic; shew 
that the locug of the centre of the conic is a straight line if it touch 
a fourth given straight line, and is a conic circumscribing the given 
triangle if it passes through a given point. 


9. Shew that all parabolas with a given self-conjugate triangle 
touch the lines joining the middle points of the sides of the triangle, 
and that there is one such parabola which also touches the sides of 
the pedal triangle of the given triangle. 


3, A series of conics is described having a common self-conjugate 
triangle; if one asymptote of each passes through a fixed point, shew 
that the other will envelope a conic. 


4. Shew that one asymptote of the conic az? + by?+cz*=0 will be 
parallel to an asymptote of the conic a’a? + b’y? +¢'s?=0 if 
beet fea’ = c'a + Jab’ ab =0, 
the coordinates being areal, 
[One point at infinity is the same for both conics. } 
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5, Shew that the equation to the director circle of the conic 
la? + mB? + nyi=0 


is 
L (m+) 02+ m (n+) 82+ (14m) 2+ ImnBy oos A 
+ 2nlya cos B+ 2lmaf cos C=0, 
and that the radical axis of this circle and the circum-circle of the 
triangle is 
L (m+n) bea +m (n+1) caB +n (1+m) aby=0. 
8. If the conic la?+mf*+ny?=0 is a parabola, shew that the 
equation to its directrix is 
U(m+n) bea+m (n+) cah+n(l+m) aby=0, 


and that its focus is ig ai +). 





—— 

Prove that the directrices of all such parabolas pass through the 
centre of the circum-circle, and that their foci lie on the nine-point 
circle. 

7, Shew that the coordinates of any point on the conic 

La?+ Mp? + Ny'=0 


JL' Ju’ J-N/ 
and that the tangent at this point is 


n/La cos 6+ ./MB sin 0- ./ - Ny=0. 


8, Shew that any tangent to the conic 
o fy 
+1" a+i a+b 
is cut by the conics a?+ §2=-' and aa? + bf? = * in two pairs of points 
which are harmonically conjugate. 


[Any point on the first conic is 
(/b+1 008 6, ,/a+1 sin 6, /a+0).] 
9, If two of the sides of an inscribed triangle of the conio 
la? + mp" = ny? 
touch the conic Ul’a? + mm’ B= nn'y?, 
prove that the envelope of the third side is the conic 
te -m'n' +n + Um’) + mB (m'n! — 00 — 
0, A triangle is self-conjugate with regard to a rectangular hyper- 


Fe ; shew that the foci of any conic inscribed in the triangle are 
conjugate points with respect to the hyperbols. 
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11, Shew that all the conics, which touch the four common tangents 


to the conics — 
— +2 4 =0 and ae 
Lmn Lom 4K 
: xi y? z? 
ane Ge op St aie 


where k is any parameter. 


13. If a series of conics have a common self-conjugate triangle, 
then any line through a vertex of the triangle is out by the system in 
involution, and the tangents drawn from any vertex to the conics form 
& pencil in involution. 


13, Find the vertices of the self-conjugate triangle in the case of 
the following conics given in Cartesian coordinates, and express them 
in a self-conjugate form : 

(1) 2?-y°-2y+1=0, and y?+4ey=42; 
(2) Try+y?-4e-y=0, and 2x? + cy + 5y?-7y+2=0; 
and (3) 4224y?462-4y=0, and 4ry+3y?-8r+6y+1=0. 

14, If the equations of two conics in any system of homogeneous 
coordinates are 

| y?+ys—z2+zy=0 
and x 43 — 229 — Byz - Qer +42y=0, 
find the equations to the sides of the self-conjugate triangle, and 
express the equations of the conics in self-conjugate forms, 


15. If three conics ¢, (2, y, z)=0, do (x, y, z)=0 and ,¥,2)=0 
have a common — — tant = R their 28 * 
at i «ve 


i a 





Is BIS &| 
$ aif & 
$ aie & 


de' dy’ dz 
equated to zero represents three straight lines, which are the sides of 
the self-conjugate triangle. 

Hence, by considering two conics and their harmonic locus ¥F (Art. 
113, post), we can obtain the equations to the sides of the self-con- 
jugate triangle. 

97. Conics passing through the four angular 
points of a Quadrangle. 

We have shewn in Art. 64 that, if we take as triangle of 
reference the triangle formed by three vertices of the quad- 








FOUR-POINT AND FOUR-LINE CONICS 95 


rangle, then the coordinates of the angular points are 
proportional to (f, 9, 4), (4 9 —4) (4 —g% 4), and 
(-J, 9, 4). 
The most general equation of a conic 
aa’ + 6B + cy + 2f, By + 2g, ya + 2h a8 = 0 

is satisfied by these four points if 

af? + bg? + ch? + 2f, gh + 2g, hf + 2h, fg = 9, 

af? + bg* + ch® —2f, gh — 29, hf+ 2h, fg = 9, 

af? + bg? + ch? —2f,gh + 29,hf— 2h, fg = 0, 
and af? + bg* + ch? + 2f gh — 29, hf— 2h, fg =9. 

Here clearly f= g,=h, = 0, and the conic has its equation of 
the form aa‘ +58*+cy*=0, or, as in Art. 93, La’+ MB’ +Ny*=0, 
where Lf? + Mg* + NA*= 0. 

Hence The triangle formed by the three vertices of any 
complete quadrangle ts self-conjugate with respect to all contcs 
which pass through the vertices of the quadrangle. 

98. Conics touching the four sides of a Quad- 
rilateral. 

We have shewn in Art. 65 that, if we take as triangle of 
reference the triangle formed by the three diagonals of the 
quadrilateral, the equations of the sides can be written in the 
form 

la + mB + ny = 0. 
The most general equation of a conic is 
aa’ + bB* + cy* + 2/By + 2gya + 2haB=0......(1), 
and this touches these four lines, by Art. 72, if 
AP + Bm'+ Cn? +2Fmn + 2Gnl + 2Him=0, 
Hence, as in Art. 97, we have F=0, G=0, and H=0. 
“. gh-af=0, hf-bg=0, fg-ch=0......(2). 

Hence feg=h=0. 

Or f=+Vbc; g=+nea; h=+ab, where all the 
ambiguities can be replaced by the positive sign, or two by 
the negative sign and one by the positive; in either case 


(1) is a perfect square and gives only two coincident straight 
lines. | 
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Still another solution of (2) is /=0, g= 0, c=0, in which case 
(1) reduces to a pair of straight lines through the vertex C. | 
The only case admissible is therefore 
aa* + bB?+cy'=0, whence bel? + cam* + abn* = 0. 
We shall use the form 
Pom 7 


Lo? + MB* + Ny’ =0 where 7*t7 4750. 


Hence The triangle formed by the three diagonals of a 
complete quadrilateral ts self-conjugate unth respect to all 
conics which touch the sides of the quadrilateral. 

99. Bx.4. Shew that the locus of the poles of a given straight line 
with regard to a system of conics passing through four given points is 
a conic. 

Let the four points be (+/, +g, +h). The conic through them is 

La? + Mp*+ Ny*=0, 


where | Lf?+ Mg? + NRIHO ou... cecesesesssereceons (1). 
The pole (a’, 8’, y') of a given straight line 
lat+mB+ny=0 ..... —— (2) 
is given by — 
—— for L, M, N, in (1), we see that the loons of the required 
be 
Uf? By + mgtyat mh2aB=O .......eccerseeeseers (8). 


This conic circumscribes the triangle of reference ABC (Fig., Art. 64). 
Also, with the same figure, the equation to PQ is — =0. The 
line joining the interseetion of this with (2) to the point A is 


(Uf - mg) B=ngy. 
The fourth harmonic of this line with respect to the two lines 


AP, AQ, whose equations are Eis + is seen to be 
nh®B=g (if - mg) y, 
and the intersection of this etraight line with PQ, i. ¢ + F=0, is 


a point lying on (8), 

Similarly it passes through the corresponding fourth harmonics to 
the points of intersection of the other five lines PR, PS, QR, QS, 
and RS with (2). 

Finally, it must pass through the points on the given line where it 
is touched by the two conies of the system, for these points are poles 
of the straight line with reapect to these two conics. 

[These points will be found in Ex. 4 to be the double points of the in- 
volution determined on the given straight line by the system of conics. ] 
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In all we have eleven points through which this conic passes. Hence 
it is known as the eleven-point conic. 

Particular Case. Let la +m8+ny=0 be the line at infinity so that 
l=a,m=b,n=c. The pole is now the centre, so that the locus of the 
centre of the conic is 

af* By + bg*ya+ch?ap=0. 

The fourth harmonics of the general case now become the middle 
points of the lines PQ, PR,.... For the middle point of PQ is the fourth 
— of P, Q with respect to the intersection of PQ and the line at 
infinity. 


Bx. 3. Find the locus of the centre of the conics which touch four 
given straight lines. 
The straight lines being la+ m8 + ny=0, as in Art. 98, the equation 


to the conic is 
La? + MB? + N+? =0, 
3 m? ni 
where ttyty? (1). 
The centre, being the pole of the line at infinity, is given by 
La MB N¥ 
«v6. 


Hence, from (1), on substituting for L, M, N the locus of the centre 
is the straight line 
— — 
cade is yas 


By Art. 66 this is the straight line joining the middle points of the 
diagonals. 

It follows at once, geometrically, that the middle point of a diagonal 
lies on the centre locus, For a very thin ellipse, practically coinciding 
with the straight line PR, satisfies the conditions of being a conic 
touching the four lines and its centre is the middle point of PR. 

In a similar way we can shew that the locus of the pole of any given 
straight line with respect to the system of conics is a straight line, 
which passes through the point on each diagonal which with the 
intersection of the diagonal and the given straight line divides the 
diagonal harmonically. 


Bx. 8. If a conic be inscribed in a quadrilateral, shew that two of 
the sides of the quadrangle formed by its points of contact will pass 
through each of the angular points of the triangle formed by the diagonals 
of the quadrilateral, and will form a harmonic pencil with the two 
diagonals which meet these. 

Let the sides of the quadrilateral be Ja +mf+ny=0, and the conic 
is then 

La’? + Mp? + Ny?=0, 
3 m 13 
where L + i + n=? 


Lu 7 
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Let F, G, H, K be the points of contact of the sides PQ, QR, RS 


, ; Lamon fbi mn 
and SP. Then F is the point (om): G is (pede ; 
n m nm 


H is (-7 7 ) and K is (i i’ ji): Hence the equations 
to FH and GK are 

n nm 
These both pass through the point A and form a harmonic pencil 


with AB and 40, which are the two diagonals of the circumscribing 
quadrilateral which pass through 4. (Fig., Art. 65.) 

Similarly FK and GH pass through C, and FG and HK pass 
through B. 

It follows that the diagonal-point triangle of the quadrangle FG@HK 
is the same as the diagonal-line triangle of the quadrilateral PQRS. 


This again follows from the fact that a system of conics inscribed 
in a quadrilateral have one and only one common self-conjugate 
triangle. 


Bx. 4. A family of conics passes through four given points ; shew 
that the pairs of points in which they are cut by any straight line form 
an involution system. (Desargues’ Theorem.) 


Take the figure and notation of Art. 97. 
Any conic of the family is given by 
La?+ Mp?+Ny'=0, where Lf? + Mg?+ Nh?=0, 
i.¢. its equation is 
L (ath - fy?) + M(B" 94") =0, 


i.e. ah? — £9424 d (Gh? — G2 77) =0, cerscccerersoereee(L) 
where ) is any constant. 
Any straight line being 
Eh AS WYO oo nicsiss cscvseeccvesesnses (2), 


the equations to the lines joining the point A of the triangle of 
reference to its intersections with (1) is 
h? (mB + ny)? - {2 42+ XP (62h? - 924%) =0. 

By Art. 89, Cor., these lines for all values of give an involution 

pencil determined by the pair 
Ph? - y=0, 

and h? (mB + ny)? - {2 y* =0, 
The first of these pairs gives the lines joining 4 to the intersections 
of (2) with PR, QS and the second gives the lines joining A to the 
intersections of (2) with PS and QR. Hence (2) cuts any conic of the 
system, including either of the pairs of straight lines through the four 
points, in pairs of points which are in involution, 
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It is easily seen that there are two conics of the system which touch 
the given line, and hence these two points of contact are the double 
points of the involution. 


Bx. 5. A system of conics touches four given straight lines; shew 
that the pairs of tangents which can be drawn from any point (a', B’, y') 
to them form a pencil of lines in involution. (Oorrelative of Desargues’ 
Theorem.) 


With the notation of Art. 98, any conic touching the four given lines is 


La? MB? +Nyt220 ....cscssccescesseeeee (1), 
where 4 + — + it 
i aS” By | ai 

i.e BPMN +m? NL+n?7 LM =O .........0ccceeceeene (2). 


The pairs of tangents from (a’, §’, +’) to (1) are 
(La’? + MB* + Ny’2) (La? + Mp*+ No?) = (Laa' + MBB + Nry’)* (8). 
The equation to the straight lines joining the point 4 of the triangle 
of reference to the intersections of (3) with BC is obtained by putting 
a=0 in (8), and is thus 
Ba? ata? (by'-6'a)* 
rr To 
i.e., On eliminating L by means of (2), it is 


2a? mi? (By - f’y)!+ 5 [Pa —n® By - ff)"1=0. 


Hence by Art. 89, Cor., this gives a pencil of lines in involution which 
is determined by the pairs 
Bq? — m2 (By Ay PHO .................... (4), 

and B 3 q'3 — 02 (By’ — B’y)9=0 ... (5). 
(4) is easily seen to be the lines joining A to the intersections with BC 
of the lines joining (a’, 6’, 7’) to P and R, and (5) the similar inter- 
sections for the points Q and S. This would be expected; for one conic 
touching the four given lines is a very thin ellipse almost exactly 
coinciding with the line PR, rounded off at P and R, and the tangents 
to this ellipse are clearly the straight lines joining (a’, f’, y') to P and 
R. Bo two other conics of the system are the ellipses indefinitely 
nearly coincident with QS and 0,0,. Hence the pairs of tangents 
from (a’, 8’, V) to all conics touching the four lines, including the 
line ellipses PR, QS, and O, 0, form an involution pencil. 

It is clear that there are two conics of the system which pass 
through the point (a’, 8’, y'), which are given by (2) and by 

La? + MB?+ Ny?=0. 

Hence the two tangents to these two conics are the double lines of the 
involution pencil. 


Cor. 1. The lines joining any point to the six vertices of the quadri- 
lateral formed by four lines are in involution. 


7—2 
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Cor. 3. Deduce that, if a parabola is inscribed ina triangle, its direc- 
triz passes through the orthocentre of the triangle. 

Let the triangle be ABC, with O as its orthocentre, and let ow’ be 
the line at infinity. Then by the corollary one pair of lines in involu- 
tion is OA, and the line joining O to the point of intersection of BC 
and 2’, i.e, OA and the line through O perpendicular to OA. Soa 
second pair is OB and the line through O perpendicular to OB; and 
a third pair is OC and the line through O perpendicular to OC. Hence 
more than two pairs of the lines in involution are at right angles. 
Therefore (Art. 37) all the pairs of involution-lines are at right angles, 
i.e. from O all the pairs of tangents drawn to the parabolas are at 
right angles, and so O lies on all their directrices. 


Bx. 6, Shew that the director circles of all conics which touch four 
straight lines have a common radical axis which is the directriz of the 
parabola belonging to the syatem, 

The equation to any such conic is 

La? + Mp? + Ny?=0, 
2B m ni 
where L + 1] + yr: 
i.e. IMNAm?ꝰ NLn LMHO .......ccccecsceeeee (1). 
As in Art. 79, the equation to the director circle is 
MN (8? + 72+ 2By cos 4) + NL (7? +0? + 2ya cos B) 
+LM (a? + 6? + 2a8 cos C)=0...(2). 
By (1) this passes through the points given by 
fF+>72+2By cos y2+a2+2yacosB  a%+f?+2aBcos C 
Lo fe ee oe ee 
i.c., by Art. 88, Ex. 4, through the common points of the circles 
described on the three diagonals as diameters. Hence the circles (2) 
are coaxal for all values of L, M, N. 
There is one parabola of the system, viz. 
La? + M8 +Niy=0, 
2 nf 2 B2 
given by —— and Etat yo — (3), 
and its directrix, being a particular case of the above set of director 
circles, must pass through their common points. 


In the case of the parabola the equation (2) must reduce to 
(aa +b8+cy) x equation of the directrix=0. Hence the equation of the 


directrix is 
~ Ly (Mf, +N) +f M, (Ny +1,)+~ N, (L,+ M)=0, 
i,e., from (3), by solving for L,, M,, Nj, 
(2 (b2 - c2) = a? (m? = n®)]+...4...=0, 
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and this is therefore the equation to the common radical axis of the 
system of director circles. 

The above theorem may also be deduced from the involution 
theorem of Ex. 5. 

Taking the figure of Art. 65, let O be either of the points of inter- 
section of the circles on PR and QS as diameters, so that POR and 
QOS are right angles. Hence the involution pencil (Ex. 5, Cor. 1) 
has two pairs of corresponding rays at right angles. Hence, by Art. 
87, all pairs of corresponding rays are at right angles. Hence 0, 00, 
is a right angle, and the circle on 0,0, a8 diameter passes through 
the points of intersection of the circles on PR and QS as diameters. 

Also, if from O we draw a pair of tangents to any conic inscribed 
in the quadrangle formed by the four lines, these tangents form a pair 
of the line-involution system and are thus at right angles. Hence the 
director circle of this conic, and all other conics touching the four 
lines, pass through the point 0, so that the director circles of all such 
conies are 

Since the director circles are coaxal their centres must lie on a line, 
i.e, the locus of the centre of all conics which touch four given straight 
lines is a straight line passing through the middle points of the 
diagonals of the quadrilateral formed by the four lines. 


EXAMPLES. 


1, If conics be drawn through four fixed points, prove that their 
polars with regard to a fixed point P pass through another fixed point 
Q; and that PQ is the tangent at P to that conic of the system which 


passes through P. 


9, Prove that the envelope of the polar of a given point with respect 
to a system of conics inscribed in a given quadrilateral is a conic 
inscribed in the diagonal triangle of the quadrilateral, Shew that this 
last conic is a parabola if, and only if, the centre locus of the system 
passes through the given point. 


3, A system of conics passes through four fixed points. Prove that 
the locus of the points of contact of tangents drawn to them from 
another fixed point is a cubic curve passing through the fixed point. 


4, Shew that the polars with respect to two conics of a point on a 
given straight line intersect on a conic circumscribing the triangle 
which is self-conjugate with respect to the two conics. 


5, From the proposition of Art, 99, Ex. 1, deduce that : 

() the centre of a conic passing through the vertices of a triangle 
and the ortho-centre lies on the nine-point circle of the triangle, and 

(2) the centre of a conic passing through the in-centre and the 
three e-centres of a triangle lies on the cireum-circle of the triangle. 
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6, If on each diagonal of a complete quadrilateral there be taken a 
pair of points dividing the diagonal harmonically, the six points so 
obtained will lie on a conic. 


7, Shew that the envelope of a straight line which is cut harmoni- 
cally by two pairs of opposite sides of a quadrilateral is a conic 
touching the two sides of the quadrilateral. 


8, Two conics, S and S’, meet in A, B, C, D. If the tangents to S 
at * B intersect on S', then the tangents at C, D to S also meet 
on S’, 


9, If three conics circumsoribe a quadrangle, a common tangent to 
any two is out harmonically by the third. [The points of contact of 
* a are the double points of the involution determined by the 

gent. 


10. If three conics are inscribed in a quadrilateral, the tangents to 
two of them at a common point, and the two tangents from that point 
to the third conic, form a harmonic pencil. 


1]. If two conics are inscribed in the same quadrilateral, shew that 
their tangents at a common point cut any diagonal harmonically. 


12, Iftwo quadrangles have the same harmonic triangle, their eight 
vertices lie on a conic, which under certain conditions becomes two 
straight lines, 


13. If two quadrilaterals have the same harmonic triangle, their 
eight sides touch a conic, which under certain conditions reducés to 
two points. 


14, If the ends of each of two diagonals of a complete quadri- 
lateral are conjugate points with respect to a given conic, shew that 
the ends of the third diagonal are conjugate points also. 


15, Shew that the harmonic triangle of the quadrangle formed by 

common points of two conics coincides with the harmonic triangle 

of the quadrilateral formed by their common tangents. [Two conics 
have only one common celf-conjugate triangle. ] 


16, If chords PQ, QR, RS of a conic pass through three fixed 
collinear points, the chord PS passes through a fixed point. [Use 
Desargues’ Theorem. ] 


17, The envelope of the polar of a fixed point P with regard to a 
system of conics touching four given straight lines is a conic which 
touches (1) the three sides of the self-conjugate triangle of the conics, 
) the six lines obtained by joining P to any point of intersection, Q, 
of the four lines and taking the harmonic conjugate of this line for 
the two common tangents through Q, and (3) the tangents at P to 
the two conics of the systems which pass through P, (Bleven-Zine 
Conic. | 
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18, From a fixed point 0 in the third diagonal of a quadrilateral 
PQRS tangents are drawn to a series of conics inscribed in the 
quadrilateral, Shew that the loous of their points of contact is a 
conic which passes through P, Q, R, and S. 


19, Shew that the cross-ratio of the pencil (or range) formed by 
the polars (or poles) of a point (or line) P with respect to system of 
four-point (or four-line) conics is the same for all positions of P. 


20. Shew that the locus of the foci of conics inscribed in the 
quadrilateral la + mB + ny=0 is the oubic 
(ca +bB +cy) (Ia? cot A + m6? cot B +n*y? cot C) 
me Ba mip nty 
= (aby thre cof) (57+ Sn a) 
[This cubic passes through the circular points at infinity and 
through the six intersections of the four given lines.] 


91. A conic touches the sides PQ, QR, RS, SP of a quadrilateral 
PQRS and meets any straight line through a diagonal point in 7’ and 
T’; prove that P, Q, R, S, T and 7” lie on & conic. 


22. If p,q are the perpendiculars from opposite vertices of a quadri- 
lateral, and r, s those from the other pair of vertices, upon any tangent 
to a conic inscribed in the quadrilateral, prove that pr=kqs, where k 
is & constant. 


If the conic be a parabola, shew that k=1. 


100. Conic referred to a triangle given by two 
tangents and their chord of contact. 


Let the vertices, B and C, of the triangle of reference be 
two points on a conic, and let the tan- 
gents at B and C meet in the third 
vertex A. 

Then, as in Part I, Art. 409, the 
equation to the conic may be written 
in the form 

By = ka’. 

The coordinates of any point on this 
conic may be taken to be (¢, &, #). For 
these quantities clearly satisfy the equa- 
tion. 

The fact that any point on the curve 
can be so simply given in terms of one variable parameter 
makes this form of the equation very useful in many cases. 


The point (t, &, t*) may be called the point “¢.” 
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The equation to the straight line joining the points ‘“¢” 
and “¢'” is 








a, B, y 
t k, @ \=0, 
ie fae ae 4 
ie Mitt bet (1), 


on dividing by the factor t —¢. 

Putting ¢’=¢ in (1) we have as the equation to the 
tangent at the point “2” 

2hat — BF —ky=0. 

The tangents at the points “¢” and “t,” meet at the point 
(¢+¢,, 2h, 2tt). 

The straight line Ja + mB + ny =0 is a tangent if 

2kt -@ -k 

we, if = 4hmn. 

Hence the conic is a parabola if a* = 4kéc, 


101. If P be the point “c,“ the equation to BP is 
ta —y=(, and that to CP is ka- Bt=0. 

It follows that, if ¢ is given, the positions of the lines BP 
and C? are both unique, and hence P is known uniquely ; 
similarly, when P is given, ¢ is also definitely given, Between 
“+” and P there is thus a one-one correspondence, 


If ¢ be positive, the point P is on the part of the curve 
which is on the same side of BC as A is; if it be negative, 
then P is on the other side of BC’, as at P’ in the figure, 
When ¢ is zero, P is at the point B; when ¢ is infinite P is 


at (; for the equation of BP, which is a— : = (0, then 


becomes a=0, i. e. BP and BC then coincide, so that P is 
then at C. 


102. Bx. 1. The base of a triangle touches a given conic; its 
extremities move on two fized tangents to the conic, and the other sides 
of the triangle pass through fized pointe; shew that the locus of the 
verter is a conic passing through the given points. 


Let the points of contact of the two fixed tangents be B and C, and 
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let them intersect in A. Take ABC as the triangle of reference, 80 
that the equation to the conic is By = ka’. 

Let the variable triangle be LIN, where M lies on AC and N on AB. 

Since MN touches the conic, its equation is 

2kta — 28 - ky=0. 

Hence M is the point (1, 0, 2¢), and N is the point (¢, 2k, 0). 

Let the fixed points through which LM and LN pass be (a,, 61, 7) 
and (ag, B,, Yo). 








The equation to LM is 
a, §, ¥ 
Qi, Bi; 71 =0, 
Lh ee 
i.e, 2t (a8, ~ a,8)= ~ (By, - Bry). 
So the equation to LN is 


t (By2 — Bary) =2k (ary, - ay’y), 
Hence, on eliminating t, we have, as the locus of L, 
(By: - Bry) (By. Bay) + 4h (af, - 08) (wy2- 237) =9, 
which is a conic passing through the two fixed points. 


Bx. 2. Shew that the equation to the circle of curvature at the 
point B of the conic By=ka’ is 
kb (a? ++? + 2ay cos B)=¥ (aa +08 + cy), 
Resin A sin 
k sin? B 
of the circum-circle of the triangle of reference. 
The tangent at B is y=0. Hence by Part I, Art 885, IIT, the equa- 


tion to a conic having contact of the second order with the given 
conic at B is 


and that the radius of curvature is , where R is the radius 


By — ka*++y (ha + wy) =0, 
i.e. — ka? + wy? + By +dya=0, 
This is a circle if 
ub? — be = na? ~ ke? - \ca= - kb, (Art. 85.) 
. wb=c-bk and Ab=a — 2kd cos B. 
Hence the required equation is 
kb (7+? + 2ay cos B)=y(aa+bB+ cy) ...sccceves (1). 
But, if P be any point on the circle of curvature, we have 
BP*=diameter of the circle x perpendicular from P on the tangent at B, 
80 that, by Art. 49, the equation to the circle is 
2 
ak hE py = (aa + BB+ cy) ¥ 
Comparing this with (1), we have 
_ A _ Raindsind 
Pckbsin?B kein? B 
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EXAMPLES. 


1. The base of a triangle passes through a fixed point, and the 
extremities of the base move on fixed tangents to a conic, whilst the 
remaining sides touch the conic, Shew that the locus of the vertex is 
a conic having double contact with the given conic. 


9, The sides of a triangle touch the conic Py=ka?, and two of its 
vertices lie on the straight lines 8 - Ay =0 and B - Agy=0 respectively; 
prove that the locus of the third vertex is 


(Ai + Ag)? By=4hAy Aga? 


9. The intersections of a straight line with a conic and its inter- 
sections with a pair of fixed tangents to the conic form a range of 
constant cross-ratio; shew that its envelope is a conic having double 
contact with the given conic. 


4, Given two points, B and C, on a conic, shew that the envelope 
of a chord PQ, such that B, P, C, Q give a constant cross-ratio when 
joined to any point of the given conic, is a conic touching the given 
conic at B and C. 


5, A triangle is inscribed in a conic and two of its sides pass 
through fixed points M, N; shew that the third side envelopes a conic 
aus double contact with the given conic at its intersections with 
the line MN. 


8, A chord APP’ of a conic is drawn through a fixed point A, to 
meet the curve in P and P, and on it is taken a point Q such that 
ah of. is constant: shew that the locus of Q is a conic having 

ouble contact With the given one. 


7, PP’, QQ' and RR’ are chords of a conic which meet in a point A, 
and S is any other point on the conic. Shew that the points of inter- 
section of QR and SP’, RP and SQ’, PQ and SR’ lie on a straight line 
passing through A. 


8, A family of conics have double contact at two given points B 
and (: shew that the locus of the points of contact of tangents drawn 
in a given direction is a conic passing through B, C and the intersection 
of the tangents at B and C. 


9, Two triangles are formed each by two tangents to a conic and 
their chord of contact; prove that their angular points lie on a conic, 
and that their six sides touch another conic. 


10, Find, in areal coordinates, the equation of the parabola, which 
touches the sides 4B, AC of the fundamental triangle at B and C, 
and shew that its focus is the point (b+? - a2, b?, c’), 
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108. Ex. 1. If two triangles ABC, A BC are inscribed ina conic, 
their sides touch a conic, and they are self-conjugate with respect to 
a third conic. 


Take 4 BC as the triangle of reference, and let 4’, B’, C’ be the points 
(21, Ai, vi) (a2, Bes ya) and (as, Bs » “y3)- 
Let the first conic be 
L Py + MyatNaB=0 ...... (1). 
Then, as in Art. 90, the equation to B’C’ is 
Ia MB Ny 
— — mm O.. 2). 
0,03 ° BoB 727s (2) 
Any conic inscribed in ABC is 
Dy + JMB + JN HO α (3) ; 
and, by Art. 91, (2) touches (3) if 
MN NL LM 
Li =~ —- +4, ——+N, — = 
‘BoBsyavs ‘yeysazas 'azasByB, 
and this is satisfied by 
1? 
L,=—— ’ 
@) Aga3 
since the point A’ lies on (1). 
Hence B’C’ touches the conic 
— — — =9, 
— — — 
and, by symmetry, the conic will be touched by C’A’, 4’B’ also. 
Again, any conic self-conjugate with regard to ABC is 
Lya?+ MB? +Nzy'=0, | 
and (a), 6,, 7), i.e. A’, is the pole of B’C’ with respect to this 
conic if 


Tyo; M28, Noy 
bb? oe on 


Mw? N? 
M,=-—— and N, = ——_ , 
Bi BeBs — —XR 





ats ABs 9275 


2 
i.e. for the conic Le + mY — 





G1 Ags 81828: nv73 
and so, by symmetry, 4’ and C’ are the poles of C’d’ and 4’B’ with 
respect to it. 
It follows that all triangles inecribed in the conic 
LBy+Mya+Naps=0, 
and touching the conic ,/la+ ./mB+4/ny=0, are self-conjugate with 
respect to the conic 


l m n 
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Bx. 2. [f the sides of two triangles ABC, A’B'C’ touch a conic, thetr 
angular points lie on a conic, and they are self-conjugate with respect to 
a third conic, 


Take ABC as the triangle of reference, so that the equation of the 


first conic is — 
nf Lat ; (1). 
Let the coordinates of the points of contact of B’C’, C’A’ and 
A'B’ be 
(a, Bi, v1) (a9, Bes 12) and (a3, Bs, s)« 
Then, as in Art. 91, the equations to B'C’ and C’A’ are 


L M N_ 
es fEres/atra/2-0 
L i N 


These meet at the point (,/a,a2, /81f2, 172): since the co- 
ordinates of the points of contact of Bt C’A’ satisfy (1). 


So the points of intersection A’ and B’ of the other tangents are 
(x/aaas, »/BsPs, 7970) and (s/asa1, «/Bsfi, s157)- 


These all lie on the conic 
ni Lay aga By + x MB: Pas 0+ N97 48 =0, 
which is a conic circumscribing the triangle ABC. 


As in the preceding example; it is easily seen that both triangles are 
self-conjugate with respect to the conic 


[Ll ae N 
Eat | eae —— 


It follows that all conics circumscribing the conic 


(Lat  MB+ /Ny=0, 
and inscribed in the conic 
lpyt+myat+nap=0, 
are self-conjugate with respect to the conic 
L 


M N 
bt gy 20), 
—— — 0 


Bx. 8. If two triangles ABC, A’B'C’ are self-conjugate with regard 
to a conic, their six vertices lie on a second conic and their six sides 
touch a third conic. 


Let ABC be the triangle of reference, so that the first conic is 
la? + mB? + ny? O..................... (1). 
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Let 4’, B’, C’ be the points 


(a, Br» V1), (9, Bar va)y (as, Bs» ‘3)- 
Since each is the pole of the line joining the other two, we have 


Lagag +m Bg Bz + yoy =O .. (2), 
Lazay + MBs By + Myo71 =O «0... cece cesece eens (3), 
and La, ag + mB; Bot+N¥1¥2 WH Severna — | 5 


But these are the conditions that the points 4’, B’, C’ lie on the conic 


baydeds  MAP2Bs MN 9 (5), 
a 8 Y 


which clearly passes through A, B, and C. 
Again the equation to B’C’, the polar of A’ with respect to (1), is 
laa; +mBB; +nyy;=0, 
and this touches the conic 


JTa+ /MB+ /Ny=0, 
if, by Art. 91, Lmn8)y,+Mnlya,+Nima;f;=0, 
which is satisfied if 
L=Payazas, M=m?B;A,6; and N=n?y, 7373, 
since (2) is true. 
Hence B’C’ touches the conic 


1 naj agaza +m a/BiA32sB +0 a) 7179797=0 «.....+--(8), 


and so, by symmetry, do C’A’ and 4’B’. Also this conic is touched 
by the sides of the triangle ABC. 


Bx. 4. If two conics S;, Sy are such that one triangle can be 
inscribed in S, and circumscribed about S,, then an infinite number 
of such triangles can be drawn, (Poncelet’s Theorem.) 

Let ABC be the given triangle which is inscribed in §, and circum- 
scribed about S,. Draw any other tangent to S, to cut S, in B’ and C’, 
and from B’, C’ draw the other tangents to S; to meet in 4’. By Ex, 2, 
since the sides of the triangles ABC, A'B’C’ touch a conio, their 
angular points lie on a conic, i.¢. A’ lies on the conic determined by 
the five points A, B, C, B’, 0’, i.c. A’ lies on S,. So fot any other 
tangent B’C” drawn to 89. 


Bx. &. If two conics 8,, Sy are such that one triangle which is self- 
conjugate for 8, can be inscribed in (or circumscribed to) Sq, then an 
infinite number of triangles can be so described. 

[Let ABC be the given triangle; let A’ be any point on S, and let 
its polar with regard to S, meet Sq in B’ and C’; also let the polar, 
A'C”, of B’ meet B’C’ in C”; apply Ex. 3 to the two triangles ABC, 
A'B’C”, which are self-conjugate with respect to S,. Similarly, for 
the second part, by starting with any tangent B’C’ to S,.] 
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104. Areal Coordinates. Much of the preceding 
Chapter holds for Areal Coordinates as well as trilinears ; 
the chief differences are set down here. 

The conic represented by the general equation 

(x, y, 2) =a? + by? + c2z*+ 2fyz + Igzu + Whay =0 
is a parabola if (Art. 74) 
A+B+C0+2F+26+2H=0; 
it is a circle if 
b+c-2f ct+ta-24g a+b—2dh 
— a, ae 
and it is a rectangular hyperbola if 
aa,' + bb,? + cc,?— 2fb,¢, cos A — 2gc,a, cos B — 2ha,b, cos C = 0. 


(Art. 85) ; 


(Art. 80,) 
Its centre is given by 
aa, + hy, + ga = hat, + by, + fa, = gay + fy, + 0%, 
— —— 
aX, ay, ay 
and is thus the point 


(A+H+G, H+B+F, G+F+C). (Art. 78.) 
The equation to the circum-circle is 
A) yz + bien + cotay = 0. (Art. 83.) 
The equation to any circle is 
atyz + been + cfay = (x+y +2) (t%a + ty + 6%), 
where ¢,, ¢,, é, are the lengths of the tangents to the circle 
from the points A, B, C of the triangle of reference (Art, 86). 


That of the in-circle is 


a) woot 4 af yoot 2+, /eorS =0, (Art. 87.) 


The e-circle opposite A is 


A B C 
seat ss / yt 9+ ,/ rt 5 = 2 (Art. 87.) 


The nine-point circle is 
b,c, cos Az? + cya, cos By* + a,b, cos Cz" 
—a'yz—bize—cPxy=0. (Art. 87.) 
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The self-conjugate circle is 
PeotA+y*cot B+z2cotC=0. (Art. 87.) 
The foci of the general conic are given by 
dd ' 
4(b+6-2/) d(x, y, )-(2-F) 
a," 
= two similar expressions. (Art. 89.) 
In general if the trilinear equation 
aa? + bB + cy? + 2fBy + Igya + 2haP = 0 
represents the same conic as the areal equation 
0,0) + byy* + 6,27 + 2fvyz + 29,20 + Zhavy = 0, 


— ae Se 
then, since —=~.=—, 
aa £6 Coy 





we have 
a Oy" Dib? cy fiboey Jr%n% _ Ay aobo 


Cee ve. Yee 
where a, 5), ¢ are the sides of the triangle of reference. 


These relations enable us to transform the coefficients in 
a trilinear equation to the corresponding coefficients in an 
areal equation, and conversely. 


EXAMPLES. 


1, Shew that the polars of the vertices A, B, C of a triangle with 
respect to any conic meet the opposite sides in three collinear points, 
and that the lines joining A, B, C to the poles of the opposite sides are 
concurrent. 


2. Three ier are taken on the sides BC, CA, AB of a triangle 
BP C 


AR 
such that PO 04 = py Prove that each of the sides of the triangle 
PQR touches a fixed parabola. 

3, Determine all the common tangents of the conics 

y? +22 + 2yz+ 2ay=0 

and x? + 34922 - 6yz - 622 — Ary =0. 

4, Shew that the equation 

— [— =0 

represents only a pair of coincident straight lines. 
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5. Shew that the pair of tangents that can be drawn to the conic 
2(8cos B~a cos 4) y ~ oos C=0 
— = straight line a=0 as the chord of contact are at right angles 
if A=B. 


6. Shew how to find the condition that two given conics may 
intersect in four concyclic points. Prove that, if a, b, ¢ are the sides 
of the triangle of reference, the conics 

By+ya+aB=0 
and a(b+c)a?+b(c+a)§*+c (a+b) y* - 2bePy - 2caya —- 2abafs=0 
satisfy this condition, and find the equation to the circle through their 
points of intersection. 


7, Shew that the general equation in areal coordinates of a conic 
which passes through the middle points of the sides of the triangle of 
reference is 

fu (ut+y—z)+gy (e+2z—-y)+hs (yt+2-2)=0. 
Find the ratios of f, g, h that the equation may be that of the nine- 
point circle of the triangle. 


8, Shew that the three pairs of straight lines 
a; a? + 2b, a8 +c; 6 =0, Aig fi? + Bho By +cgy*=0, 
and as y? + 2b3-ya + cga?=0 
will touch the same conic if a; aga3=c;¢9¢3. 
Shew that the three perpendiculars from the angular points of a 


triangle upon the opposite sides and the three medians all touch a 
conic, 


9, Prove that the lines joining each angular point of a triangle 
to the points in which the opposite side is cut by a conic all touch 
another conic. 


10. Tangents drawn from the angular points of the triangle of 

reference to the conic 
aa? + bf? + cy? + Of By +29 ya+2hap=0 
meet the opposite sides in six points; shew that these six points lie 
on the conic ‘ 
BCai+CAf?+ ABy? - 24 F By - 2BGya-2CHap=0, 

where A, B,... have the usual meaning. 

Shew also that the above two conics and the conic 


ala (gh-af)+/B (hf 09) + (fg —ch) =0 


have a common inscribed quadrilateral. 


ll. If two straight lines are conjugate with respect to a conic, 
shew that they, and the two tangents drawn to the conic from their 
point of intersection, form a harmonic pencil. 
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12, Through two fixed points are drawn two lines conjugate with 
respect to a given conic. Shew that the locus of their point of inter- 
section is a conic, passing through the fixed points and through the 
points of intersection of their polars with the conic. 


13, Each angular point of the triangle of reference is joined to 
two fixed points (a, f,, y;) and (a), Bs, ys); shew that their six 
ey of intersection with the opposite sides of the triangle lie on 

e conic 


aa 62 7? 1 l ] 
— + ~—4-2- — — 
a2 618V Al aot —— 
am pe Meo De) re 
al ene 72% a8, ashy) - 

14, If two triangles 4BC, d'B’C’ are such that 4, B, C are the 
poles of B’C’, C’A’, A’B’ with respect to a conic, shew that the triangles 
are in perspective. Prove also that their centre of perspective is the 
pole of the axis of perspective with regard to the conic. 


15, A straight line drawn through a fixed point A cuts a conic 
passing through two fixed points B and C in P and the line BC in 4;; 
on it is taken a point Q such that the cross-ratio of 4, P, A,, Q is 
constant; shew that the locus of Q is a conic through B and C. 


16, Prove Carnot’s theorem, that if a conic meets the sides BC, 
CA, AB of a triangle in A; and Ag, B, and By, C; and Ce, then 
AB; . ABs : BC ° BC, 5 CA, . CAg=CB, : CBs ‘ AC, . ACg. BA, 4 Bag. 
[Use Areal Coordinates. ] 


17, Obtain the condition that the general equation in trilinear 
coordinates shall represent a rectangular hyperbola from the fact 
that its intersections with the line at infinity form with the circular 
points at infinity a harmonic range, so that these circular points are 
conjugate with respect to the conic, 


18, Iv Areal Coordinates shew that the tangential equations to 
the circum-circle, in-circle, self-polar circle and nine-point circle of 
the triangle of reference are respectively 

alptbjqteJ/r=0, 
(b+c-a)gr+(c+a—b)rp+(a+b—-c) pg=0, 
p* tan 4+q? tan B+r* tan C=0, 
and aqer+balrtpte/p+q=0, 
where a, b, c are the sides of the triangle of reference. 

19, Shew that the equation of the circle of curvature at the point 
A of the conic LBy + Mya+Naf=0 is 

aLMN (8? +? +284 cos A) 

= (M? +N? - 2MN cos A) (NB + My) (aa + bB+ey), 


Lil 8 
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and that the corresponding radius of curvature is 
be (M24 N3-2MN cos A)# 
a’ LMN ‘ 
where R is the circum-radius of the triangle of reference. 


90, Shew that the radical centre of the escribed circles of a triangle 
is the centre of the inscribed conic whose equation in areal coordinates 


is /ar+,/by+ /ez=0. 


91. If two conics have each double contact with a third, their 
chords of contact with the third conic, and a pair of their chords of 
intersection with each other, all pass through the same point and 
form a harmonic pencil. 


92, If three conics have double contact with a fourth, six of their 
chords of intersection pass, three by three, through the same point, 
and form the sides and diagonals of a complete quadrilateral. 


93, Two triangles are inscribed in 8 given triangle and are in per- 
spective with it; shew that a conic self-conjugate with respect to the 
given triangle can be drawn to touch their six sides. 

If the two triangles are circumscribed to the given triangle and are 
in perspective with it then, similarly, a conic, self-conjugate with 
regard to the given triangle, can be drawn through their six vertices. 

94, If the lines joining the vertices of the triangle of reference to 
those of the points in which the conic 

aa? + bf? + cy2 + 2/By + 2gya + 2has=0 


meets the opposite sides are concurrent, the same is true for the other 
two points, and the condition for this is 


abc — 2fgh - af? — bg* - ch?=0. 
[Let three of the lines be B- py=0, y - qa=0, and a-r8=0, ao that 
pgr=1. Since B-py=0 is a factor of 
b6? + 2fBy+ey?=0, .*. -9f=bp+5, 


apd so for the others, 


br) (ae) (oe 


3 2 2 
= 2abe + * + = + +ab*p* + be*g?+ca*r?, since pgr=1, 


9 
= - 4abe+a (54-4) +..ta.= —dabe + 4af*+ 4bg* + 4ch!, } 


CHAPTER IV 
MISCELLANEOUS THEOREMS 


[This Chapter may be omitted by the Student on a first reading. ] 


_ 105. Pascal’s Theorem. If a hexagon be inscribed 
im a conte, the poinis of intersection of the three patrs of 
opposite sides are collinear. 

Let ABCDEF be the hexagon ; let AB and DE meet in 
P, BC and £F in Q, and CD and FA in R. Then PQR 
shall be a straight line, 





Take ADP as the triangle of reference, s0 that the equa- 
tions to DP, PA, AD are respectively a=0, B=0 and y=0, 
Let 5= la + mB +ny=0 be the equation of BZ. 
Then the equation to the conic is | 
GF RR (1). 
Let the equation to CD be a=Ay, so that, by (1), the 
equation to BU is 
AB = ho. 


Let the equation to AF be B = py, so that similarly the 
equation to EF is 
pa = kd, 
Then P is given by 
B=0 and a=0; 
8—2 
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Q is given by 
AB=k5 and ap=ké; 
and R is given by 
a= Ay and B = py. 

All three points lie on the straight line whose equation is 

ap = AP. 

106. Brianchon’s Theorem. I[/ a hexagon circum- 
scribe a conic, the lines joining tte opposite vertices meet in 
a point. 

Take the figure of the previous article. Let the tangents 
at A, B meet in X; the tangents at B, C in Y; those at C, 
Din Z; those at D, F in U; those at #, F in V; and those 
at F, A in W. 

Since the polars of X and U, i.e. AB and DE, pass 
through the point P, therefore the polar of P passes through 
X and J, i.e. the polar of P is XU, 


So the polars of Q, R are YV and ZW. 


But the points P, Q, R have been shewn to lie on a line. 
Hence, (Art. 12), their polars weet in a point, i. e. the three 
diagonals of the hexagon XYZUV W meet in a point. 


107. By taking the points 4, B, C, D, #, F on the conic 
in different orders we shall obtain sixty different hexagons. 
For if we keep one of them, A, fixed we can permute the 
other five points in |5 different ways, and the number of 
different hexagons is obtained by dividing this number by 2. 
For any such permutation as BFDEC, when joined to 4, 
gives the same hexagon as it does when reversed as (4 DFB, 
since the hexagon ABF'DEC is the same figure as ACE DIB. 
Hence altogether there are sixty such hexagons, and sixty 
Pascal lines. , 

These Pascal lines pass three by three through twenty 
points, To prove this, let the alternate sides of one of the 
hexagons be produced to form two triangles. Thus, taking 
the hexagon ABC DEF, let FA, CB meet in X, FA and DE 
in Y, DE and BC in Z, CD and EF in X', AB and CD in 
Y’ and finally AB and £F in 2’, 


Then, since by Pascal’s Theorem the corresponding sides 
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of the triangles XYZ, X’ Y’Z’ meet in collinear pointa, they 
are coaxal and therefore copolar, .e. XX’, YY’ and ZZ are 
concurrent. 
But XX', YY', are respectively the Pascal lines of 
the hexagons EFADCB, BAFCDE, and FEDABC. 
Similarly for six tangents to a conic there are sixty 
Brianchon points, which lie three by three on straight lines. 


108. When the angular points A, B, C, ... of a Pascal 
hexagon are so arranged 
that the Pascal line cuts the 
conic, an easy analytical 
proof may be obtained for 
both Pascal’s and Brian- 
chon’s Theorems. 

Let the line joining the 
intersections of A Band DE, 
and of BC and EF, cut the 
conic in B,, C; let A, be 
the pole of B,C, and take 
A,B,C, as the triangle of 
reference, so that the equa- 
tion to the conic is 

Bly ele cp sinc cniguss totes tes (1). 


Let the parameters of the points 4, B, C, D, £, F be 
ty, bay by, Las bry by 
The equations of 4B and DE are 
— k(t, +t,) a + Bt,t, + yk = 0, (Art. 100) 
and —k(t,+t,) a+ Bt,t,+ yk =0. 
Since they meet on a=0, 
6 
So, since BC, HF meet on a=0, 
oe baby = babe ..rcccuseccececessens (3). 
From (2) and (3), we have 
tt,=&b, | 
go that similarly the point of intersection, 2, of CD and F’ 
lies on PQ. 
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Brianchon's Theorem. Draw the tangents at A, B, 0, ... 
go as to form a hexagon. 


The tangents at A, B meet at the point 
(t, +t, 2k, 2,4). (Art. 100.) 
The tangents at D, E meet at 
(4, +¢,, 2k, 2t,t,). 
Since ¢,/5=¢,¢,, these two points lie on the line 
Bt, ty — hy — 0, 
which passes through the point A,. 
Similarly the other two lines joining opposite vertices of 
the new hexagon pass through A,, and so they are concurrent. 


Cor. It follows that the point of concurrence of the three 
diagonals of a Brianchon hexagon is the pole of the Pascal 
line of the hexagon formed by joining the points of contact 
of the sides of the Brianchon hexagon. 


Also that the Pascal line of a Pascal hexagon is the polar 
of the Brianchon point of the hexagon formed by the inter- 
sections of the tangents at the angular points of the Pascal 
hexagon, 


109. By means of Pascal’s Theorem we can construct a 
conic passing through five given points A, B, C, D and E. 
For through / draw any line to meet the conic in a point X 
to be determined. By Pascal's Theorem the intersections of 
AB and DE, BC and FX, and CD and XA are collinear. 
Hence, if the first two pairs meet in Pand Q, and PQ meet 
CD in R, then RA cuts FX in the required point X. Thus, 
by drawing different lines HX through £, we can determine 
as many points .. as we wish. This construction clearly 
simplifies into: Draw any line through P the point of inter- 
section of AB and DE and let BC, DC meet this line in Q 
and #; then the intersection of QF and RA is a point X 
on the conic, 


110. Similarly, by Brianchon’s Theorem, we can construct 
by means of tangents a conic which touches five given straight 
lines P, Q, 2, 8, 7. For let P and Q meet in the point Y, Q 
and # in Z, R and S in U, and S and 7'in V. Take any 
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point X on the line P; join XUV and YV to meet in O, and 
let ZO meet the line 7’ in W; then X W is the other tangent 
through X. By taking different points X on the line P we 
can construct as many tangents as we please. This construc- 
tion clearly simplifies into: Take any point 0 on YV; draw 
U0 and ZO to meet the tangents P and 7' respectively in the 
points X and W; then XW is a tangent. 


111. By Pascal's Theorem we can draw the tangent at 
any point A of a conic through 4, B, C, D, E. For, in this 
case, the point F of the general theorem is the next point 
to A on the curve, and indefinitely near coincidence with it, 
The line EF of the general construction is now EA, Let 
then AB meet DE in P, BC meet FF, i.e. HA, in Q, and 
CD meet PQ in R; then K lies on FA, i.e. on the tangent 
at A. Hence, joining 2A, we have the tangent at A. 


112. By Brianchon’s Theorem we can find the point of 
contact of any tangent P of a conic which touches the five 
lines P, Q, R, S, T. For let P and Q meet in Y, Q and R 
in Z, Rand S in U, Sand 7 in V, T and P in W, and let 
X be the required point of contact of P. We may then 
consider the one tangent WY to be replaced by the two 
tangents WX, XY which are indefinitely near coincidence, 
and whose meeting point is A. Then X YZU V W is a hexagon 
circumscribed to a conic so that XU, YV, and ZW meet in 
a point, t.e. X is the point where the line joining UV to the 
point of intersection of YV and ZW meets WY. 


EXAMPLES. 


], From Pascal’s theorem deduce that if a conic circumscribes a 
triangle the tangents at the angular points meet the opposite sides in 
collinear points. 


9, From Pascal’s theorem deduce that the tangents to a conic at 
two opposite vertices of an inscribed quadrilateral meet on the third 
diagonal, 


3, Shew that the hexagon formed by the six lines in order which 
are obtained by joining alternate pairs of vertices of a Brianchon 
hexagon ABCDEF isa Pascal hexagon. [For the triangles AEC, DBF 
are copolar and therefore coaxal.] 


Similarly the hexagon formed by —— to meet alternate sides 
of a Pascal hexagon is a Brianchon hexagon. 
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4, From any point of the circum-circle of a triangle ABC perpen- 
diculars are drawn to the sides BC, CA, AB which meet the circle 
again in D, E, F respectively, Shew that a conic can be drawn to 
touch the six straight lines 4B, BC, CD, DE, EF, and FA. 


5, From Brianchon’s theorem deduce that the ortho-centre of a 
triangle circumscribing a parabola is on the directrix. 

6, If two triangles are in perspective deduce from Pascal's and 
Brianchon’s theorems that the straight lines joining non-corresponding 
vertices touch conic, and that the points of intersection of non- 
corresponding sides lie on a conic. 


7, From the theorem that if two triangles are inscribed in a conic 
they also are circumscribed to a conic, deduce that the 60 Pascal lines 
formed from six points intersect three by three in 20 points. 


Make use of Pascal’s Theorem to construct a conic, given: 


8, four points and the tangent at one of them [F and A coincide 
but FA is given in direction]. 


9, four points and the direction of an asymptote, 


10. three points and two lines parallel to the asymptotes, finding 
also the finite points where the two lines cut the curve. 


1]. one point and the position of both asymptotes, [The two points 
at infinity 0, aud Q,’ on one asymptote are given, and so 0, and 0,’.] 


12, two points, the position of one asymptote, and the direction 
of the other. 


Make use of Brianchon’s Theorem to construct a conic, given: 


18, four tangents, and the point of contact of one of them, 
[i.e. really five tangents, two being coincident in direction, but with a 
definite point of intersection]. 


14, three tangents, and a given line as an asymptote. 


15. four tangents, the conic being a parabola. [If two of the 
tangents meet the line at infinity in 0, 0’, then 00’ is the fifth tangent.] 


16, Given four points on 4 conic, and the tangent at one of the 
points, construct the tangents at the other three points. 


17. Given four tangents to a conic, and the point of contact of one 
of them, find the points of contact of the other three tangents, 
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Harmonic Locus and Harmonic Envelope. 

113. To shew that the locus of a point the tangents from 
which to two given conics form a harmonic pencil [the 
tangents to each conic being conjugates] is a conte having a 
common. self-conjugate triangle with the given conics. 

Take the common self-conjugate triangle of the two given 
conics as the triangle of reference, so that the two conics are 

S= Lo? + MP + Ny =0, 
and N= Lio? + MB + ¥,y7=9. 

The equation to the tangents from (a’, f’, y’) to the first 
conic is 

(La? + MB? + Ny’*) (La? + MB? + Ny") 
= (Laa’ + MBB’ + Nyy’) 

The equation to the straight lines joining the point A to 
the intersection of these tangents with BC’ is obtained by 
putting a=0 in this equation, and is thus 

MB? (La” + Ny*)- 2MN By By + Vy (La? + MB*) =0 


The similar pair of straight lines for the second conic are 
M, 8? (La? + Nyy") - 2M, B’y By + Nyy (L,0? + MB") = 0 


If the four tangents form a harmonic pencil (the tangents 
to the first conics being conjugates and also the tangents 
to the second), so also do these two pairs of straight lines, 
and hence, by Art. 61, 

MN, (La’* + Ny’*) (L,a" + M, B”) 
+ M,N (L,0° + Nyy") (La + MB) = 2MN M,N, By”. 

Hence the locus of (a’, 8’, y) is the conic 

LL, (MN, + M,N) a8 + UM, (NL, + NL) B 
: + NN, (LM, * IAM) VS 0, 
which has the triangle of reference as a self-conjugate conic. 


This conic is known as the Harmonic Locus, and is often 
denoted by F’ = 0. 
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114, To shew that the envelope of a line whose points of 
intersection with two given conics form a harmonie range 
(the two points of intersection with each conic being conju- 
gates) is a conic having a common self-conjugate triangle 
with the given conics. 

The conics being 

La! + MB’ + Ny’ =0 and L,a?+ Uf + V7 = 9, 
the equation to the straight lines joining the intersections 
of the first conic with the straight line 
la + mB + ny = 0 — 
to the point A of the triangle of reference is 
L (mB + ny) +P (MB? + Ny) = 0, 
te. (Lm?+ UP) B+ 2LmnBy + (Ln? + VP) =9. 
So, for the second conic, the corresponding equation is 
(L,m* + M, 1?) B? + 2L,mn By + (L,n* + N,P) y’ =0. 

These form a harmonic pencil if (Art. 61) 

(Lm? + MI) (Ln? + NP) 

— + (L,m? + MP) (Ln? + NP) = ILL, min’, 
1.6, 


P(MN, + M,N) +m? (NL, + NL) +0? (LM, + oe 


But (Art. 94) the envelope of the straight line (1) with 
the condition (2) is 
oe 
_MN,+M,N NL,+N,L LM,+£L,M 
This conic is known as the Harmonic Envelope, and is 
often denoted by F’ = 0. 


115. Similarly, if we proceed, as in the two previous 
articles, to find the Harmonic Locus and Harmonic Envelope 
for the conics given by the general equations 
; S = aa? + bf? + cy? + 2fBy + 2gya + 2Zhaf = 0, 

and 8’ =a'o? + b'B' + c'y* + 2f By + 2g'yat 2h'aB = 0, 
we should obtain for the harmonic locus 

F = (BC'+ BC -2PF’) a8 +... + 0 

+2(GH'+@H-AF' -A'F) By +t... =O, 





HARMONIC LOCUS AND HARMONIC ENVELOPE 123 


where A, B, ..., A’, BY, ... have the same meaning as in 
Art. 72, and for the tangential equation © of the harmonic 
envelope we should have 

= (be + 'c-2ff") P+... +... 

+2(gh' + gh—af’-af)mn+...+...=0, 

from which the point equation F’=0 of the harmonic 
envelope could be found. The work is however very heavy, 
and the results are only put here for reference. 

Bx. 1. If both S and S’ touch a given line at a given pet, shew 


that the harmonic locus and the harmonic envelope touch the given 
line at the same point. 


Bx. 2. When two conics have contact of the third order, the 
harmonic locus and harmonic envelope coincide, 


[Take the angular point C of the triangle of reference as the point 
of contact, BC as the tangent at C, and CA as the polar of B; then 
the conics are aa?+b6*+2gya=0, and a’a*+bS*+2gya=0. The two 
loci are given by (a+a’) a*+ 2b6* +4gya=0, i.e. by $+S’=0.] 


Hx. 8. Shew that the harmonic locus and harmonic envelope of 
the conics By= ka’ and Py=k,a* are By=ra* and Py=sa’, where r and 
s are the harmonic and arithmetic means between k and k,. 


Ex. 4. Shew that if 8k,k,4;=-1, then for any two of the conics 
By=k, a, ya=k,8*, and a8=k,+'*, the harmonic locus and harmonic 
envelope are the third of the conics, [Three such conics are called a 
harmonic system. } 


116. Zangenteal equation to the common points of 
S= La? + MB? + NY =0 and S = La? + UB + Ny =0. 
We want the condition that the straight line 
la + mB + ny = 0 
nay pass through the intersections of S and '. 
Solving S=0 and §’=0 for a, B, y we see that the 
condition is 
+1 /MN,- U.N +mJNL,-N,LinJLM,-L,H=0, 
1.6. 
(MN, - M,N) +...4... 
— 2min? (NL, - NL) (LM, - L, M)-...-... =0, 
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t.€, 

(P (MN, + M,N) +m? (WL, + W,L) + n° (LM, + L,M)) 

= AUMNM, Ny + os. +0. + 4m LL, (MN, + UN) + ts. 
=4 (PMN +m NL + LM) (PM, N, +m N,L,+2L,M,), 
1.6, o' = 433%’, 


where 3 =0, %' =0 are the tangential equations to the two 
conics, and @ = 0 is the tangential équation to their harmonic 
envelope. [Art. 114, equation (2).] 
Again the tangents at the common points of J and S are 
+L V(MN,- UN) a+ MJ(NL,- N,L) p 
+N V(LM,-1,M)y=0, 
and | 
+L, V(MN,- HN) 04M, \(NL,- NL) 
+ VJ (LU, -1,M)y=0. 
The coefficients of a, 8, y in each of these equations 
sutisfy the equation 
@=P(MN,+U,N)+...+...=0, 


i.e. the line coordinates of these eight common tangents all 
satisfy the tangential equation of the harmonic envelope. 


Hence The etght common tangents at the four common 
points of two conics all touch another conic which 1 the 
harmonic envelope of the two conics. 


117. Equation to the common tangents to the conics 
S= La? + MB’ + Ny? =0 aul S' = La? + M, B+ N,y = 0. 
The two conics are touched by /a + mB + ny =0 if 


2 mm 1? Bm n° 
z*Ht yr? and Cx 
so that 
+/ is +m 
JL0,(MN,- iN) VMM,(NL,-¥,L) 
+n 


” NNW, (LM,—L,M)’ 
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and the common tangents are therefore 
+aNLL, (MN, — M,N) + 8 JMM, (NL, - N,L) 
+y NWN, (LM, - L,M)=0, 
i.e. 


LL? (MN,-M,N}P +... 4 


_ 9p MM, NW, (NL, -N,L) (LM, - L,M) - =0, 
LL,(MN,+ M,N) + PM, (NL, +¥,L) 
+ PWN, (LM, + L,M)} 


=4o'Z*L,2 MU NN,+... +... 
+41 1,MM, NN, (MN, + M,N) BY +... + 
= 411, MM, NN, (Lo? + MB? + Ny’) (L,0? + MB + Ny’), 
* F? 4Aa'SS', 


where A, A’ are the discriminants of S and S’ and F = 0 is | 
the equation to their harmonic locus. [Art. 113.] 


Also the points of contact of the common tangents with 
S are easily seen to be 


L M, 
+ 9/2 uy, HN) + / Mh a,-21.2), 
Ny, 
+ 9/ (om, 10, 


and those for S’ are 


+ 9/ F(a, — (MN, - M,N) + /¥ — — — — 


—— (LM, - L,M). 


These all clearly lie on the conic 


F= LL, (MN, ee i+ VL) &* 
(LM, + LM) =0. 


Hence The eight points of contact of the common tangents 
to two conics lie on another conic which is the harmonic 
locus of the two conics, 
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118. To find the locus of a point the tangents from which 
to * given conics form a pencil of constant cross-ratio equal 
to 

With the notation of Art. 113, if the straight lines (1) 
and (2) are respectively 

(B-piy) (B-psy)=9, and (8 — psy) (B- pe) =9, 


wa have (Pr - Ps) (Pa- Ps) _ xX 


(Ps — 2) (21 - 24) 


so that 
A-1 (Pi — Ps) (Ps - Ps) | 
A+ 2, ps + 2pap, - (P, + Ps) (Po + 2%) 
Now 


(2, — Ps)” = (Pi + Ps) — 4D, Ds 
_ 4M? N? By" —4 MN (La + Ny’) (La? + MB") 
M* (La® + Ny"? 


_ —4LMNo". 8 
and similarly for (p. - p.P. 
Hence 
| a? JIGLMNS. L,H,N,8' 


h+1  20® (LL, (MN, + MN) a*+ +o)’ 
after some reduction, i.e. 
(si) = 4LMN LM, N,SS' = 44 SS’ 
is the equation to the required locus. 


Cor. If \=-1, so that the cross-ratio is harmonic, the 
locus reduces as before to F = 0. 

If \=1, then, as in Art. 8, the tangents drawn to one of 
the conics coincide, and the locus reduces to the conics 
themselves. 

If A=0, the tangent drawn to one of the conics must 
coincide with one of those drawn to the other conic, and 
the point from which they are drawn must lie on one of the 
common tangents. Hence the locus reduces to F¥ = 44A'S8, 
which we have already seen to be the equation to the four 
common tangents, 
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Constant Cross-Ratio Property of Conics. 


119. To shew that the cross-ratio of the lines jouning any 
variable point of a conte to four fixed points on rt 18 constant ; 
and that four fixed tangents cut any fifth tangent in a range 
whose cross-ratio is constant, and equal to that subtended by 
the points of contact of the four fixed tangents at any pont 
of the conte. 

Take as triangle of reference any two tangents AB, AC 
to the conic and their chord of contact BC, so that its 
equation is 

By = ka". 

Let the fixed points be “¢,,” “t,” “t,,” and “t,,” and 

let any other point be ‘*¢,” 


The line joining “¢” and “th“ is 


ak (t + t,) — Bit, — yk = 0, (Art. 100) 
i.e. —X (ak — Bt). 
So the other three lines are 


(y—at) k=, (ak — Bt), 
(y— at) k=t, (ak — Bt), 


and (y—at) k=t,(ak— Bt). 
By Art. 63 their cross-ratio 
(4-4) (4-4) 





(t, — ty) (4 -t,)' 


and is thus the same for all values of “t.” 


The tangent at ‘‘z,” is 
2akt, — Bt,’ — yk = 0, 
and that at “¢” is 
2akt — BE — yk = 0. 
Hence the line joining their point of intersection to the 
angular point C of the triangle of reference is 


2ak (t, — t) = B (t, - &), 
1.6. Jak — Bi =, 8. 
The corresponding lines for the other three tangents are 
2ak- Bit=t,B, 2ak- Bt=+,8, and 2ok- ft = 4,8. 
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By Art. 63 their cross-ratio 
* Me t,) (t, 5 t,) 
(¢; =) ts) (é, * t,) 
and this by the foregoing is the cross-ratio of the pencil 
subtended at any point of the conic by the points of contact 
of the four fixed tangents. 


Cor. If we take two of the fixed points as the points 
B, C of the triangle of reference then ¢, = 0, =a, and the 


cross-ratio of the pencil subtended becomes 2. 
4 


Wx. Deduce Pascal’s Theorem from the cross-ratio property of four 
points on a conic, 

[With the notation of Art. 105 let 4B meet CD in § and BC 
meet DE in T. Then A(CDFB)=E (CDFB). Hence, considering 
-the transversals CD and CB of the pencils, (CDRS)=(CTQB). 
.'s P(CDRS)=P (CTQB), ie. P(CDRB)=P(CDQB). Hence PR 
and PQ must be the same ray, so that PQR is a straight line.] 


EXAMPLES. 


L. If the pencil subtended by four points B, P, C, Q at any point 
of the conic passing through them is harmonic, shew that BC and PQ 
are conjugate with regard to the conic. [If the triangle of reference 
is BC and the tangents AB, AC at B and C, then, by Cor. Art. 119, 
P is the point “t," and Q the point ‘‘-t,.” The equation to the line 
through them then becomes ft,?=Kky, which passes through 4, the 
pole of BC. Hence etc.] 


9, From the focus and directrix property of a conic deduce the 
constant cross-ratio property of four points on a conic. 

[If A, B, C, D are the fixed points and the lines joining them to 
any point P meet the directrix in a, b, c, d, then 


LbSa= LaSP - LbSP=90° -} LASP-90°+4 LBSP=} LASB=;. 
:. P (ABCD) = (abed) = § (abed) =eto.] 


3, By taking two of the four fixed points in the theorem of Art. 119 
as the circular points at infinity, deduce that the angle in any segment 
of a circle is constant. 


4, Shew that the locus of a point P, such that the straight lines join- 
ing it to the angular points of the triangle of reference and to a fixed 
point (a’, 6’, 7’) form a pencil of constant cross-ratio equal to · k, is 


ya’ ~ ya (k-+1) p+aB hy’ =0, 
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5. If B, P, C, Q are four points on a conic, and A is the pole of BC, 
shew that the cross-ratio of the pencil 4 — is the square of the 
pencil subtended by B, P, C, Q at any point of the conic. [Take ABC 
as the triangle of reference, ] 


8, Shew that one of the cross-ratios of the pencil joining any point 
of the conic 
S+AS' maz? + by? +cz2+d (a’ x? +b’ y?+0'24)=0 
;, : »_ 43. O+Xd!  ac’-a’e 
to the four points given by §=0 and S’=0 is <The ay ah 
explain the result when A has either of the values * 3 or ~ 5. 


, and 


7. The four sides PQ, QR, RS, SP of a quadrilateral touch a conic, 
and p,q, 7, s are the perpendiculars from P, Q, R, S upon any tangent 
_ to the conic; shew that pr=kqs, where k is a constant. 


[Use the second part of Art. 119.] 


8, Apply the harmonic property of four points on a conic to shew 
that the intercept made by the asymptotes of a hyperbola on any 
tangent is bisected at the point of contact. 

[We have 0 (PQNN’)=0' (PQ0N'), where P, Q are any two points on 
the curve and 0, 0? its two points at infinity. Replace these cross- 
ratios for pencils by the cross-ratios for the corresponding ranges on 
the two asymptotes, ] 


Homographic Ranges on Conic Sections. 


120. If on a conic we have two ranges of points 
P,Q, B,8,... and P,Q’, RS’, ..., 
such that the cross-ratio of the pencil subtended at any 
point O of the conic by any four points of the first range 
is equal to the cross-ratio of the pencil subtended at 0 by 
the corresponding four points of the second range, then the 
two ranges of points are said to be Homographic. 


Taking the notation of Art. 119, we have shewn that if 
P, Q, R, S be the points ¢,, ¢, 45, 4, and P’, Q’, R’, 8’ the 
points ¢,', ¢,, t, ¢, the cross-ratio of the pencil subtended 
by these two sets of four points at any puint of the conic 
are the same if 


(t, A -t) (t, — t;) * (ty 2 ty) (¢, —* ts) 
(ts — 4) (4,6) ~ (6 — ty) (4° - ty)’ 
ite. if Rist, + Lt + Mt) +N=0 we, (1), 


Le. | 9 
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where K, L, M, W contain only ¢,, 4, ts, &, &, ts and not 
t, or t,. 

Hence, if § and S’ are any two points of the homographic 
ranges given by P, Q, R and P, Q’, P the relation between 
their parameters must be given by an equation of the form (1). 


Just as in Art. 17, the equation (1) is the most general 
rational algebraic relation between the parameters of Sand” 
to ensure that to each point S of the first range there is one, 
and one only, point S’ of the second range, and that to each 
point S’ of the second range there is one, and one only, point 
S of the first range, i. e. to ensure that there is a one-one 
correspondence. 

It is easy to prove, by help of Art. 119, that, asin Art. 18, 
two ranges of points on the conic By= ka’, the parameters 
of whose corresponding points are connected by an equation 


of the form 
Ret + Lt + Mt + N=0 wees (2) 
are homographic. 

There will be double points on the two ranges, 1.¢. points 
each of which corresponds to itself, if ¢’=¢, and hence the 
double points are given by the equation 

Ré@+(L+M)t+N=0 we. (3). 
Hence there are two double points, which are real, coincident, 
or imaginary. 

121, Simplification when the double poinis are real. 

In this case take the points B and C' of the triangle of 
reference as the two double points. As in Art. 101 we have 
seen that, for B, t= 0, and, for C,¢= 0. The equation (3) 
is then satisfied by the two values ¢=0 and ¢= 0, so that 
K=0and N=0. The relation (2) then becomes 

Hee 
Vaaate NM, 
where J is a constant. 

Hence in the conic By =ka* the relation between the para- 
meters of the corresponding points of two homographic ranges, 
whose double points are the angular points, B and C, of the 
triangle of reference, reduces to the form t' = Xi. 
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122. Two homographic ranges P,Q), R,... and P,Q’, R, .. 
are taken on a conic ; the locus of the pownts of intersection 
of all such pairs as PQ’ and PQ, joing two pairs of 
corr ing points, ts the straight line joining the double 
points of the two ranges, and the envelope of the line joininꝙ 
any two corresponding potnis, such as P and P’, of the ranges 
18 a conic having double contact with the given one. 

Let B and C be the double points of the ranges, and let 
the tangents at B and C meet in A. With ABC as the 
triangle of reference, the equation to the conic is 

By = ka’. 

As in the last article the relations between the parameters 
of corresponding points of the two ranges is now ¢@ =H, 
where A is some constant. 

It P, Q, #, ... are the points “é,,” "2,,” “4,” ... and 
P’, C, & the points “z,',” “4,” “¢,',”... ete, the equation to 


PQ’ is 

ak (t, + ty’) — Bt,t, — yk = 0, 
ive. ak (t, +M,) — Att, — yk=0. 
So that of P’Q is 


ak (t, + Ah) — BAt ty - yk = 0. 
These clearly meet on the line a=0, which is the line 
joining the double points. It is called the homographic 
or cross-axis of the homography. 


Again the equation to PP’ is 
: ak (t, + t') — Bt,t,' —yk = 0, 
1.6, ak (A+ 1)t,~ Bart? — yk =0, 
k(1+Ay 
4h 
double contact with the given one at the double points. 


123, Without using the double points of the ranges 
(which are often imaginary) as two of the angular points of 
the triangle of reference, we can somewhat simplify the 
work by taking one point of the first range as B and the 
corresponding point as C’. 

The general relation Att’ + Li+ Mt'+ NV =0 is then satis- 


§—2 





the envelope of which is By = a’, a conic having 
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fied by ¢=0 (for the point B) and ¢’ = (for the point C). 
Hence in this case M=0, and the general relation connecting 
pairs of corresponding points becomes 


Ke STAG = O svececenssves (1). 

If P, Q, R, ... of the first range are the points 
ee tM e and P,Q’, 2’, ..., the corresponding points 
of the second range, are the points “t,',” “t.',” “t,,”..., the 
equation of PQ’ is 

— ka (t, + ty) + Bt,t, + yk =0, 
i.e. by relation (1), 
ka[Kt,t,~ Lt,- NV] + B (Lt,t, + Nt,) — yk Ke, =0. 
So the equation to P is 
ka [Kt,t,—Lt,-N + B[ Ltt, + Nt,]— yk Ki, =0. 
On subtraction, we see that they meet on the line 
kLa+ NB +hRy=0......s:cseecceee (2). 
Now the double points are from (1) given by 
ké+ Li+N=0, 
be * equation of the line joining them is easily seen to 
be (2). 

The required locus of cross intersections is therefore, as 
before, seen to be the line joining the double points (real or 
imaginary) of the two ranges. : 

Again the equation of PJ” is 

— ka (t, +t) + Bt,t, + yk=0, 
i.e. from (1) 
t3(kKa + LB)—t,(kla— NB +kKy)—kNa=0, 
and its envelope is therefore 
(kLa — NB + kKy)* =— 4khNa (kKa + LB), 
i.e. (kLa + NB + kKy) = 4kKN (By - ka’), 
i.e, a conic having double contact with the given one at 
the (real or imaginary) double points of the ranges, 


124. If P,Q, R,... and P, Q’, #, ... are the two sets 
of homographic points, we have shewn that the inter- 
sections of PQ’ and P’'Q, QR and Q’R, RP’ and RP lie on 
a straight line. But this straight line is the Pascal line of 
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the hexagon PQ'RP’QR’. Hence the double points of the 
system of homographic points lie on the Pascal Jine of one of 
the hexagons which is formed by three points of one range 
and the three corresponding points on the other range. 


125. Construction of homographic ranges on a conte. 


Just as in Art, 22, two sets of three points P, Q, R and 
P, Q', Æ, all lying on the conic, are required to determine 
two homographic ranges. When these are given we can 
easily determine as many points as we please. For join PQ! 
and P’Q to meet in UV, and QA’ and QR to meet in V. Then 
UV is the homographic, or cross-, axis of the two ranges. If 
UV meets the conic in real points, they are the double points 
of the ranges, If UV does not meet the conic in real points, 
the double points are imaginary. 


To construct the point on the second range corresponding 
to any point X on the conic belonging to the first range. 
Join P’X to meet the homographic axis UV in W and let PW 
meet the conic in Y’. Then X’ is the required point which 
corresponds to Y. So any number of pairs of points, such 
as X and X', may be found. 


126. Constructionof double points on co-axal homographie 
ranges. 

Let the co-axal ranges be A, B, 0, ..., 4’, B,C’, .... Draw 
any convenient circle, or conic, and join any point X of this 
circle to the above points meeting the circle in P, it ae 
P,Q, R’,.... Construct the homographic axis as before, and 
let it meet the circle in 0 and 0’, so that KO and KO’ are 
the double rays of the pencils subtended by the ranges 
P,Q,R,...,P,Q,2,.... Then XO and KO’ produced meet 
the original axis of the ranges A, B,C, ... and A’, B’, C, ... 
in the required double points of these two ranges. 

If we construct X, X’ as in the last article then AX, 
KX' will meet the original axis in corresponding points of 
the two homographic ranges. 


127. Two homographic sets of tangents p, 7,7, ... and 
p’,q, 7, ... are taken for a conic; the line gointng the tnter- 
section of p and q! to the intersection of p' and q passes 
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through the point of intersection of the double tangents, and 
the locus of the point of intersection of any two corresponding 
tangents, p and p’, 18 a conic having double contact with the 
given one. 

Take the double tangents as the sides AB, AC of the 
triangle of reference and their points of contact as B and C. 
Then as in Art, 121 the parameters of the points of contact 
of two corresponding tangents are connected by a relation 
J = Abe 

If the points of contact of the tangents p, g, 7, ... are 
“t,,” “te,” “ts,” ... and those of p’, g’, 9’, ... are ‘t,',” “4. 
“t.,”... the equation of the tangent p is 

~ Jakt, + Bt,’ + yk = 0, 
and that of the tangent q’ is 

— Qakt,’ + Bt,” + yk = 0. 
Their intersection is given by 





TE. ER 
Lh cue. Sh 
: — —— 
aed tl, 9k Qt," 
No the intersection of p’ and g is given by 
i Peay 





+A, Qh 2Akjt,” 


These intersections lie on : * — which passes through 4, 


] 
the point of intersection of the double tangents. 
Again the tangents at P and P meet where 


a6 

ttt! Sh 
: — ee ap sy 
saa (X\+1)t, 2% Ode? 


4kr 
(A+ 1)? 
double contact with the given one at the points of contact 
of the double tangents. 


a*, a conic having 





so that they meet on the conic By = 
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128. Maclaurin’s Theorem. // the three sides of a 
triangle pass through fixed points, and the ends of te base 
move on two fixed straight lines, then the locus of ite vertex 
is @ conic. 

Let the two straight lines be OL and OM, and the three 
fixed points A, 2, and C (see the figure on the next page). 
Through A draw a straight line QAR to meet OL, OM in 
Q), R; let QB, RC meet in P. We want the locus of P. 

Different positions of P being P,, P, Ps, P,, we have 

B (P, P. P,P) = (Q:%2Qs,) =A (Q, 050,2,) = (F, h, Ry Ry) 
ms a> 3° 3* a7) 
so that BP and CP give corresponding rays of homographic 
pencils, 

Therefore, as in Art. 25, the locus of P is a conic passing 
through Band C. It also passes through 0; for one position 
of the line RAQ is when the latter passes through 0; in this 
case R, Q coincide at 0 and the corresponding lines QB, RC 
meet at 0, and therefore O is one point on the locus, Again, 
by taking AC as one position of the line through 4, we see 
that the locus passes through the intersection of AC’ and OL; 
and similarly through the intersection of 4B and OW. 


Cor. For the fixed point A could be substituted a conic, 
touching the two fixed lines, which the base Q# must touch. 


129. An analytical proof is quite easy; for let the tri- 
angle ABC be the triangle of reference and the equations to 
OL, OM be latmB+n,y=0 and J,a+mB+n y=0. If 
the equation to QAR is B = Ay, the equations to BQ and CR 
are lat+mAy+,y=0 and A (/,a +m, 8) + 2.8 = 0. 

Eliminating A, we have for the locus of P 

(ha + my) (ha + m8) = mn, By, 
a conic which clearly passes through B, C and 0. It also 
passes through the intersection of OL and AC, and through 
the intersection of OM and AB. 


130. From Maclaurin’s theorem we have an easy way 

_ of drawing a conic through five points 0, B, C, P,, Ps. 
Through O draw any two convenient lines OL and OW. 

Let P,B and P,C meet OL, OM in Q, and Ri; also let /’, B 
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and P,C meet them in Q, and B; draw Q,R, and Q,F, 
meeting in A. 





Then, by Maclaurin’s theorem, any triangle with its sides 
passing through A, 2, C and its base angles moving on OL, 
OM will have for the locus of its vertex a conic through 
B,C, P,, P,, and 0. To draw it take any point () on OL; let 
QA meet OM in R; then the point of intersection of YB and 
RC will give a point P on the conic required. By taking suc- 
cessive points Q, we can obtain as many points P as we wish. 

The student will see after a little practice that many of 
these lines need not be drawn, For each point @ he can by 
means of a ruler through A mark the corresponding point 
, and then by means of placing the ruler consecutively 
through #, C and @, B he need only make two short pencil 
marks crossing at P. 


lf it were found to be convenient for the drawing, the lines 
OL, OM could be taken to pass through P, and /,. 


131. Newton’s theorem for generating conics. 
If two angles of yiven magnitude turn about fixed vertices, 
0, and 0,, and of two of thew lege intersect on a fimed straight 
line, the locus of the intersection of their other two legs ts a 
conic section passing through the two fixed vertices, 

Let 0, P, O0,P be the legs which intersect in a point P, 
lying on the fixed straight line; and 0,9, 0,@Q the other 
legs. If P,, P,, Ps, P, are different positions of P, then, since 
P,0,9,, ?:0,Q, ete. are constant angles, we have 


0, (0, . . 0.) =0, (P| P,P, P,)= (P, P,P;P,) 
=0, (P,P, P,P, + 0, (Q, V,03Q,). 
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O,Q aud 0,Q are thus corresponding rays of homographic 
pencils so that, by Art. 25, the locus of Q is a conic passing 
through O, and (,. 


Cor. If the point P, the intersection of the legs, lies on 
a conic which passes through 0, and Q,, there is still a one- 
one correspondence between 0, and 0,Q, and the locus of 
Q is another conic through 0, and 0,. 


182. Hx. 1. Inscribe a triangle in a given conic whose sides pass 
through three given points K, L, and M. 

Take any point P, on the conic; join P,K and let it meet the conic 
in Q,; join Q, L and let it meet the conic in R,; join R, M and let it 
meet the conic in P;’. In general P,’ will not coincide with P,; if it 
does the problem is solved; if it does not, take two other points P,, 
Ps on the conic, perform the same constructions as in the case of 2, 
and obtain the corresponding points P,', P,’. Then P, and P,' have an 
algebraic one-one correspondence and 80 have P,, P,' and also P3, 23’. 
Hence P,, P,, Psand P,', P,’, Ps’ determine two homographic ranges. 
Find their homographic axis by the construction of Art. 122 and let 
it meet the conic in 0, and 0,. If 0, and Oy are real, we shall obtain 
the triangle required, by starting with either of them and performing 
the construction above, 

The method here used is known as that of False Position. 


Ux.4. Ifa triangle be inscribed in a given conic, two of whose sides 
pass through given points K and L, find the envelope of the third side. 


As in the last example the ranges P,, P,, P,, ... and the ranges 
R,, Ry, Ry, ... are homographic; hence, by Art. 122, the envelope of 
the third side P, R, is a conic having double contact with the given 
conic at the double points of the homography determined by P,, Pos Ps 
and R,, R:, R, and these double points will be where KL meets the 
conic, 


Bx. 8. If a polygon be inscribed in a conic and if all its sides but 
oné pass through given points, the envelope of that one side will be a 
conic having double contact with the given one. 


Let P, P2...P,, be one such polygon, If P, be taken arbitrarily the 
line joining it to the first fixed point gives P, uniquely; the line 
joining P, to the second fixed point gives P, uniquely, and so on. 
Thus P, is uniquely determined, by an algebraic relation, when P, 
is given. The different positions of P,, viz. Q,, R;,..., and the corre. 
sponding positions of P,, viz. Q,, R,, ..., therefore determine homo- 
graphic ranges, and, by Art. 122, the envelope of the line joining 
corresponding points, i.e. the envelope of the remaining side of the 
polygon, is a conic having double contact with the given one at the 
double points of the homography. 
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EXAMPLES. 


1, Two series of rays connecting two fixed pointe on a conic to 4 
variable point of a conic are homographic, 


9. If through a fixed point A are drawn lines AP,P,, 4Q,Qz, ... to 
meet a conic in P;, Ps, Q;, Qe, ..., then the range P,Q,R,... is always 
homographic with the range P.Q,2,.... 


3, Two corresponding points of homographio ranges on a conic, 
together with the double points of the ranges, subtend at any point of 
the conic a pencil of constant cross-ratio, 


4, The pole of the line joining the double points of a homography 
on a conic is joined to any pair of corresponding points of the homo- 
graphy; shew that these lines and the lines from the pole to the 
double points form a pencil of constant cross-ratio. 


5, Two fixed points 0, 0’ are joined to any point Q on a conic and 
meet the conic again in P and P’; shew that the ranges described by 
P and P’ are homographic, and that their double points are at the 
intersections of OO’ with the conic. 


6. Two conics touch each other at B and C; the straight lines 
joining B, C to any point of one conic meet the other conic in P, Q; 
shew that the envelope of PQ is a conic having double contact with 

the two given conics at B and C, 


7. Insoribe in a triangle a second triangle whose sides pass through 
three given points. 


8, Inscribe in a conic a polygon all of whose sides pass through 
given points. [This is an extension of Art. 132, Ex. 1.] 


9, Prove the correlative of Maclaurin’s Theorem, viz. If the three 
vertices P, Q, and R of a triangle move on fixed straight lines BC, CA 
and AB, and if two of its sides, PQ and PR, pass through two fixed 
points 8 and T, then the envelope of the third side is a conic. Shew 
also that this conic touches the straight lines AB, AC, BS, CT and 
ST, [This theorem can be extended to any polygon.) 


10, Circumseribe a triangle to a given conic, so that its vertices 
may lie on three given straight lines. 


11, If a polygon be circumscribed to a conic, and all the angular 
points except one lie on given straight lines, the locus of that angular 
point is a conic. 


12. The sides of a polygon pass through fixed points, and all the 
vertices but one lie on a fixed conic; shew that the locus of the 
remaining vertex is a conic passing through two of the fixed points. 


19, If the sides of a polygon pags through fixed points, and all the 
angular points but one lie on fixed straight lines, shew that the locus 
of that angular point is a conic. 
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Involution ranges on a Conic. 


133. Involution ranges on a conic are homographic 
ranges, such that to every point P corresponds the same 
point P’, whether P belongs to the first range or the second. 
Just as in Art. 28, we see that this can only be the case if 
in the fundamental relation of Art. 120 we have L = M. 


With the equation of the conic in the form By= ka’, the — 
* parameters of any two mates in an involution are therefore 
given by 
Kt +L (t+¢)+¥=0, 
The double points are given by 
kK? + 2Lt+ N=0, 


In the case when the double points are real and are taken 
as the angular points 8 and C of the triangle of reference, 
we see, asin Art. 121, that {=0 and V=0), and the relation 
between ¢ and ¢’ becomes ¢’ = ~ ¢, 


Or again, if we tuke the points B and C of the triangle 
of reference as two mates in the involution range, the 
fundamental relation is satisfied by ¢=0 and t'=a. Hence 
in this case Z=0, and the relation reduces to 

—— 
ib ays d. 

134. If Pand P, Qand Q, Rand R, ... are mates in 
an involution range on a conic, the locus of the intersection 
of all such patrs as PQ’ and P'Q 18 the straight line joining 
the double points of the involution; and the lines joining 
pare of mates, such as PP’, QQ’, ..., are concurrent in a 
point which rs the pole of the line joining the double pointe 
of the involution. 

Take B and C’ as two mates in the involution so that, as 
in the last article, the fundamental relation is ¢¢’ = A. 


If P, Q, R, ... are the points ‘¢,,” “t,,” “t;.”... and P’, Q’, 
RF’, ... the points 4,',” “¢,',” “ts,” ..., the equation to PQ’ is 
— ak (t, + ty) + Bet, + yk =0, 

1.8, — ak (t,t, +A) + Bt,A+ ykt, =0, 
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and that to P’Q is 
— ak (t,t, +r) + Bigr + yh, = 0. 
By subtraction, we see that these meet on the straight line 
BA — yk = 0. 

Now the parameters of the double points are JX and 

— JX, and the equation of the line joining them is thus 
Br-yk=0, 

so that PQ’ and PQ meet on the line joining the double 

points. This line is called the Axis of the Involution. 

Again the equation to PJ” is 

- ak(t, +’) + Bit; + yk= 0, 
i.e. —ak (t;) +d) + Bat + ykt 0. 
This clearly passes through the point (0, —4, A) which is 
the pole of the line joining the double points. This point is 
called the Pole of the Involution. 

Again the equation to PQ is 

— ak (¢, +t.) + Bt,t, + yk =9, 
and that to P’Q’ is 
~ ak (t;' + ty) + Bt,t, + yk=0, 
1.6. —akd (t, + te) + BA? + ykt,t, = 0. 
These clearly meet on the line BA — yk =0, ée. the Axis of 
Involution. 

Hence the Axis of Involution is easily found when any 
two pairs of mates P and P’, Q and Q’, are given; for it 
passes through the meet of PQ’ and P, and through the 
meet of PQ and PY. 


135. Conversely, If from any point A we draw straight 
lines to meet the conic in P and P’, Q and Q’, R and R,, ... 
we determine an involution range of which the points of con- 
tact of the tangents from A to the conic are the (real or 
imaginary) double points. 

Also given two pairs of points of an involution range on 
a conic, P and P’, Q and Q’, we can easily determine as many 
more points of the range as we wish. For let PP meet QQ’ 
in A, so that A is the pole of the involution; then the mate 
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of any other point 2 on the conic is the second point #' in 
which AX meets the conic. 


136. If we assume that the double points of the involu- 
tion are real, and take them for the points B and (' of the 
triangle of reference, the work is simplified. 


For P and P’ are now the points “t,” and “—¢,” and Q, Q’ 
are “t” and “—¢,.” The equations to PY’ and PY are 


— ka (t,—t) — Bit, + yk=0 and - ka (-4, +t.) —- Pht, + yk=0, 
which clearly meet on a=0, te. on BC. 

The equation to PP’ is Bé,?— yk =0, which passes through 
A. Also the equations to PQ and /”Q are 


—ka(t, +t.) + Bit + yk=0, and ka (t, +#,) + Bet, + yk=0, 
which also meet on BC. 


EXAMPLES. 


1, A system of parallel lines meets a conic in pairs of points in 
involution, [In Art. 185 take the point 4 at infinity.) 


9, The double points of an involution range on a conic, and any 
pairs of mates in the involution, subtend a harmonic pencil at any 
point on the conic. 


3, The points of contact of pairs of tangents to a conic from points 
lying on a given straight line determine an involution range on the 
conic, and the tangents themselves determine an involution range on 
any fixed tangent to the conic. 

[The chords of contact pass through a fixed point, viz. the pole of 
the given line; hence, by Art. 135, they determine an involution 
range on the conic.] 


4, If Ois a point on a conic, and chords PP’, QQ’, ... subtend right 
angles at O, the chords pass through a fixed point on the normal at 0. 
[The Frégier Point; see Ex. Art. 404, Part I.) 

[OP and OP’, 0Q and OQ’, ... are a pencil in involution and hence 
determine an involution range on the conic. Hence (Art. 134) PP’, 
QQ’, ... meet in a point O’. If P coincides with O, then P” is at the 
other sh of the normal through O, and hence O’ must lie on the 
normal. ]} , 


5, If, in the previous example, OP and OP’ eto, are equally inclined 
to the normal at O, the chords pass through a fixed point on the 


tangent at 0. 

6. P and P are fixed points on a given conic; from P and P” pairs 
of tangents are drawn to any confocal conic and they cut the given 
conic in Q, R and Q’, R’; shew that the locus of the intersection of 
QR and Q’R’ is a conic. [Use the previous example and Art. 25.) 
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Homographic plane figures. 


137. Two plane figures, in different planes or the same 
plane, are said to be homographic if to each point of either 
figure there corresponds one, and one only, point of the other 
figure, and if, in addition, to points on a straight line in the 
first figure correspond points on a straight line in the second 
figure. The relation between the two figures is called an 
homography. 

Let (x, y) be the coordinates of a point of the first figure 
referred to any axes in the first plane, and (z’, y’) the co- 
ordinates of the corresponding point in the second figure, 
Then if there is a one-one correspondence the most general 
rational algebraic relation between them is of the form 

, hetby+e, , ax+byte, 
Age ttgy te, 9 agetbyte, 

If to points on a straight line are to correspond points on 
a straight line then, corresponding to a relation of the form 
lz’ + my’ += 0, we must have a linear relation between z 
and y. But, on substituting the above values, we do not in 
general obtain a linear relation unless the denominators in 
the values of 2’, 1’ are the same, or one is a constant multiplier 
of the other. In either case we have 

»_Hethy ter yy _ Uet byte (1) 
Ost + boy + Cg UX + Dyy +c, 
These values, on being substituted in the relation 
lx’ + my +n=0, 
give a linear relation between x and y. 

On solving for x and y, we obtain 
_ & (byes — bycp) + 9 (b5¢, — 8, ¢,) + (b,c, — b,¢,) 

a’ (azby — ayby) + y' (a,b, — 005) + (4,5; - a,5,)’ 





H 


and 
__ & (e445 — 6502) + y' (650 — 145) + (6,4 — Com) 
a (aby - yy) + 9’ (yb, - 01s) + (aby a4y0,) 
The transformation from the second figure to the first is 
therefore by relations of the same type as that from the first 
figure to the second, 
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If A,, B,, C;, ... are the co-factors of a,, 6,, ¢,... in the 
determinant 


a, 5, % 
TE b,, Cy 


My, bs, Cs 
A,x' + Ayy’ + A, — Ba’ + Byy' + B; 
Cie +Cyy'+C, Cia’ + Cy’ + Cy 

The vanishing line in the first figure, i. e the line corre- 
sponding to the line at infinity in the second figure, is 

a,x + by + ¢,=0 
and the vanishing live in the second figure is 
x (a,b, - a3b,) + y' (a3b, - a,b;) + (2,6, - ayb,) =0. 

138. Any four points of the first figure, no three of which 
are in the same straight line, and four similar points of the 
second figure determine an homology of the abovekind. For 


we should then have eight linear relations to determine the 
eight ratios between the nine quantities | 


yy by, Cy, Og, day Cy Gg, Dy, Cy. 

It can be shewn that any four coplanar points can be 
projected into any four coplanar points in any other plane, 
provided that no three points of either set lie on a straight 
line. (Sce Hatton’s Projective Geometry, Page 43, Russell's 
Pure Geometry, Page 116, or Cremona’s Projective Geometry, 
Page 80.) 

Coplanar homographic correspondence. 

139. If the two figures are in the same plane, we have 
the same relations between (a, y) and (a', y’) as in the 
previous article. In this case some points of one figure may 
correspond to themselves in the other figure. These points 
are found by putting 2’ =a and y=y’ in relation (1). We 
then obtain 


then a= 


a (du + by + cs) = 0,0 +b,y +0, ......... (1), 
and Y (G,% + b,y +¢,) = 0,0 + b,y +¢, 4 
On eliminating y, we have a cubic for x; for each root of 
this cubic the equation (1) gives one, and one only, value 
of y. We thus have in general three double points, 


144 COORDINATE GEOMETRY 


The two conics (1), (2) only intersect in three finite points, 
since they have the direction of one asymptote common, 
and hence have one point at infinity common. 


Bx. Two homographic coplanar figures are such that to the points 
0, 0), (0, 1), (1, 0) and (1, 1) correspond the points (0, 0), (0, - 2), 
2, 1), and (3, 1) respectively. Find the general relation connecting 
the two sets of points, and shew that the coordinates of the self-cor- 
responding points are (0, 0), (0, 3) and (7, 3). Shew also that the 
vanishing lines of the two figures are z- y + 2=0 and 2-8y+3=0, 


Parametric Coordinates. 


140. We have had examples of the coordinates of a point 
on a conic being represented by functions of one independent 
parameter. Some more general propositions follow. 

141. Jf the coordinates (x, y, 2), whether Cartesvan, Tri- 
linear or Areal, of a point are given by the relations 

r E y “3 ⸗ 
a,04+2bt+c, a,2+2bt+c, at? + 2b,¢+ 0,’ 
to shew that ts locus 18 a conic section. 

The straight line /x + my + nz=0 meets the locus of the 
point where 
# (a,0+a,m +a,n) + 2t (6,1 +5,m+ 6,7) + (c,0 + cm +¢,n)=0. 
This gives, in general, two values of ¢. The straight line 
therefore meets the locus in two points, and hence the locus 
is a conic, 

The straight line will touch the curve if this equation has 
equal roots, 1.6, if 

(b,2 + b,m + b,n)*=(a,l + agm + an) ſeil + Mm + Cyn), 
1.6. if (b,2—¢,a,) 2 + (b,2 — c,a,) m? + (b,?— ¢,a,) n? 
+ mn (2b,b; — a4; — @36,) + 1H (2635, — a6, — a, ¢3) 
+ lm (2b, b,— a, ¢, — ay¢,) = 9. 
This is the tangential equation to the conic. The point 
equation may be found as in Art. 73. It is 
a? (Bi —40,A,) +? (B2-4C,A,) + 2 (Bs? - 404s) 
+ 2yz (BB, —24,C;-2A,C,) + au (By B, - 24,0, - 24,C,) 
+ Lay (B,B,-24,€,- 24,0) =0, 
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where 4,, B,, C,, ... are the co-factors of a,, b,, ¢,, ... in the 
determinant 


am, 5, « 
A= ay, b., Cy}. 
Gs, d, Cg 


Or it may be found as follows; from the given equations 
we have 


OO + 20,6 +0, = AM iccecescecsveeeee (1), 
gh + BOE + 0g Rae os sicveeiis coves (2), 
and gO + BD b + y= AG vee sersecerecerees (3). 


Multiplying (1), (2), (3) by A,, 4, As successively and 
ding, we have 
@.A=A(d,2+ Ay + Aj2). 


So 2t.4=A(B,x+ By + Bz), 
and A=A (C2 + C,y + C,2). 
“. (Bot Buy + Biz? =4 (Aya + Ary + Ay) (C,e + Cyy+C;2), 


i.e, 2°(B~44,0,) +...+... + 2yz [By By— 24,0, - 24,0] 
+.0.+...20, 


If the coordinates are Cartesian, we have z equal to unity. 
142. Lquation to a tangent, and coordinates of the point 


of intersection of two tangents. 
The line joining the points ¢, and ¢, is (Art. 51) 
wy Y; a 


Mt? + 2b, +¢,, ab? +Qbt, +c, agt,2 + Qbyt, +c, | = 0, 
Ait + 2d,b, + Cy, Gala? + Wyle +c, cigla? + Qdgt, +c, 
On subtracting the constituents of the second row from 
those of the third and dividing by ¢,—¢,, it becomes 
| z; Ys. 2 
Ot? + 2bjt +, dgh®+ 2b +0,,  agt,? + 2b,t, +c, | = 0, 
Q(t, +ty)+2b,, g(t, +t) +2b,, ay (t, + ¢,) + 2b, 
Lu 10 
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From the second row, multiplied by 4,+¢,, subtract the 
third row multiplied by ¢,7, and we have 


x; , 2 
2b, t, ty + ¢, (4, + 4), Qbyt, ty t+Cy(t, +t), 2byt,te+c,(t, + ty) 
a, (th +t) +2b,, (t+ 4) +2,, (y+ h) + 2B, | 





= 





On putting ¢,=¢,, the equation of the tangent at ¢, is 
os) Y; ⸗ 
Oty +b,, ytd, ast, +d, 
Ditty, Dy +e, dst, + ¢s 

So the tangent at ¢, is 

x; 9. ⸗ 
dit +b), Agly+ dg, Oyly + dg 
bit ty, Doty tea, bit, +c 
These clearly meet at the point 
(a, t,t, +b, (t, * ty) +01, Mgt,t, +d, (2, + t,) + Cy, 

Gist, ty + bs (t, + t) + Cy], 
which is therefore the pole of the line joining the points ¢, 
and t,, 

In (1), the coefficient of a is, after simplification, 
2 (<gby — Dytts) tty — (Cay — yy) (t, + ty) + 2 (gc, — 05 ¢9), 
and so for those of y and z. 


143. 7o shew that the general equation of any conic can 
be reduced to a form which can be satrgfied by equations of 
the form 


= 0, 








= 0, 








£ # Y 2 2 
a4 2b,t+0¢, agf+2bt+c, a,e 
The general equation 
as? + by® + c2* + 2fyz + Qgex + Zhay = 0 


is ' 
(aze+ hy + g2)!+ (ab — I) y? + (ac — g') 2 (gh— af) ye=0, 
ie. C (ax + hy + g2)*+ (Cy — Fz) +2 (BC — F*)=0, 

with the usual notation. 
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This equation is satisfied by 
JG (ax + hy +92) =A (1-8), 


Cy —Fz=X. 2, 
and / -(BC = F*).z=A(1+?). 


On solving these, we have the values of 2, y, 2 in the form 
given above. 


The conic whose equation is given in the form 
(/,2 + myy + m,2) (1,2 + my + yz) = (ly + my + 052)? 
is satisfied by | 
ae tmag tes _ hate an | eemys ge 
l ; t* - t 
and hence, on solving, we have the ratios of 2, y and 2 as 
above. 
Numerical Example. The conic 
a+ 2y® + 322+ Qyz + 42a + bay =0 
is satisfied by 
w=—1+14¢—5402, y= 20, and 2=1—10¢+ 184, 


144. Shew that the cross-ratio subtended at any point of 
the conic by the points t,, ty, ty, & is 
(t— 6) (44-4) 
(4-4) (h- 4)” 
Let 0 be the point where ¢=0 so that its coordinates are 
(¢,, Cy, 5). 


Then OP, is 
2, Y; ¢ =0; 
Q,t,7 + 2b,t,+0,, at,2+ Ib,t,+¢,, at? + 2b,t, +, 
Chy Cyy Cs 
i.e. 


2 [a (b,c, * b,¢,) +Y (bse, -b, ¢;) +2 (0, Cy b,c,)] 
=6, [x (c.q, * C3) +y (c,a,—c,@) +2 (c, ay — ¢,a,)], 
and s0 for OP,, OP,, OP,. 
Hence, as in Art, 63, the cross-ratio is as stated. 
10—2. 
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145. Cartesian Coordinates. 


The conic 
a Ceres oe we ] 
a,042b,t+0,  dyli+2b,t+¢, asf? + 2b,t+c, 
has points at infinity given by 
asf? + 26,¢+¢,=0 ...... — (1), 
J is thus an ellipse, parabola, or hyperbola according as 
3 = %Cg. 

From (1), the values of ¢ giving the line at infinity are such 

that 


and hence, as in Art. 142, the centre, which is the pole of 
the line at infinity, is given by 
a y l 
Gy Cy — 2b, 6. ba + 6,04 AC, — 26 aba + Coty 2 (a,c, — b,2) 3 
146. Shew that the conic given by 
e=a,0+2b,t+0,, y=agl* + 2b,¢ +c, 
is a parabola, whose directrix 18 
0,2 +,y = aC, — 6," + a,c, —b,’, 
and whose latus-rectum 48 
4 (Ciba aad)? 
(a;3+a,)t 
As in Art. 141, the line 
lg + my t+N=O wrrcccrerseers — (1) 
touches the conic if 
P (b,* = a,c,) + m*(b,* — a,c.) + lm (26,5, — aC - 2,6) 
~nla, - mna,=0...(2), 

This equation is satisfied by ? =m =0, 1.¢. by the line at 
infinity, and the conic is therefore a parabola. 

If (2, y,) be a ny point on (1), then n=—/z,—my,. On 
substituting this value in (2), the lines given by it are at right 
angles if the sum of the coefficients in the resulting equation 
is zero, i.e. if a,2,+a,y, + 5,2-a,¢,+5,?—a,c¢,=0, and the 
locus of (a,, y,), i.e. the directrix, is as stated | 
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If again (2,, y,) be the focus, this equation must reduce to 
F +m?=0, and hence we have 


0h, — By Yy = OC, — by’ ~ (ae — 54"), 
and Gy, + Oh Y, = Ce + OyC, — 25,54, 
1.6. (a,° + a,*) (2, —¢,) = a, (b,* - 6,*) — 20,6, b,, 
and (a,° + ay") (y, — ¢) = a (5, — 6,’) - 20, 5,5,, 
giving the coordinates of the focus. 
The perpendicular from the focus upon the directrix 


lire) te i— oo) CEFR! Ale el 


(a, +03!) (at+a) 
and the latus-rectum is twice this perpendicular, 


EXAMPLES. 
1, I «= s_ es 32:: 248042 24045041: 42-¢+1, 


find the tangential equation of the conic, and prove that it is a para. 
bola, the coordinates being areal, Sis 


9, Shew that — ar! represents a circle of 
radius 5, 


x 
5-6¢-30? 6+8t-08° 1+¢ 
3. Find the focus and directrix of the parabola 
e=l?-2t4+2, y=+1. 
4, Find the foci and the director circle of the conic of Art. 145. 
5, In the parabola x =a, t* + 2b,t+c,, y=a,t?+2b,t+c,, prove that 
the values of ‘‘¢” at the ends of the latus rectum are 
* (aby ~ agh,) - (0,0, + 4504) 
a;* +a," 
6, If t, and ¢, are the parameters of the ends of any chord parallel 
to y= mz of the parabola z=a,t? + 2b,t+¢,, y=a,t* + 2b,t +c,, shew that 
fia 
iS ae , = ma, ¥ 
7, Shew that the parametric form in areal coordinates of the conic 
which passes through the middle points D, E, F of the sides of the 
triangle of reference, through the vertex C, and which touches 4B 
at F, is 
wry:2::2-i44t+ (24%) 28 (1- t8) : - 444+ 8t+4 422, 
where ia 4/1, 


CHAPTER V 
TANGENTIAL COORDINATES 


147. If in the general equation to a straight line 
| la + mB + ny = 0 
we give to /, m, n particular values, we get a definite and 
determinate straight line. Hence /, m, » are called the 


coordinates of the line because they determine its position, 
and they are denoted by the symbol (/, m, 2). 


If there is a linear relation between these line-coordinates, 
such as la, + mB, +ny,=0, where a,, 8, y, are constants, 
then the straight line passes through the point (a, B,, y,). 
Such a linear relation between the line coordinates therefore 
determines a point and is the equation to a point, 


(Thus the tangential equation of the ciroum-centre is 
t cos A +m cos B+ncos C=0, 
this being the condition that the straight line /a+m8+ny=0 should 
pass through the circum-centre whose coordinates are 
(cos A, cos B, cos C). 
So the tangential equations of the ortho-centre, in-centre and centroid 
are respectively 
lsecA+msecB+nsecC=0, l+m+n=0, 
and Lcosec A +m cosec B +n cosec C =0, 


If there is a relation of the second degree between /, m, 
and n, we have shewn jn Art. 72 that the line envelopes a 
conic; in other words a tangential equation of the second 
degree represents a conic. 


If there is an algebraic homogeneous relation of any kind 
between J, m, and n, the straight line will envelope some 
curve, and this algebraic relation is called the tangential 
equation of that curve. 


148. The foregoing will hold similarly if we use Areal 
Coordinates, But, in order to shew what coordinates are 
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meant, the letters p, g, r will be used to denote the coor- 
dinates of a line in Areal Coordinates, and hence 
px+qyt+rz=0 
will be the standard equation of a line in Areal Coordinates. 
Most of the Articles in the present chapter will be true 
for Areal as well as Trilinear Coordinates. Where there is 
any difference it will be mentioned. 


If we use Cartesian Coordinates, we shall have the co- 
ordinate 2 equal to unity, and then a and y are the Car. 
testan Coordinates. 


149. We can easily convert tangential equations in 
trilinear coordinates into the similar equations in areal 
coordinates. For suppose that the trilinear equation 

la+mB + ny=0 
represents the same straight line as the areal equation 
pa + gy +r2=0, 
so that /a, mB, ny are proportional to pa, gy, rz. Now 


a, 2, y ave, as in Art. 67, proportional to = i =, Hence 


3 7, are proportional to p, q, 7 and hence J, m, n to 
pa, gb, rc. It follows that a tangential equation in trilinear 
coordinates can be changed into the corresponding one in 
areal coordinates by substituting pa, gb, and rc for /, m and n, 
where a, 6 and ¢ are the sides of the triangle of reference, 
and conversely. 


150. The equation of any straight line through the 
intersection of (a + m,8 + my =0 and fa + mB + ty =0 is 
(1, + Al,) a + (m, + Am,) B + (nm, + An) y =O, 
so that the tangential coordinates of any line through the 
intersections of the lines (1, m,, m,) and (/, m,, m,) are 

(4, + Aly, m, + Army, m + Any). 
The tangential coordinates of the line joining two fixed 
points (a,, Bi. y,) and (a,, By, y,) are, as in Art. 51, 
(Biya Bays Vi9a— Y2%, 9183-448): 
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151. Just asin Part I, Art. 116, it may be shewn that 

the tangential equation 
3 = AP + Bm? + Cn? + 2Fmn + 2Gnl + 2HIm = 0 
breaks up into linear factors if 
ABC + 2FGH - AF* - BG? - CH?* = 

In this case the conic becomes 4 pair of points. For let 
the two linear factors be Ja, + mf, +ny, and la, + mB, + ny;. 
Then %=0 is satisfied when either /a,+mB,+ny,=0, or 
when la, + mB, + ny, =0, i.e. when the straight line 

la+mB +ny=0 

passes through either of the points (a,, Bi, 3 and (a,, 3, 73). 
Hence these two points only are represen 


152. The tangential equation of a circle, whose radius 
is r and whose centre is at the point (a, 6, 7’), is easily 
obtained by expressing the condition that the perpendicular 
from the centre upon any tangent is equal to 1, and is wi 
by Art. 59, 


la’ + mB’ + ny’ 7 aa’ + 6B’ ey 
aye —— 20 
i.e. 
r?(aa'+bB' +cy')*(?+m?+n?—2mncos A —2nl cos B—2/mcosC’) 
= 4A? (la' + mp’ + ny’). 
So in areal coordinates it is 
(al +y' +2’) (ap? + bg? + er? - 2qirbe cos A —...—...) 
= 4A? ( pa’ + gy’ + 12)", 


where in each case a, 6, and c are the sides of the triangle 
of reference. 


153. To find the point of contact of any tangent to a 
conic given by ils tangential equation. 
Let the point equation to a conic be 
S = aa’ + 6B? + cy + 2fBy + 2gya + 2haB=0...(1), 
so that its tangential equation is 
2=AP+ Bm? + Cn? +2Fmn+2Gnl+2HIm =0 ...(2), 
where A =bc-/f?, ..., ..., M=gh—af, ...,... a8 in Art. 72, 
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Let the point of contact of the tangent 
Lat MB + Nyy =O .ccerereevvenes (3) 
be the point (a,, 8,, y,). Then (3) must be the same as the 
tangent to (1) at (a,, B,, y,), 4.6 it is the same as 
a (aa, + hB, + gy) + B (ha, + 6B, +f.) + 7 (gay +/Bi + cy:) = 0. 
. da, +hB,+gy,=Al,, 
ha, + 6B, + fy, = Arm, 
and ga, +f, + cy, =An. 
. Multiplying these equations by A, 1, G and adding, we 
ave 
Aa, = A[ Al, + * + Gn], 
and so for the others. 
0 ae a 
' AL+Hm,+@n, Hl,+Bm+Fn, Gl,+ Pmy+ Cn,’ 
giving the required point of contact. 
But the tangential equation to the point (a, ,, y;) 18 
la, + mB, + ny, = 0. 
Hence the tangential equation of the point of contact of 
the line (/;, m,, 2,) is 
L[Al, + Hm, + G@n,] + m[H, + Bm, + Fn] 
+n[Gl, + Fm, + Cn] =0 
i.e pt ia or / * +m ae 34 
 m ae Vd * ‘dm "dn 


Kither of these is of the same form as the tangent at 
a given point in point coordinates (Art. 71). 


154. To find the pole of any line (1, m,, ni) with respect 
to the conic whose tangential equation ts 


> = AP + Bm? + Cn? + 2Fmn + 2Gnl+ 2Him =0. 


Let the line .a+m,B+n,y=0 meet the conic in two 
points the tangents at which are 
la + mB + ny = 0 —— ——— (1), 
and La, + mB + Myy =O... .ccceeeecreeee(Q), 
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By the last article, the point of contact of (1) is 
(Al,+ Hm,+Gn,, Hi,+Bm,+ Fn, Gl,+ Fm, + Cn,). 
Since this point lies on the line /,a+m,B + my=0, 
. 1 (Al, + Hin, + Gn.) +m, (Hl, + Bm, + Fn,) 
+n, (Gl, + Fm, + Cn,) =0, 
or 
L, (Al, + Hm, + Gn,) + m, (Hl, + Bo, + F'n) 
+ nt (Gl, + Fm, + Cn,) =0. 
Similarly 
1, (Al, + Hm, + Gn,) +m; (H1, + Bm, + Fn) 
+ ny (Gl, + Fm, + Cn,) =0. 
But these are the conditions that the two tangents pass 
through the point 
(Al, + Hm,+Gn,, Hl,+ Bm, + Fr, Gl, + Fm, + Cn), 
which is therefore the required pole of the line (/,, m,, ™). 
This is the result of Art. 76. 
These coordinates may be written in the form 


—— 

dl,’ dm,’ da/ 

The tangential equation of this pole is thus 

pad — or — ae — 
dl, dm, dn, 1 dm dn 


The forms of these equations are similar to those of Art. 75. 


155, Two lines (I,, m,, ”,) and (/,, m,, n,) are conjugate 
if the pole of egch lies on the other, 1.¢. if 


1 On dx a3 _ 4 
‘a... ey 
or oe mot an d% 9 
dl, * dm,; adn, 


This was also found in Art. 76. 
The line (/, m, n) is a tangent if its pole lies on itself, i.e. if 


4X dd dd 
adm "in 


we. if 3=9, 
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156. Centre and asymplotes of a conic given by the general 
tangential equation in trilinear coordinates. 

The centre is the pole of the line at infinity 

aa.+bB +cy=0. 
Hence, as in the last article, the centre is the point 
(4a+Hb+Gc, Ha+ Bb+ Fc, Gat Fb + Cc). 

Also the asymptotes are the pair of tangents that can be 
drawn from the centre to the curve. 

Hence an asymptote is the line (J, m, n) given by 

Ida Hb + Gc) +m(Ha+ Bb + Fe)+n(Ga+ Fb +Cc) =0 


and 
AP + Bm? + Cn? + 2 Finn + 2Gnl + 2Hlm=0 ...(2), 
1.¢. if ¢ (1, m,n)=0 is the tangential equation, the centre 
is given by as ae 
. , dm dn °, 
and the asymptotes by this equation and ¢ (I, m, 2) =0. 
On solving these two equations, we have the asymptotes. 


The conic is an ellipse, parabola, or hyperbola according 
as the roots are real, coincident, or imaginary. 

The condition that the conic may be a parabola is more 
easily obtained from the fact that the line at infinity is a 
tangent, and hence (2) is satisfied by /=a, m=b and n=c. 
The condition is thus 

Aa + Bb' + Cc? + 2 Fbe + 26'ca + 2 Hab -- 0. 


157. In Areal Coordinates the centre is the pole of 
the line a+ 4y+2=0, and is given by 


do dp dp 
dp * ay * ir 
so that it is 
(A+H+G, H+B+F, G+F +0). 
The asymptotes are given by. 


p(A+H+G@)+q(H+ B+ F)+r(G+F+C)=0, 
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and . 
Ap + Bg + Cr? + 2F gr + 2Grp + 2Hpg = 0, 
ive. by 
dt 4b 4 9 ond bip.r) 
Pe Ee and $(p,q,7)=9. 
The conic is a parabola if 
A+B+C04+2F+26+2H =0. 


158. To find the equation to the director circle of the 
conte whose tangential equation 18 
Al’ + Bm? + Cr? + 2imn + 2Gnl + 2Hlm = 0, 
If the line (/, m,n) passes through the point (a, A, 71); 
then Ja, + mB, + ny, = 9. 
If we eliminate n between this and the tangential equa- 
tion, we obtain 
Bl Ay? —2Gy,0, + Ca,'] + 2lm[ Hy, - GB, y,— Fy,a, + Ca,B;] 
+m (By? —2FB,y, + CB ]=0. 
This equation gives the two tangents, (/,, m, ™) and 
(1,, 1, 3), Which pass through (a,, ,, 7%). Hence 


hl, Mm, Mg 
By? — 2FB, nt CB; Ca,’ = 26; a, + Ay,’ 
l,m, + 1m, 


= [9My*+ GB, y, + 2Fy,0,-200,B, 
We should, by eliminating / and m instead of n, obtain 
similar relations for 22,1, 7, % + m,n, and 1,/, + m,l,. 


Now if (a, Bi, y,) is on the director circle the two tangents 
are at right angles. Hence, on substitution in the result of 
Art. 54, we have 

(By? - 2FB,y, + CB) +... +... 

+2[ Fa,?+ AB, y, — Hy,a, - Ga,8,] cos A+... +... =0. 


Hence the equation to the director circle is, as in Art, 79, 


a’ (B+C +2 cos A)+...+... 
+ 2By[A cos A — F'-G cos C ~ H cos B]+...4...- 
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Bx. 1. Shew that the equation to the director circle of a conic, 
whose tangential equation in oblique Cartesian coordinates is 


AB+ Bmi+ Cn? +2Finn+2Gnl+2Him=0, 
is C (x? + Qzy cosa w+y%) 
-~2(G+Fcosw) 2-2 (F+Gcoew)y+4+B+2H cos w=0, 

Hx. 2. With rectangular Cartesian coordinates shew that the 
tangential equation 

AB+ Bmi + 2Fmn+2Gal+2Him=0 
is that of a parabola, whose directrix is given by 2G2+2Fy=A+B, 
and whose focus (x, vi) is given by 2 (x, +iy,) (G+Fi)=A - B+ 2Hi, 
where iat,/—1. [A tangent through the focus is y -y, =i (2-2), 80 
that the values /=i,m=—1,n=y, —ix satisfy the tangential equation.) 

159. To obtain the foci of a conic whose tangential equa- 
tion in rectanyular Cartesian Coordinates is 

> = AP + Br? + Cn? + 2F'mn + 26nl + 2Him=0. 

Let (æ, ¥;), (%) y2) be the two real foci, or the two 
imaginary foci, of the curve. The product of the perpen- 
diculars from them upon any tangent is constant, 

Hence 

(la, + my, + 2) (lay + my, + 2) 
+m? 

Comparing this with the given tangential equation, we 
have 

@ty—A_YYa-A_ 1 _ YtY,_ M+ Yet ay, 
” eee C FF io tan. 
“ C@m-ny)=4-B; Cm +a)= 26; 
C (yt y.)=2F; and C (ay, +244.) = 2H. 
Hence, substituting for x, and y,, we have «,, y, given by 
C (x,?—¥,3)- 262, + 2 Fy, + A ~f- 0, 
and | Cx,y, - Fx, -Gy,+ H =0, 
two equations to give the foci. They represent two rect- 
angular hyperbolas which intersect in the two real, and the 
two imaginary, foci. 


= const. =A. 








Again, since 
(dar, + my, + 2) (lag + my, +2) = S+A (P+ m?), 


158 COORDINATE GEOMETRY 


the right-hand member must break into factors, the con- 
dition for which is 
C(A+d)(B+A) + 2FGH 
—(A +A) F?-(B+ d) G?—(C +A) H*=0, 


or 
OM+A[(4 + B)C-F?- 6G") 
+(ABC + 2FGH — AF*- BG?— CH?) =0. 


Now, if the foci are real, the value of A is the square of 
the semi-minor axis; whilst, if the foci are imaginary, it 
can be shewn (from Part I, Art. 394) that A is equal to the 
square of the semi-major axis. Hence the squares of the 
semi-axes are given by the equation 


OM +A[(A + B)C- FP? -G]+A4=0, 
where A is the discriminant of the tangential equation. 


160. Bx. Conics are drawn touching the sides of the triangle of 
reference and also the straight line (1, - 1,1); shew that the tangential 
equation of the envelope of the asymptotes is q(p+q+7)- pr=9, and 
interpret the result. 


The tangential equation of an inscribed conic is 
Lar + Mrp + Npq=0. 


This is satisfied by (1, -1, 1)if W=L+N. Henoe, on patting N=,L, 
the equation is 


grt (w+) rp + upg... .rercerseeseerens (1). 
The centre is (Art, 157) 
p(2Qn+1) +9 (ut ltr (et2)=0 eee (2). 


The asymptotes are given by (1) and (2). Eliminating », we have 


(p-*) [9 (p+q+r)-pr]=0. 
This is therefore the tangential equation always satisfied by the 
asymptotes. The factor p-r=0 gives p=q=r=0, 


Hence the equation required is 
Q(ptQtr—praO ..rrceccceserecscees (8). 


This is satisfied by p=q=0, and by q=r=0, Hence the envelope of 
(3) is a conic which touches the sides z=Oandz=0. | 


By Art, 78, the point-equation is easily seen to be 
3 43 4 224 Dye - 6224+ Qry=0. 
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EXAMPLES, 


1, Shew by a diagram the position of the straight line whose areal 
coordinates are proportional to (-1, 2, 3), and of the point whose 
equation is ~p+2q +3r=0, 

2, In areal coordinates, shew that the tangential equation to a conic 
touching the sides of the triangle of reference, and having its centre 
ah (2, Yor 2), is 

(Yo +2 - Xo) grt (zg +9 ~ Yo) 1 + (Zo +Yo- Zo) pq=0. 


If the centre of the conic is the nine-point centre, ahew that the 
equation is 


qr sin 2A + rp sin 2B + pq sin 2C =0. 


Shew that gr cot -+ rp cot ; + pq cot S = is the tangential equation 


of the circle inscribed in the triangle of reference. 
3, In areal coordinates, what curve is represented by the tangential 
equation 
(ap + bg ~ cr) (ap - bg + cr) + (ap + bg - er) (- ap +bq +er) 
+(-ap+bq +cr) (ap - 9 +cr)=0? 
4, In areal coordinates, shew what is represented by the equations 
(1) ptan 4+ q tan B+rtanC=0; 
(2) a*p*=4be qr; 
(3) 2p?=(p+q)r; 
(4) an/ptd Jate /r=0; 
(5) a/g+r+d Jrtpte p+ q=0; 
where a, b, ¢ are the sides of the fundamental triangle. 
5, Find the centre and asymptotes of the conic whose tangential 
equation is p?+4 pq - 2g3- r3= 0, | 
6. Find the coordinates of the points of contact of the sides of the 
triangle of reference with the conic whose tangential equation is 
Lr + Mrp + Npq=0. 
Find also the centre of the conic. 
7, Shew that the straight lines joining the vertices of the funda- 
mental triangle to the points in which the conic 
ax*+ by? + cz? + Bfys + Qgce+ Shey =0 
cuts the opposite sides touch a conic whose tangential equation is 
bep* + cag? + abr? — 2af gr · 2bgrp - 2chpq =0. 
8, Shew that the three perpendiculars from the vertices upon the 
opposite sides of the triangle of reference, and the three lines to the 


middle points of these sides from the vertices, all touch the conic 
whose tangential equation is 


P gin 2B sin 2C+...+...+2mn in A sin 2d +...+...20. 
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9, Find the tangential equations of the inscribed and nine-point 
circles of the triangle of reference, and shew that one of their centres 
of similitude lies on them. 


10, Shew that all conics of the system p*-q*=kr®, where k is 4 
variable parameter, have one common asymptote, and that their other 
asymptotes all pass through a common point. 


11. If p and q are the lengths of the perpendiculars on a variable 
line from two fixed points, shew that 
ap+bq+e=0 and ap*+ 2hpq +bg?=c? 
represent respectively a circle and a conic. 
Interpret the equation p’¢+q'p=2k?, where the line (p’, q’) is any 
tangent to the ellipse pg =n". 


12. Shew that the lines joining the vertices of the triangle of 
reference to the poles of the opposite sides with respect to the conic, 
whose tangential equation is 

Ap? + Bg? + Cr? + 2F gr + 2G rp+ 2H pq =0, 
meet at the point Fr= Gy = Hz. 

If this conic touch four fixed lines, shew that the locus of this point 
is a conic circumscribing the triangle of reference. 


13. If the equation to a straight line in rectangular Cartesian co- 
ordinates be lz +my+n=0, shew that the equation 4c2/m=n? repre- 
sents a rectangular hyperbola, and that the equation to its evolute is 


e2 (12 — m2)? + imn?=0, 
14, Shew that the equation to an asymptote of the conic yz =kz? is 
dkot+y+2= +(y -z),/1 -4k, 
and shew that for all conics of the system its envelope is the 
parabola 
(y +2 +22)? =4yz, 

15, Two tangents are drawn from a fixed point O to a conio; the 

first is met by a variable tangent in P, and the second by a parallel 


tangentin Q. Shew that the rectangle OP. OQ isconstant, [This may 
be solved by either tangential or homographic methods. ] 


16. Shew that tangents to the conic 
Saaz? + by? +2? + Of yet 2ger+Bhry=0 
at the points where it is met by the line pr+qy+rz=0, are given by 


the equation 
§.2=A(pr+qy+re)?, 


where >=0 is the tangential equation of S=0, and A is the dis- 
criminant of 8. : 


TANGENTIAL COORDINATES 161 


Meaning of 3 +A’ =0. 


161. If $=0 and 3'=0 are the tangential equations to 
two conics (i.e. the conditions that the general straight line 
la + mB + ny = 0 touches them), then 3 + AX’ = 0 is the tan- 
gential equation to a conic which, for all values of A, touches 
the four common tangents of 3 and 3’. For it is satisfied 
by any straight line whose line-coordinates satisfy both 3 = 0 
and 2'=0, i.e. by any common tangent to both conics, 

[The student should notice the analogy with the point 
equation J+AS'=0 (Part I, Art. 380). The conic S+S'=0 
passes through all the points whose coordinates satisfy both 
S=0and S’=0. The conic % +A’ =0 touches all the lines 
whose coordinates satisfy both 3 =0 and 3’=0.] 


Particular Cases. 


4+APQ=0, where P and Q are linear, i. e. they are the 
tangential equations of points. 

As in the general case this case gives a conic whose 
equation is satisfied by 3=0 and P=0, or by 3=0 and 
Q=0, t.¢. it touches all the lines which touch 3 =0 and pass 
through the two points given by P=0 and Q=0, te. it 
touches the four tangents which can be drawn from the 
points P=0 and Q=0 to the conic 3 =0. 

3+AP?=0. If the point Q=0 moves up to, and ulti- 
mately coincides with, the point P= 0, the point of contact 
of the conic with the tangent from the point Q=0 will move 
up to, and ultimately coincide with, the point of contact of 
the tangent from P=0, ire. the conic 3 +AP*=0 will touch 
the conic 3=0 at the points where the tangents from the 
point /=0 meet it. 

PQ+ARS =0, where P=0, Q=0, R=0, S=0 are the 
tangential equations of points A, B, C, D. 

The equation is satisfied by any line which satisfies both 
P=0and R=0, w. by the line AC; so by any line which 
satisfies P=0 and S=0, i.e. by the line AD; similarly by 
a line which satisfies Q=0, R=0, or Q=0, S=0, ae. by the 
lines BC or BD. Hence the equation gives any conic which 
touches the four lines AC, AD, BC and BD, 


Lil ll 
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If P and Q coincide, then P?+ARS=0 is the tangential 
equation of a conic which touches the lines AC and AD at C 
and D, where A, C, D are the points whose tangential 
equations are P=0, R=0, and S=0. 

162. Bx. If p,, 95. Ps, ps are the perpendiculars from the angular 


points of a quadrilateral upon any tangent to a conic inscribed in the 
quadrilateral, then p,ps=kpapy. | 


Let > Pl ? » Pas J as, Bey and ay, Bay be the 
soondintea tt cL —— a8, * of —5 " 


Then la; +m8,+ny,=0 etc. being the tangential equations of the 
points A, B, C, D, the tangential equation of any conic touching 4B, 
AD, CB, CD, i.e. of any inscribed conic, is, by the last article, 

(la, + mB, + ny;) (la, + MBs + nys) =k (lag + mB, + yz) (la. + mBy + 74). 

But la,+mf,+ny, is proportional to the perpendicular p,, and 
similarly for the others, Hence we have 

PiPs= hpg ry. 

163. Tangential equation of the circular points 

at infinity. 


The circular points at infinity are given by the inter- 
section of the circle 


aBy + bya+caB =0 ...... (1) 
with the line at infinity 
40+ OB + cy =O... cseeecoeeens (2). 
The straight line 
la + mB + ny =0 — R — 


passes through one or other of these points if these three 
loci have a common point. 


(2) and (3) meet where 
OL 


me—nb na-le lb—ma’ 
and this point lies on (1) if 
— — ~ma) +b(1b—ma) (me—nb) +¢(me—nb) (na -Ic)=0, 
i.e. i 
abe (P + m? + 1°) — mn a (6? + c* - a”) — nl b (c? + a? — b’) 
— Ime (a* + *-c*)=0, 

i.e. if 

P +m? +n*— 2mn cos A — 2nl cos B- 2im cos C =0...(4). 

This equation, being the condition that (3) passes through 
one of the circular points at iufinity, is their tangential 
equation, : 
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164, If the coordinates be Cartesian and rectangular, 
the corresponding condition that Ax + wy + v=0 should pass 
through the circular points at infinity is A°+ »?=0. For the 
condition (4) implies (Art. 59) that for every line through 
these circular points the perpendicular on it from any point 
is infinite, and A? + x? = 0 means this in Cartesian rectangular 
coordinates, 

Or, again, the straight lines through any point to the 
circular points at infinity are yta/—1+c=0, Hence 


for these straight lines, = = T° and so A? + np? = 0), 


Similarly, for oblique Cartesian coordinates, the corre- 
sponding equation is A?+ 2Ay cosw + p?=0, where w is the 
angle between the axes, 

If the coordinates are Areal, the circular points at 
infinity are given by the intersection of the circle 

ayz+bzr+cay=0, and s+y+z=0, 
and hence their tangential equation is 
@ p* + bg? + 71° — 2bcgr cos A— 2carp cos B — 2abpg cosC = 0. 


Tangential equation to the foci of a conic 
and to confocal conics. 


165. We have seen in Part I, Art, 392, that the 
(imaginary) tangents from the focus of a conic to the conic 
satisfy the conditions for being a circle, and hence they pass 
through the circular points at infinity through which all 
circles pass. 

If then from the circular points at infinity we draw 
tangents (imaginary) to the conic they form a quadrilateral 
two of whose angular points are the real foci, and the other 
two of whose angular points are the imaginary foci, of the 
conic. Also all conics which have the same tangents from 
the circular points at infinity have the same foci. 

If 3=0 is the tangential equation of any conic, and 

2’ =P +m? +n?—2mn cos A — 2nl cos B- 2lm cos C = 0 
. the tangential equation of the circular points at infinity, 
then 

S+AR=0 
11—2 
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is satisfied by all lines which satisfy both % and 3 =0, 
4.6. it is the tangential equation of all conics which touch 
the four tangents that can be drawn to 3=0 from the 
circular puints at infinity. 

But the other intersections of these four tangents are the 
foci of the curve. 

Hence % +A’ =0 has the same foci as 3 =0, and thus 
the tangential equation of all conics confocal with = 0 is 

S+A[P +m? + n’— 2mn cos A - Ini cos B - Alm cos C'} = 0 

If this equation (1) breaks up into linear factors, and this 
by Art. 151, it will be found to do for two values of A, it 
represents two pairs of points, and these points are the foci 
themselves. 


166. Similarly, in Areal coordinates, the equation of all 
conics confocal with % = 0 is 
3 +A (a*p? + b%y? + cx? — 2begr cos A — 2carp cos B 
— abpq cos C) = 0. 
167. Tangential equation to the foci in Cartesian coor- 
dinates. 
If 3 =0 be the tangential equation to any conic, that to 
any confocal is 
RHA 4 0 oie (1), 
1.6, 
(A+) 2+ (B+) m+ Cn? + 2Fmn + 2Gnl + 2Him = 0. 
This breaks into factors, which are the tangential equa- 
tions to the foci, if 
(4+)(B+A)C + 2FGH -(A +d) F*-(B+d)G?- Cll? =0, 
i.e. if 
(ABC +2FGH-AFP*- BG?*-CH? 
+A(AC+ BC-F?-G*) + NC = 0, 
i.e, if A?+A(a+b)4+NC =O, 
where A is the discriminant of the point equation. 
Eliminating A between this and (1), we have 
(2 +m? A?— ZA (a + 6) (2? + m*) + ('2? = 0, 
as the required tangential equation of the foci. 
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It will be noted that in the above work it has been assumed that 
(ABC +2FGH - AF? - BG? - CH?) = (abc + 2fgh - af? - bg? - A.. 


This can be proved by the use of the relations of Art. 73. For the 
left hand 


=A (BC - F})+H (FG -CH)+G (HF - BG) 
=A.ah+H.hA+G.gA=A(da+Hh+ Gg) =A’. 


168. General tangential equation to all conics having 
the given pornis S,, (a,, By; y), and Ss, (42) Bas Ya); as focr, 

If la + mB +ny=0 be any tangent, the product of the 
perpendiculars from the foci upon it is constant. Hence 

Se tT I Ns ako 

lip mit nt Sen 00a A—Inl cos B— Ym om 0 ON * 

The tangential equation required is thus 

(Ja, + mp, + ny) (lag + mB. + NY») 
=) [P+ m*+n*-2mn cos A — 2nl cos B- 2m cos C}...(1). 

If we want the parabola with §, as focus, then S, is the 
point of contact of the conic with the line at infinity, and 
hence we have in addition 

aa, + bB, + cy, = 9. 

Similarly, in Areal Coordinates, the tangential equation 
of all conics having (#,, y,, %) and (a, y., 2) a8 foci is 
(par, + Gyr + 1%) ( pity + 940 + 1%) 
= (a*p* +.5%9?+c%r* —2begr cos A - 2carp cos B-2abpq cosC), 
and, if the conic is to be a parabola, we have, in addition, 

f+ Y,+2,=0. 


169. If b= a+ Qhay + by + 29gu+2y+e=0 be the 
general Cartesian equation to any conic, shew that the equation 
of all conics confocal unth it is 


o+khy+KA=0, 
where w= C (a®+ y*) -2G0-2Fy+A+B, 
A is the discriminant of >, and k 13 a variable parameter. 
By Art 167, the tangential equation of any conic confocal 
with d= 0 is 
(A +A) P+(B+A) m?+ Cn? + 2mn + 2Gnl + 2Him = 0. 
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Henee, by Art. 73, the corresponding point-equation is 
a" [BC — F?+ AC] +? (CA—G?2+A0] +[(A + A)(B +A) —H?] 
+2y (GH -AF-XAF] + 2a[HF- BE -AG] 
+ lay [FG —-CH]=09...(1). 
But, as in the same article, we have 
BC-F'=ad; CA-G=bA; AB-H*=cd; 
GH-AF=f4; HF-BG=gAd; and FG-CH =AdA, 
where A is the discriminant of the point-equation. 
Hence (1) becomes 
Ad (x, y) +A[C (2? + y*)-—26a—-2Fy+A+ Bl +N =0, 
1.6, on putting A = KA, it is 
> + hy + RA =0. 
It will be noted that y= 0 is the equation to the director 
circle of the conic (Part I, Art. 390), 


Cor. It may be deduced, by putting A = pc, that all conics 
confocal. with aa* + 2hay + by*+c=0 are given by 


ag? + Dhay + byt + p(at ryt) +e SPM OPOAE 9 


where p is some constant. 
170. Bx. 1. Find the equation to the conic, whose foci are the 


— — and ortho-centre of a triangle ABC, and which touches the 
side BC, 


The circum-centre is (cos A, cos B, cos C) and the ortho-centre is 
(cos B cos C, cos C cos A, cos A cos B), 


Hence the tangential equation of the conic is 
(tcos A + mcos B +n cos C) (l cos Boos C+ moos C cos A +n cos A cos B) 
=) (22+ m?+n?-2mn cos A — Ini cos B - 2lm cos C), 

4 or the conic touches BC this equation must be satisfied by 

9 “9 * 

Hence \= cos A cos Bcos C, and the equation becomes 

mn cos 4 (cos? B+ cos? C +2 cos A cos B cos C)+...+...=0, 

ie. mncos A (cos B sin A sin C+cosC sin A sin B)+...+...=0, 
ie. mncos A sin? A +nlcos B sin? B+ lm cos C sin? C=0. 

Hence the point equation is 

sin A Va cos A +sin B,/8 cosB+sin C ,/> cos C=0, 
The conic therefore touches the other two sides of the triangle, as 


would be expected, since the product of the perpendiculars on any 
side of the triangle from the circum- and ortho-centres is the same. 
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Ex. 2. Shew that there are four, and only four, conics inscribed in 
a triangle each confocal with a conic circumscribed to the triangle, and 
find their equations. 


A circumscribed conic is L8y+Mya+Nas=0 and its tangential 
equation is ./L1+./Mm+./Nn=0, ice. 
L2 [24 M?2m?+N4n? - 23Nmn-2NLal - 2LMIim=0. 
The tangential equation of any confocal is 
L?P + M2 m2? +N? n? -2MNmn -2NLnl -2LMIm 
+ (14+ m? +n? - 2mn cos d — 2nl cos B - 2lm cos C)=0. 


If this conic is inscribed in the triangle of reference, this equation 
must be satisfied by 


(1, 0, 0), (0, 1, 0), and (0, 0, 1). 

Hence L?=M*=N?= -}, 
and the confocal is 

mn (L? cos A - MN) +nl (MM? cos B - NL) +lm(N? cos C - LM) =0, 

The four different cases are then given by 

L=M=N; L=M=-N; L=-M=N; and -L=ME=N. 
The corresponding circum-conics are 
Byt+yat+o8=0; By+ya-aB=0; 
By-ya+aB=0, and - y+ ya+a8=0. 

The corresponding confocal in-conics have as tangential equations 

mn ein’ +nl ein + lm sint =0; mn costs tnloosts ~ mieinz =0; 


A B C — B 0 
—— i 2_ 222 3 2 ° - pad > —_ . 
mn cos" 5 nisin 3 + Emeos 3 0; -mnsin g tnloos 5 + lmeos j 0; 


and as point equations 


nin < Ja + sin | JB + sin © vy =0; 
2 2 2 

con * Ja + 008 = JB + sin = 720; 
| 

wx —— 


ein 5 ~a+-008-5 Alf + 0085 vy =0; 
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EXAMPLES. 


]. Find the foci of the conic whose tangential equation in Cartesian 


coordinates is 
1977 +. 16m? + 4im -1=0. 


9, From the tangential equation of the conic 
az? + 2hay + by? + 292+ 2fy+c=0, 
shew that its foci are given by the equations 
Cz? -2G2+ A= Cy? -3Fy+B=K, 
where K is either root of the quadratic 
CK*- (a+b) Ak+A?=0, 
9, Shew that the circum-centre of the triangle of reference is one 
focus of the conic whose tangential equation is 
gr sin 2A + rp sin 2B +pq sin 2C=0, 
and find the other focus. 
4, Shew that the trilinear equation to the ellipse through B and C 


which has one foous at the angular point A of the triangle of reference 
ABC, and the other focus in BC, is 


a? ein? 5 + By +704 af=0. 


5, Shew that it is possible to draw three equal parabolas, with the 
ortho-centre of a triangle as focus, each touching two sides of the 
triangle. 

§, Shew that the locus of the foci of the conic By =ka®, for different 
values of k, is the cubic curve 


a (6? ~y*) + 28y (8 cos B- oos C)=0. 
7, The coordinates being areal, shew that the conics given by 
Jap + r/bq+ /er=0, 
A B C 
and tan 5 qr+tan > rp + tan pq=0, 
are confocal. 


8, A conic, confocal with the conic whose tangential equation is 
2=0, touches the sides of the triangle ABC. Shew that, of the conics 
which touch the four tangents from the points B, C to 2, one has a 
focus at A and the companion focus on BC, 


9, The sides of a triangle inscribed in an ellipse touch a confocal 
ellipse; shew that the points of contact are the points at which the 
sides touch the corresponding escribed circles. 


10, A triangle is self-conjugate with respect to a conic; shew that 
the sides of its pedal triangle touch a confocal conic. 


CHAPTER VI 
RECIPROCAL POLARS 


171. If for any line Z we take its pole P with respect 
to a conic §, then, corresponding to any collection of lines 
such as L, we shall get a series of points P, and if the lines 
L touch & given curve the points P will lie on another curve. 

So, if for any point P we take its polar Z with respect to 
a conic §, then, corresponding to any series of points P we 
shull get collection of lines L, and if the points P lie on 
a given curve the lines Z will touch another curve. 

Such a point P and a line J are said to correspond to 
one another. 


— ~ 


X 


Si 





\ 

Suppose that all the lines Z touch a given curve 5, ; let 
two of them, Z and L,, meet in Q, and let their poles with 
regard to the conic S be Pand P,. Since the polar of P is 
I, which passes through Q, therefore the polar of Q passes 
through P. So since L,, the polar of P,, passes through Q, 
the polar of passes through P,. 

Hence the polar of Q is the line PP,. 


Now let Z, very nearly coincide with Z, so that the point 
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() very nearly lies on the curve S,; then the points P, and 
P very nearly coincide also, and are very close points to 
one another on the curve S, on which all the points 
Py tg Pay cc 

. Hence, in the limit, when @ actually lies on the curve 
S,, the line PP, becomes a tangent to the curve 8,. 


Hence if, instead of starting with tangents Z, L,, ... to S, 
and so obtaining the points P, P,,... on 8,, we started with 
points such as @ on S, and took their polars, we should 
obtain tangents to the curve §;. 


Thus whether we started with tangents to, or points on, 
S,, and took their poles, or polars, with respect to S, we 
should obtain the same curve S,, either as the loci of these 
poles, or as the envelope of these polars. 


So similarly whether we started with tangents to, or 
points on S,, and took their poles, or polars, with respect 
to §, we should obtain the same curve §,, either as the 
loci of these poles, or as the envelope of these polars, 


On account of this property either curve, S, or S,, is said 
to be the Reciprocal Polar of the other with regard to 
the conic S, and this conic S is called the Auxiliary 
Conic. 


172. To any tangent Z to §,, which does not cut the 
conic § in real points, there corresponds a point P within 
S; if Z cuts § in real points the corresponding point P is 
without S; if the tangent 7 is also a tangent to S, the 
corresponding point P is on S, and is the point of contact 
of L with S, 


If from any point Q there can be drawn two, three, ... 
tangents to S,, then the corresponding polar of Q with 
respect to S cuts S, in two, three, ... points, each one of 
these latter points being the pole with respect to S of one 
of the tangents from @ to S,. 


Hence the number of points in which any given line cuts 
S, is the same as the number of tangents that can be drawn 
to S, from the point corresponding to that given line, i.e. 
the degree of §, is the same as the class of S,. 


RECIPROCAL POLARS 171 


Similarly the class of S, is the same as the degree of 8,. 


In particular, if S, be a conic (which is a curve of degree 
2 and class 2) then S, will be a curve of class 2 and degree 
2, so that S, will also be a conic. 


Similarly, if &, is a conic, so also will §, be. 
Thus The polar reciprocal of a conic with respect to a conte 
is also @ conte. 


173. If from the centre C of the auxiliary conic S we 
can draw two real tangents to §,, then corresponding to 
these two real tangents we shall have two real points at 
infinity, and S, will be a hyperbola. For the pole with 
respect to S of any line through its centre C is at infinity. 


So, if we can only draw one tangent from C to S, (i.e. if 
C lie on S,), we shall get one real point at infinity, and 8, 
will be a parabola. 


If we can draw no real tangents from (' to 8, (i.e. if C is 
within S,), we shall get no real points at infinity, and 8, will 
be an ellipse. 


Hence The reciprocal polar of any conic Si with regard to 
a conic S will be an ellipse, parabola, or hyperbola according 
as the centre of S is within, upon, or without the conic S.. 


174. We observe that if S,, 8, are the polar reciprocals 
of one another with respect toa conic § there is a corre- 
spondence of lines and points, Thus: 


To a point (or line) of one curve corresponds a line (or 
point) of the other curve. 


To a point on (or a tangent to) one curve corresponds a 
tangent to (or a point on) the other curve. 


To the point of contact of a tangent to one curve corre- 
sponds a tangent at the corresponding point on the other 
curve. 

To the line joining two points on one curve corresponds 
the point of intersection of two tangents to the other curve, 

To the line joining the points of contact of two tangents 
to one curve corresponds the point of intersection of the 
tangents at the two corresponding points of the other curve. 
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To the point of contact, i.e. two coincident points of 
intersection, of two curves corresponds two coincident 
tangents on the two corresponding curves. Hence if two 
curves touch, their reciprocals also touch ; also, if two conics 
— double contact, their reciprocals have double contact 
also. 


To a self-conjugate triangle with respect to a conic (t.¢. a 
triangle, the intersection of two of whose sides is the pole 
of the third side) corresponds a triangle, the line joining 
two of whose angular points is the polar of the third angular 
point, i.e. a self-cénjugate triangle with respect to the new 
conic. 


175. After a little practice the student will find it easy 
to write down the theorem which is the reciprocal of a given 
theorem. He will find it to consist simply in writing 
“straight line” for “point,” “intersect” for “join,” “polar” 
for “pole,” “locus” for “envelope,” “tangent to” for “point 
on,” “lie on a straight line” for “meet in a point,” “point 
of contact of a tangent” for “tangent at a given point,” etc., 
and vice verad. 


Some examples are now given, In one column is given a 
theorem and in a parallel column the reciprocal theorem. 
The student should take any one of these theorems, and, 
without looking at the reciprocal theorem, write the latter 
down for himself. 


Given four points on a 
conic, the polar of a fixed 
point passes through asecond 
fixed point, 

Given four points on a 
conic, the locus of the pole 
of a fixed straight line is a 
conic section. 

If a hexagon be inscribed 
in a conic, the intersections 
of the opposite sides lie on a 
straight line. 

(Pascal’s Theorem) 


Given four tangents to a 
conic, the pole of a fixed 
straight line lies on a second 
fixed straight line. 


Given four tangents to a 
conic, the envelope of the 
polar of a fixed point is a 
conie section. 


If a hexagon be circum- 
scribed to a conic, the lines 
Joining its opposite angular 
points meet in a point. 

(Brianchon’s Theorem) 
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If two triangles are in- ‘ 


scribed in a conic, their six 
sides touch another conic. 


If two triangles are self- 
conjugate with regard to a 
conic, theirsix angular points 
lie on another conic, 

The three lines joining 
each vertex of a triangle to 
the pole of its opposite side 
with regard to a conic are 
concurrent, 

A triangle is inscribed in 
a conic; the points in which 
each side meets the tangent 
at the opposite angular point 
are collinear. 


Two angular points of a 
triangle lie on two fixed tan- 
ents to a conic, the side 
joining them is a tangent to 
the conic, and each of the re- 
maining sides passes through 
a fixed point; the locus of 
the third angular point of 
the triangle isa conic passing 
through the two fixed points. 
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If twotriangles are circum- 
scribed to a conic, then six 
angular points lie on another 
conic. 


If two triangles are self- 
conjugate with regard to a 
conic, their six sides touch 
another conic, 


The three points of inter- 
section of each side of a tri- 
angle with the polar of the 
opposite angular point with 
regard toaconic are collinear. 

A triangleis circumscribed 
toa conic; the straight lines 
joining each angular point 
with the point of contact of 
the opposite side are con- 
current. 


Two sides of a triangle 
pass through two fixed points 
of a conic, their intersection 
is a point on the conic, and 
each of theremaining angular 
points lies on a fixed straight 
line; the envelope of the 
third side of the triangle is 
a conic which touches the 
two fixed straight lines. 


176. Bx. 1. dA straight line is drawn to be cut harmonically by 
two given circles. Its envelope is a conic whose foci are the centres of 
the two circles (Page 11, Ex. 2). 


Rewrite. A straight line cuts two circles (which pass through the 
same two points on the line at infinity) in points giving a harmonic 
range. Its envelope is a conic inscribed in the quadrilateral, whose 
vertices are the poles of the line at infinity with respect to the two 
circles, aud the intersections of the circles with the line at infinity. 


_ Reciprocate. A point is taken such that the tangents from it to 
two conics, which touch two straight lines passing through the 
centre C of the auxiliary conic, form harmonic pencil. Its locus is 
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a conic circumscribing the quadrangle, whose sides are the polars of C 
with respect to the two conics and the tangents from C to the two 
conics. 


Hence, The locus of points from which the tangents to two given 
conics form a harmonic pencil is a conic passing through the four points 
of contact of u pair of common tangents (Arts. 118 and 117). 


Obtain the reciprocals of the following theorems : 
Bx. 2. Triangles in perspective are coaxal, 


Bx. 8. If a conic is inscribed in a triangle, the straight lines join- 
ing each angular point to the point of contact with the opposite side 
are concurrent. 

Bx. 4. If a conic circumecribes a quadrangle, it is self-conjugate 
with respect to the triangle formed by the diagonal points of the 
quadrangle, 


Bx. 6. If a triangle is circumscribed to s conic, and two of its 
vertices lie on given straight lines, the locus of the third vertex is a 
conic having double contact with the given conic. 


177. From this transformation by reciprocal polars it 
appears that to every theorem about points and lines there 
corresponds a theorem about lines and points. Thisis known 
as the Principle of Duality. 


178. Zo shew that the polar reciprocal of one conic S. 
with regard to an ausxiliary conic S 18 another conic having 
a common self-conjugate triangle unth S and 8,. 

Take as triangle of reference the common self-conjugate 
triangle of S and S,, so that 

S = au cy’ =0, 
and 8; = a,a°+ b, B+ ¢,y* = 0. 

We want the locus of the point (a’, f’, y’) such that its 
polar, viz. aaa’ + 686" + cyy'=0, with respect to S shall always 
touch §,=0. The condition for this is found by substituting 
(aa’, 66’, cy’) for 1, m, » in the tangential equation of 5, 
(Art. 72), and the locus of (a’, B’, y’) is thus seen to be 


— ee Sar 
4,5, ° — 


a conic having a common self-conjugate triangle with S 
and 8;. 
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Similarly the reciprocal polar of §, with regard to S is 

le wh a 0 
a a*+ i 6 * 7 * =V, 
. mh %& 4 
1.6, it is S, = aa" + b, BP + ¢7'= 0, 

179. To find the polar reciprocal of the conic 

$y (a, B, y) = 0,0" +b, B+ ey + YF By + 2g, ya + 2h, o8 =0 
with reapect to the conic 

(a, 8, y) = aa? + bf + cy? + 2/By + 2gya + 2ZhaB = 0. 

We want the locus of the point (a’, 8’, y’) which is such 
that its polar with regard to d=0 always touches ¢,=0. This 
polar is 

a (aa' +h’ + gy’) + B (ha' + bB + fy’) + y (ga + JB + cy’) =0, 
and the condition that it shall touch ¢,=0 is obtained by 
substituting aa’ + hB’ + gy’, ha’ + bf’ + Sy and ga +JP' + cy’ 
for /, m, n in the tangential equation of ¢,. We thus have 
for the locus of (a’, f’, y’), 


A; (aa + hB + gy)* + B, (ha + bB+fyP+C; (ga +B + cy)? 
+ 2F, (ha +68 +fy) (ga +B +cy) 
+ 2G, (ga +fB + cy) (aa + hB + gy) 
+ 2H, (aa t+hB + gy) (ha + bB +f) = 0, 
where A,, B,, C,, ... are derived from the coeflicients of ¢, 
in the usual way. 


EXAMPLES. 


1, Shew that o hyperbola is its own reciprocal with respect to its 
conjugate hyperbola. 


2. Shew that the polar reciprocal of the conic By= ka? with regard 
to the conic By =k, a? is the eonio 


2 


xk 
— — 2 
py=—a 


3, Shew that the reciprocal of a circle with respect to a rectangular 
hyperbola is a conic whose focus is at the centre of the hyperbola, and 
that the reciprocal of a rectangular hyperbola with —— to anothor 
concentric rectangular hyperbola is also a rectangular hyperbola, 


4, If a conic S=0 is its own polar reciprocal with respect to a 
coni¢ $’=0, then S’ is its own polar reciprocal with respect to S. 
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5. Shew that the three conics 
xt4y3-%er /8-ci=0, 22+424+2cz,/3-c?=0, 

and 2x3 — y3- 2c3 =0, 
are such that any one is the reciprocal of the second with regard to 
the third when they are taken in any order. 

6, Shew that the conic 

2 (LAr +mpy +nvz)4=(L? + mi +n?) (4x? + uty? 4-922?) 
is its own polar reciprocal with respect to the conic 
N22 + pPy?+ y222=0, 

7, Two conics are such that each is its polar reciprocal with respect 

to the other, Shew that they have double contact with one another, 


and that the tangents drawn to them from any point on the chord of 
contact form a harmonic pencil. 


8, Shew that a conic is its own polar reciprocal with respect to 
four conics, of which three are real and the fourth is imaginary. 


9, If U=0, V=0, and W=0 are the equations of three conics such 
that one is the reciprocal polar of the second with respect to the third, 
prove that they have a common self-conjugate triangle, the equation 
to whose sides is J=0, where J is the Jacobian of U, V, W. [See 
Page 94, Ex. 15.] 


180. The conic § with regard to which the reciprocation 
is made is in practice nearly always a circle, and in the 
remainder of this book we shall assume it to be always 
a circle unless the contrary is stated. 

It has been shewn in Part I, Art. 165, that the pole of 
any line Z with regard to a circle of centre 0 is obtained 
by drawing ON perpendicular to L, and on it taking a 
point P such that OP. OW = the square of the radius of the 
circle. 

Hence the polar reciprocal of any curve with regard to a 
circle, centre O, is obtained by drawing a perpendicular OV 
upon any tangent to the curve, and on it taking a point P 


such that OP = 


circle. 

Hence, if we have two tangents, Z and L’, to the conic 
and their poles, P and /’, with respect to the auxiliary circle, 
the angle between the two lines Z and L’ is equal to the 
angle POP’, 


ON’ where & is the radius of the auxiliary 
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Hence The angle between any two tangents to the original 
conte 1s equal to the angle subtended at the origin by the two 
corresponding points on the reciprocal curve, and conversely. 


181. 7o find the polar reciprocal of the general conic 
p (x, y) Sas + Lhay + by? + 2gu + 2fy+e=0......(1) 
with regard to a circle, whose radius ts k, and whose centre is 
the origin, O, of coordinates, 

We want the locus of a point (2’, y') whose polar with 
respect to the circle, viz. ax’ + yy' -4*=0, touches the conic 
¢=0. The condition for this is found by substituting 2’, / 
and —4* for /, m and » in the tangential equation of ¢ 
(Art. 72), 

The locus of (2’, y’) is thus 

Ax’ + 2 Hay + By — 2h Ga - 2h Fy + Ch*=0...(2), 
where A, B, C, ... are found from the coefficients of 4 in the 
usual way. 


By Part I, Art. 389, the equation to the pair of tangents 
from the origin to the original conic is 


Bat — 2Hay + Ay’ =0 eeeens Peeeseres (3), 
and the asymptotes of the reciprocal conic (2) are parallel to 
Ax? + 2Hxy + By®=0 wo ceccecee eee (4). 


The straight lines (4) are clearly perpendicular to the 

straight lines (3). 

Therefore the asymptotes to the reciprocal conic are per- 
pendicular to the tangents from the origin to the original 
conic, and hence the angle between these asymptotes is 
supplementary to the angle between the tangents to the 
original conic. 


182. This also appears geometrically. For if we draw 

a tangent 07, or O7", from O to the original conic the 

perpendicular, OV, on it from O vanishes, and hence the 

corresponding point P is at an infinite distance, since 

OP= =. Also the direction of OP is perpendicular to the 
un 12 
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tangent 07’, and, since P is at an infinite distance, OP is 
parallel to an asymptote, Hence the asymptotes are per- 
pendicular to OT and 07", and, as before, the angle between 
them is supplementary to the angle 7'07". 


Conversely, the points at infinity on the original conic cor- 
respond to the tangents through the origin to the reciprocal 
conic, and hence the angle between the asymptotes of the 
original conic is equal or supplementary to the angle between 
the tangents from the origin to the reciprocal conic. 


The asymptotes of the reciprocal conic are imaginary, 
coincident, or real, according as the tangents from the origin 
O to the original conic are imaginary, coincident, or real, 
i.e. according as O lies within, upon, or without the original 
conic, 


183. If the origin O is a point on the director circle of 
the original conic, the tangents from it are at right angles, 
so that the asymptotes of the reciprocal conic are at right 
angles. Hence, if we reciprocate a conic with respect to a 
point on its director circle, we obtain a rectangular hyperbola, 
and conversely, if we reciprocate a rectangular hyperbola 
with respect to a point 0, we have a conic whose director 
circle passes through 0. 


2 92 

184. Bx. 1. The reciprocal of the conic +=] with respect 
to the origin is the conic a?z*+ b?y2=k!, a coaxal conic whose axes 
are the reciprocals of the original conic, 

2 92 

Bx. 2, The reciprocal of the conic 5 J yl with respect to any 

point (2’, y’) is 
a? (x - 2')? +b? (y—y')P=[2' (z-2') ty’ (y-y') + AP 


185. Polar reciprocal of one circle with respect 
to another. 


Let C be the centre of the circle to be reciprocated and 
a its radius. Let O be the centre of the auxiliary circle, 
and & its radius. Draw OY perpendicular to any tangent 
at Q to the circle of centre G, and let P be a point on OY 
such that OP.O Y=. Then the locus of P is required, 


RECIPROCAL POLARS 179 


Draw OU perpendicular to CQ, and let 
ZQCO= 2 POx=0, and OP=r. 





Tite du OOF 
OP r 
„. 
a 
i eee 
1 —- cos 6 
a 


Hence (Part I, Art. 335), the locus of P is a conic section, 


whose focus is 0, whose semi-latus rectum is * and whose 
eccentricity is = 


It is therefore an ellipse, parabola, or hyperbola according 
as c Sa, i. e. according as the origin 0 lies within, upon, or 
without the circle that is reciprocated. 

As in Part I, Art. 339, the directrix is 


x 9 - See tee 
«=f COS ge — —— 
and hence the directrix of the reciprocal conic is the polar 
of the centre, C’, of the original cirele with respect to the 
auxiliary circle. Hence The cenire of the given circle recipro- 
cates into the directrix of the reciprocal contre. 


wx. If 2a,, 2b, are the major and minor axes of the reciprocal 
conic, then 


ka,” 
1" al and b= 





x2 
a? — ¢? ; 
12—2 


180 


186. If O be without the given circle, the tangents to 
the latter at two points, 7’ and 7”, pass through 0. For the 
tangent TO the perpendicular from O vanishes, and the cor- 
responding point P is at an infinite distance, and lies on a 
line through O perpendicular to 07’. So for the tangent 70. 
Hence the lines through the focus O, parallel to the asymp- 
totes, are perpendicular to O7' and O7" respectively, and 
hence the angle between the two asymptotes is equal to the 
supplement of the angle between the tangents that can be 
drawn to the original circle from 0. 


This is also clear from the equation. 
For the angle that an asymptote makes with the axis Ox 
= cos! : (Part J, Art. 315) =cos~ “=Z7C0 


Cc 
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T 
=57- 4700. 


. the required angle between the asymptotes 
=9r-2ZTOC. 


187. To any four points lying on a straight line corre- 
spond four straight lines meeting in a point, and the cross- 
ratio of the four points is equal to that of the pencil of the 
four straight lines, 

For if the four points be P, Q, 2, S and their reciprocals 
with respect to an origin 0 be the straight lines P,, Q,,,,5;, 
the angle between the straight lines P, and Q, is equal to 
the angle POQ (Art. 180), and so for the others. Hence, 
if the four lines meet in the point O, it is clear that 

[PQRS] = 0[PQRS]=0,[P,Q, 2,5, ]. 

Hence we have the important theorems of Art. 119 by 

reciprocation from the simple case of the circle, 


The cross-ratio of the 
pencil joining four points of 
a circle to any fifth point is 
constant, 

The cross-ratio of the 
points of intersection of four 
tangents to a circle with any 
fifth tangent is constant. 


The cross-ratio of the 
points of intersection of four 
tangents to a conic with any 
fifth tangent is constant. 

The cross-ratio of the 
pencil joining four points of 
a ‘conic to any fifth point is 
constant. 
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The first theorem on the left is clearly true, since the 
angles at the fifth point are unaltered as it moves. 


The second theorem is true, because the angle that the 
line joining any two points of the four subtends at the centre 
of the circle is constant, being equal to one-half the angle 
subtended there by the corresponding points of contact. 


188. To shew that a system of four-point conics can be 
reciprocated into a system of concentric conics, and that a 
system of four-line conics can be reciprocated into rectangular 
hyperbolas and also into concentrte conics. 


For the four-point conics take as origin of reciprocation 
one of the angular points of the common self-conjugate 
triangle. Then the polar of the origin is the same for each 
conic, being the opposite side of the self-conjugate triangle. 
Hence, in the reciprocal system of conics, the pole of the 
line at infinity is the same for each, i. e they have a common 
centre. 


For the four-line conics we know (Art. 99, Ex. 6) that 
their director circles all intersect in the same two points, 
Take one of these two points as origin. Then the tangents 
from the origin to each conic of the system are at right 
angles. Hence in the reciprocal system the asymptotes are 
at right angles, and the reciprocal conics are therefore all 
rectangular hyperbolas. 


As in the first part, if we take as origin of reciprocation 
an angular point of the common self-conjugate triangle 
(in this case the triangle formed by the diagonals), we obtain 
a system of concentric conics, | 


189. Bx. 1. The angles in the same segment of a circle are equal. 


This may be written thus: If Q and R be fixed points on a circle, 
and P any other point on the circle, the angle between the lines PQ 
and PR ig constant, 

Reciprocate with respect to or O and we have the following 
proposition; If Q and R are fixed tangents to a conic, of focus 0, 
and if P be any other tangent to the conic, then the angle subtended 
at O by the points PQ and PR is constant, i.e. 


If a variable tangent to a conic cut two fixed tangents in A and B, 
the angle subtended by AB at a focus ts constant. 
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x. 2. In any triangle the perpendiculars from the vertices upon 
the opposite sides meet in a point. 


Rewrite. If A, B, C are the angular points of a triangle, and if 
on BC is taken a point D such that the lines DC and DA are at 
right angles, and similarly for E and F, then 4D, BE and CF meet 
inapoint, — 

Reciprocate with respect to a point O. If A, B, C are the sides of 
a triangle, and if through BC is drawn a line D such that the points 
DC and DA subtend a right angle at 0, and similarly for E and F, 
then the points 4D, BE and CF lie on a atraight line. 


Hence, If PQR be a triangle, and if through a point O be drawn 
lines OP,, OQ, , OR, perpendicular to OP, OQ, OR to meet QR, RP, 
and PQ) in P,, Q,, Ri, then P,, Q,, R, are collinear. 


Bx. 3. The locus of the centre of circles touching two straight lines 
18 the bisectors of the angles between the two given lines, 


Rewrite. Circles touch two given straight lines P and Q; the locus 
of the pole of the line at infinity with reapect to these circles is one 
or other of the lines, R, which pass through the intersection of P 
and Q, and are such that the angle between P and R is equal or 
supplementary to that between Q and R. 


Reciprocate with respect to a point O. Conics, of focus O, pass 
through two given points P and Q; the envelope of the polar of the 
origin O with respect to these conics is one or other of the points R 
which lie on the line PQ, such that the angle that P and R subtends 
at O is equal or supplementary to that subtended by Q and R. 


Hence, If a conic whose focus is O passes through two points P 
and Q, its directrix passes through one of the points on PQ where it is 
met by the internal or external bisector of the angle POQ, 


Bx. 4. The rectangle contained by the segments of any chord drawn 
through a fixed point O to meet a circle is constant, 


Let the chord meet the circle in P and'Q; then P, Q being points 
lying on a line passing through O will reciprocate, with O as centre, 
into tangents which meet on the line at infinity, i.¢. which are 
parallel. Also the perpendicular on the tangent corresponding to P 
— 

18 OP , 

Hence If from the focus O of a conic perpendiculars be drawn to two 

parallel tangents, their product is constant, 


Bx. &. The locus of the intersection of perpendicular tangents to 
a conte is a concentric circle; also if the conic is one of a system in- 
scribed in a given quadrilateral, the corresponding circles are coazal, 

Reciprocate with respect to a point O. The envelope of the line 
joining two points on a given conic, which subtend a right angle 
at O, is a conic, of focus O, such that the polar of O with respect to 
it and the conic is the same; also, if the given conic is one of a 
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system passing through four given points, the corresponding loci 


touch the same two straight lines. 


Bx. 6. A system of conics have one focus and a pair of tangents 
common; the corresponding directrices pass through a common point, 
and have all their centres on the same straight line. 


Rewrite. A system of conics have one focus S and a pair of tangents 
common; the polars of § pass through à common point and the 
poles of the line at infinity lie on the same straight line. 

Reciprocate with respect to S. A system of circles pass through 
two common points; the poles of the line at infinity lie on a line, 
and the polars of the origin S meet in a point. 

Hence, In a system of coazxal circles the centres are collinear, and 
the polars of a fixed point meet in another fired point. 


190. Some further examples follow: 


Four circles can be drawn to 
touch the sides of a given tri- 
angle, and the sum of the re- 
ciprocals of the radii of three of 
them is equal to the reciprocal 
of the radius of the fourth. Also 
the lines joining their centres 
pass, two by two, through the 
angular points of the triangle. 

If from a point on the ciroum- 
circle of a triangle perpendiculars 
be drawn to the sides, their feet 
are collinear. 


The locus of the centres of all 
conics inscribed in a given quadri- 
lateral is a straight line. 


If two conics have a common 
focus, a point of intersection of 
their directrices and a point of 
intersection of their common 
wpe subtend a right angle 

t the focus, 


The ortho-centre of a triangle 
circumscribing a parabola lies on 
its directrix. 


With a given point as focus 
four conics can be drawn to 
circumscribe a given triangle, 
and the sum of the latera recta 
of three of them is equal to the 
latus rectum of the fourth. Also 
their directrices meet, two by 
two, on the sides of the triangle. 


ABC is a triangle whose sides 
touch a conic, of focus 0; the 
perpendiculars to OA, OB, OC 
passing through O meet any 
tangent in A,, B,,C,; then Ad,, 
BB,, CC, meet in a point. 

The envelope of the polars of 
a point O with regard to a system 
of conics circumscribing a given 
quadrilateral is a point, i.e. the 
polars of any point all pass 
through another point. 


[Reciprocate with respect to 
the focus.] The line joining the 
centres of two circles, and the 
line joining their common points, 
are perpendicular. 


[Reciprocate with respect to 
the ortho-centre.}] The ortho- 
centre of a triangle inscribed in 
a rectangular hyperbola lies on 
the hyperbola. 
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The sum of the distances from If from a point within a circle 
the foous of an ellipse of the perpendiculars be let fall upon 
points of contact of any two any two tangents, whose chord of 
parallel tangents is constant. contact passes through the point, 

the sum of their reciprocals is 
constant. 


191. Reciprocation of a system of coaxal circles. 

With the figure of Part I, Art. 190, it can be easily shewn 
that the polar of either limiting point Li, with respect to 
any circle of the coaxal system, passes through the other 
limiting point, 

For any circle of the system is, by Art. 188, 

w+ y*—297+¢=0, 
and L, is the point (— V¢, 0). 
Hence the polar of JZ, is 
_ -arle-g(e-ve) + c=0, 
ice. (x - We) (g + Ve) =0, 
i.e. it is a straight line through the other limiting point L,, 
parallel to the common radical axis of the system. 

If then we reciprocate the system of circles with respect 
to the limiting point Z,, we have a system of conics, one of 
whose foci is £,; also, since the polar of the origin with 
- respect to the circles is the same for all, the pole of the line 
at infinity is the same for all the reciprocal conics, te. the 
centre of the reciprocal conics is the same for all. 

Hence the reciprocal conics have one focus, Z,, the same 
for all, and they all have the same centre ; hence the second 
focus is the same for all, and the reciprocal conics are 
confocal. 

In the reciprocal figure the second focus is twice as far 
from the origin L, as the centre is, and hence the reciprocal 
of the second focus is one-half as far from Z, as the reciprocal 
of the centre, 1.¢. it is one-half as far from Z, that J, is. 

Hence the reciprocal of the second focus is the radical 
axis OY of the system of coaxal circles. 

Hence, If we rectprocate a system of coaxal circles with 
regard to one-of the limiting points L,, we obtain a system of 
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confocal conics, one of whose foci is L,, and whose second 
focus and centre are respectively the reciprocals of the common 
radical asis and the line through the other limating point L, 
perpendicular to L,L,, and conversely. 


192. Bx. 1. Confocal conics cut at right angles. 


Rewrite. A system of confocal conics is drawn; the tangents at a 
common point of any two of them are at right angles. 


Reciprocate with respect to a focus S. If a system of coaxal circles 
be drawn, one of whose limiting points ia S, then the points of contact 
of a common tangent with two of the circles of the system subtend a 
right angle at S. 


Bx. 2. The tangents to two confocal conics at a point of intersection 
bisect the angles between the focal distances of the point. 


Rewrite. A system of conics have two points S, and S, as foci, and 
P is a point of intersection of two of these conics; the two tangents 
at P and the lines PS,, PS, form a harmonic pencil. 


Reciprocate with respect to S,. Then, remembering that the reciprocal 
of the point S, is the line st infinity, and that the reciprocal of the 
point S, is the radical axis of the reciprocal coaxal system, we have; 
P is a common tangent to two circles of a coaxal system; the two 
points of contact of a common tangent P, and the two points of inter- 
section of P with the line at infinity and the radical axis, form 
a harmonic range. 


Or, 4 common tangent to two circles of a coazal system is bisected by 
the radical axis. 


Bx. 8. Two points are taken on two circles of a coaxal system which 
subtend a right angle at a limiting point L of the system; the envelope 
of the line joining them is a conic with focus L. 

Reciprocate. If tangents at right angles are drawn from a point P, 
one to each of two confocals, the locus of P is a circle, 


Bx. 4. The polar of a fixed point P with respect to a system oy 
coaxal circles passes through a fixed point Q, the two points subtend a 
right angle at each of the limiting points of the system, and the line 
joining them is a tangent to that circle of the system which passes 
through P. 


Reciprocate with respect to one of the limiting points L,. The pole 
of a fixed straight line P with respect to a system of confocal conics 
lies on a fixed straight line Q, the two straight lines are at right 
_ angles, and their point of intersection lies on that one of the confocals 
which touches the line P. 


Hence, The focus of the pole of a given straight line with respect to a 
system of confocals is the normal to that confocal which touches the 
given straight line. 
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EXAMPLES. 


Obtain more general theorems by reciprocating the following pro- 
positions: 


1, The two opposite angles of a quadrilateral insoribed in a circle 
are together equal to two right angles. 


3. The tangent at any point of a circle is perpendicular to the radius 
to its point of contact. 


8. The angle between a tangent at any point of a circle and any 
chord through its point of contact is equal to the angle in the 
alternate segment, 


4, Every chord of a circle which subtends a right angle at a fixed 
point of the circle passes through the centre of the circle. 


5, The locus of the intersection of tangents to a given circle which 
meet at a given angle, and the envelope of the line joining their points 
of contact, are both circles concentric with the given one. 


6, The orthogonal trajectory of a system of coaral circles is another 
system of coaxal circles passing through the limiting points of the first 
system. 


7, The circle described on a focal radius of a parabola as diameter 
touches the tangent at the vertex. 


§, The sum of the perpendiculars from any point within a circle 
upon two parallel tangents is constant. 


Obtain the corresponding theorems of the following: 
9. If a conic pass through two given points and touch two given 


lines, the line joining the points of contact of the two tangents passes 
through one or other of two fixed points. 


10. If two vertices of a triangle move on fixed straight lines, and 
the sides pass each through & fixed point, the locus of the third vertex 
is a conic, 

1]. If three conics have each double contact with a fourth, their 


six chords of intersection will pass three by three through the same 
points. 


12, Given two homographic ranges P, Q, R, ... and P’, Q’, R’,... on 
two straight lines; the envelope of the line PP’ isa conic which touches 
the axes of the two ranges. 


13, The -circle circumscribing any triangle self-conjugate with 
regard to a rectangular hyperbola passes through its centre. 


14, The tangents from any point to two confocal conics are equally 
inclined to each other. 
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15, The locus of the fuot of the perpendicular from the focus of a 
conic upon any tangent to the conic is a circle concentric with the 
conic. [Reciprocate with respect to the focus.] 


By reciprocation, prove the theorems: 


16. The envelope of the chord of a conic which subtends a right 
angle at its centre is a concentric circle. 


[Reciprocate with regard to the centre, } 


17, Given three tangents to a parabola, the locus of its focus is the 
circum-circle of the triangle, 


18, If a fixed line intersect a series of conics having the same focus 
and directrix, the envelope of the tangents to the conics at the points 
where this line meets them will be a conic, having the same focus, 
and touching both the fixed line and the common directrix. 


19, Two conics having a common focus whose latera recta are 21, , 
2l,, and whose eccentricities are ¢;, ¢;, can have triangles inscribed in 
the first which are circumscribed to the second if 

1,2 21; lg=1,2¢,2+ 1,%e,? — 21, 1,e,¢, 0084, 
where a is the angle between their axes. 
[Reciprocate the theorem that the square of the distance between 


the centre of the circum-circle of a triangle and that of any circle 
touching the sides is R?+2Rr.] 


20, The normal at any point of a conic bisects the angle between 
the tangents from that point to a confocal conic, 


CHAPTER VII 
PROJECTION 


193. If all the points of any plane figure are joined to 
any fixed point in space V, and the joining lines meet any 
other plane, they will give a series of points which are called 
the projections of the first series of points. 

The point V is called the vertex, or centre of projec- 
tion, and the second, or cutting, plane is called the plane 
of projection. 





Thus, for every point P on the first figure, we have a 
point P on the second figure, so that the projection of a 
point is always a point. Also a straight line is always 
projected into a straight line, For the lines joining V to 
any point on the line PQ in the first figure lie in the plane 
VPQ, passing through the vertex V and the line PQ, and 
oe plane is cut by the plane of projection in another line 
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— A curve ts always projected into a curve of the same 
ee, 

For if the original curve is cut by any straight line in the 
points P, Q, R, S, ... the projection of the curve will meet 
the lines VP, VQ, VR, VS, ... in the points P, &, #’, S, .... 
Hence the projection of any straight line will meet the 
projection of the curve in the same number of points in 
which the original straight line met the original curve, 
1.2. a curve and its projection are of the same degree. 

In particular, he projection of a conic section ix always a 
conic section. 


195. A tangent to « curve projects into a tangent to the 
projected curve. 

For, if the line Q7’ passes through two coincident points 
at Q, the corresponding straight line Q’ 2” will pass through 
two coincident points at Q’. 

So if, in the original figure, we had two curves touching 
at C, we shall, in the projected figure, have two curves 
touching one another at the point which is the projection 
of Q 


196. The relation of pole and polar is unaltered by 
projection, 

For if, in the first figure, we have the tangents at P and 
Q intersecting in 7, we shall, in the second figure, have the 
tangents at the corresponding points P’ and Q’ intersecting 
in the corresponding point 7”, 


197. If through the vertex V we draw a plane VAB 
which ts parallel to the plane of projection to meet the 
original plane in the straight line 4B, then the projection 
of any point C on AB will be at an infinite distance, For, 
VC being parallel to the plane of projection, the corre- 
sponding point C” will be at an infinite distance. Thus the 
straight line AB projects into a straight line at infinity, and 
hence is called the Vanishing Line of the original 
figure. 

Similarly, if we draw a plane through V parallel to the 
original plane to meet the plane of projection in a line, then 
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this line is the Vanishing Line of the projected figure. For 
this is the line un the plane of the projected figure which 
corresponds to the line at infinity on the plane of the 
original figure. 


To project any given line AB of the original figure to 
infinity, it is therefore only necessary to take as the plane 
of projection any plane which is parallel to the plane through 
the vertex V and AB. 


Again, any straight lines which meet at a point on 4B 
will project into parallel lines; for their point of intersection 
will project into a point at infinity, and hence their projec- 
tions will be parallel lines. 


198. Similarly, parallel lines on the original plane will 
project into lines meeting in a point. For let a line through 
the vertex V, parallel to the system of parallel lines, meet 
the plane of projection in D. Then the plane through V 
and any one of the parallel lines will contain the line VD, 
and hence the intersection of this plane and the plane of 
projection will pass through the point D. The projection 
of any one of the parallel lines will thus pass through J, 
and hence their projections will be a set of lines concurrent 
in the point D. 3 


Since VD is always parallel to the original plane, whatever 
be the directions of different sets of parallel lines, therefore 
D always lies on the intersection of the plane of projection 
and a plane through V parallel to the original plane, i.e D 
always lies on a definite line in the plane of projection, 
whatever be the directions of the different sets of parallel 
lines in the original figures. 


199. A range of three points can be projected into any 
other range of three points in space. 

A range of four points can be projected into any other range 
of four points in space, provided that the cross-ratios of the 
tewo sets of four pounts are the same. 


Let P, Q, R and P, Q’, R’ be the two ranges of three 
points which need not be in the same plane. 
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Take any point V’ on the line joining P, P and let 
PQ,£, be any straight line in the plane through V’ and the 
line POR. Let V'Q' and V'R’' 
meet this line in Q, and &,. J 


Join ¥,Q, R. K, and let them 


meet in JV. 
8 


Then from the vertex V' the 
points P’, Q’, are projected into 
the points P, Q,, 2,, and from the LK | 
vertex V the points P, Q,, 2, are Pt iQ, 7s 7S 
projected into the points ?, Q, R. | — — 

Hence the first part of the pro- P+ ~9 Ie * 
position is proved. — 

For the second part let P, Q, R, - ly 
S and P, Q, R’, be the two =” 
ranges. ¥ 

Construct as before, let V’S’ cut PQ, R, in S,, and let VS, 
cut POR in X. 

Then, by Art, 2, 

(PQOR'S’) = (PQ, R, 9) = (PQORLX). 

Hence, if (P'Q'R'S’) = (PQRS), 

we have (POR) = (PQRS). 
PQ RX PQ RK . 3 
| QR’ XP~ OR’ SP’ 1.6. RX.PS=RS8. PX, 

te. PS(RS— XS) = RS (PS - XS), i.e. XS (PS— RS) =0, 
i.e. AS is zero, and hence X and S coincide. 7 


The range PQ’ RS’ therefore projects from the vertex V’ 
into the range PQ, #,5,, and then from the vertex V into 
the range PYURS. 


200. Tuo pencils can be projected into one another, pro- 
vided their cross-ratios are equal. 


Let PQRS and P’Q'R'S' be any two transversals of the 
pencils, 0 and 0’ their vertices. 
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As in the last article, let PQ, 2,5, be the range into which 
these can be projected by means of vertices V and V". 





From a vertex A, lying on OV, we can project the pencil 
0 (PQRS) into the pencil V (PQ, #,5,); from any vertex B, 
lying on VV’, we can project the latter pencil into V’(P’Q'R'S’); 
and finally from any vertex (’, lying on 0’ V’, we can project 
the latter pencil into 0’ (P’Q'R'S’). 


201. We thus arrive at the very important proposition 
that any two ranges (or two pencils) can be projected into one 
another if their cross-ratios are the same, or, more shortly, 
Homographic ranges, or pencils, are projective. 


Similarly pencils and ranges in involution are projective. 

The double rays and double points project into the double 
rays and double points of the new involution pencils and 
ranges, 

But the centre of an involution range does not project 
into the centre of the projected range. 
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202. As has been already stated in Art. 138, any set of 
four coplanar points (no three of which lie in a straight 
line) can be projected into any other four coplanar points in 
a different plane (no three of which lie in a straight line). 


203. To shew that any straight line of the original figure 
can be projected to infinity, and at the same time any two 
angles of this figure into two given angles, the plane of pro- 
jectton being any plane which 1s parallel to the given strarght 
line, and the vertex of projection being properly chosen. 

Let AB be the straight line which is to be projected to 
infinity, and let OC, OD i 
and 0, F, 0,F be the two 
pairs of straight lines which 
‘ are to be projected into two 
pairs of straight lines con- 
taining given angles a and 
B respectively. Let C and 4 
D, E and F, be the inter- 
sections of these puirs of 
straight lines with 4B. 


Through A Bdraw a plane 
parallel to the plane of pro- 
jection. In this plane so 
drawn describe segments of 
two circles, one through C 2 
and D containing an angle a, and the other through F and 
F containing an angle 6. 

Let one of the intersections, V, of these two segments be 
taken as the vertex of projection. 

Let VO, CO and DO meet the plane of projection in the 
points 0’, C’, and D’, 

Then, since we have taken the plane VCD to be parallel 
to the plane of projection O’C'D’, and since any plane VCO 
is cut by parallel planes in parallel lines, therefore VC and 
O'C’ are parallel. Similarly VD and OV are parallel. 
Hence 2 UU’ D'= ~ CVD=the given angle a. Similarly, 
if the lines VO,, HO, and FO, mest the plane in the points 
O,', £' and F’, the lines 0, #, 0, F will project into the lines 
OE, 0,'F’, and the angle between them will be equal to the 
angle LVF, te. B. 

Li 13 
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204. If the pairs of points C, D and £, F overlap, 1.¢. if 
one of the pair, C and JD, lies between the pair # and F, 
the two circles to determine V always meet, and hence V is 
real and definite. 

If neither of the pair, C and D, lies between the pair 
E and F, it may happen that the two circles do not meet, 
and then V is imaginary, and the projection is an imaginary 
one, 


205. The foregoing proposition is of fundamental im- 
portance in the theory of projection. By its use we can 
project many figures with very much simpler forms. 


Bx. To shew that a quadrilateral can be projected into a square. 


Let PQRS be the given quadrilateral (Fig. Art. 15). Project the 
line BC joining two of its vertices, 0, and O, to infinity, and at the 
same time the angles QPS and CAB into right angles. Since BC is 
projected to infinity, the sides PQ and RS are projected into parallel 
lines, as also the sides PS and QR. Hence the new figure is a paral- 
lelogram. But this parallelogram is a rectangle because one of its 
angles is a right angle; and it is then a square because the angle 
between its diagonals is a right angle. 


206. Any conic can be projected into a circle having the 
projection of any given point as centre. 

Let the given point be 0, and through it draw two chords 
PO0Q, P’'OQ' of the given conic. 

Let the tangents at P 
and Q meet in 7’, and the 
tangents at P and @ in 
7". | 


Project the straight line 
TT’ tw infinity, and at the 
same time the angles TOR, 
7°OR' into right angles, 
where PQ and PQ meet 
TT’ in Rand &. 

Since O is on the polar 
of 7, therefore 7’ is on the polar of 0. So 7” is on the polar 
of O. Hence 77" is the polar of 0. 

Since the polar of O has been projected to infinity, O has 
been projected into the pole of the line at infinity, 4.6. into 
the centre of the new conic. 





PROJECTION OF A CONIC INTO A CIRCLE 190 


Hence PQ projects into a diameter of the new conic, and 
OT into its conjugate diameter. 

Similarly, P'Q and O07" project into a pair of conjugate 
diameters. 

Hence, in the projected conic, we have two pairs of con- 
jugate diameters which are at right angles. 

But no conic, except a circle, can have more than one 
pair of conjugate diameters at right angles. 


Hence the projected conic is a circle. 
If the point 0 is within the conic, the projection is always 
a real one. 


Cor. 1. If the point O is projected into the centre of 
the circle, its polar, t.e. 77", with respect to the original 
conic is projected into the line at infinity. 

Hence any conic can be projected into a circle, and at the 
same time any straight line can be projected to infinity, 
i.e. any straight line can be made to be the vanishing line. 

This projection is always real if this vanishing line does 
not cut the original conic in real points. 


Cor. 2. Any two points, U and J, can be projected into 
the circular points at infinity; for draw any conic through 
them, and project it into a circle and the straight line UV 
to infinity; the points U and V then project into the inter- 
section of a circle and the line at infinity, i. e. into the 
circular points at infinity. 


207. Bx. 1. The cross-ratio of the range formed by four collinear 
points is the same as that of the pencil formed by their polars with respect 
to any conic. 

Project the conic into a circle; then the four points and their polars 
will project into four points and their — with regard to the circle, 
and the cross-ratios of the range and the pencils are unaltered. by 
projection. 

But in a circle the line joining the centre O to any point P, is 
perpendicular to the polar of P;, and so for the others. Hence the 
angle between any pair of lines OP, OP, is equal to that between 
their polars. Hence the cross-ratio of the pencil of polars is equal to 
that of the pencil OP;, OP,, OP,, OP,, and hence is equal to that of 
the range P;, Pe, Ps, P,. 

13—2 
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Bx. 2. The cross-ratio of the pencil formed by joining any variable 
point on a conic to four fized points on the conic is constant, and equal 
to the cross-ratio of the range in which any variable tangent to the 
conic cuts the tangents at the four fixed points. 

As in the last example, on projection, we have only to prove the 
proposition for a circle. [See Art, 187.) ; 


Circular points at infinity. 


208. We have shewn (Part I, Art. 387) that all circles 
must be looked upon as passing through the same two points 
at infinity. | 

Also ull conics through these two points are circles, For 
if $=0, S’ =0 are two circles in Cartesian coordinates, the 
equation to any conic through their intersections is 

S+AS'=0, 
Also if, in both § and S', the coefficients of 2* and y* are 
equal and that of ay is zero, the same statements are true of 
S+AS’, and hence S + XS’ = 0 is a circle. 

If then we call, for brevity, these circular points at infinity 
J and J’, we see that 

All circles pass through the same points at infinity J and J’, 
and all conics through J and J’ are circles. 


209. If O be the origin of rectangular Cartesian coor- 
dinates, the equations to OJ and OJ’ are y=+  — Ia. 

The cross-ratio of the range in which any two lines 04, 
OB meet JJ’ =e" 1 where 2 AOB=26. (Art. 88, Ex. 6.) 

Hence, if the two lines 0A and OB are perpendicular, 
the ratio =e"Y—! =cosw+/—1singe =— 1, and the ratio is 
harmonic. Conversely, if this ratio is harmonic, we have 
cos 26=— 1, and sin 26 = 0, and the lines are at right angles. 
Hence 

Any two lines at right angles divide JJ’ harmonically, and 
two lines which divide JJ’ harmonically are at right angles. 

It follows that J and J’ are conjugate with respect to 
any rectangular hyperbola. 

From the condition of Art. 39, it follows that the lines 
OJ, OJ' form two rays of the involution determined by any 
two pairs of lines, each pair of which is equally inclined to 
the same straight line. 


' PROJECTIVE GENERALISATIONS 
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- 210, Projective generalisations. 


It is convenient to set down the relations of certain 
geometric facts and ideas with respect to the circular points 
at infinity and the line at infinity. For brevity, we shall 
speak of the circular points as J and J’, and the line at 


infinity as JJ’. 
Middle point F of a finite 
straight line PQ. 


A point R which divides a 
given finite straight line PQ 
in a given ratio i. 

Parallel Lines, 


Angle of constant magni- 
tude a. 


Two lines at right angles. 


Bisectors of an angle POQ. 


Centroid of a triangle. 


Ortho-centre of a triangle. 


A point 2 which with the 
intersection of PQ with JJ’ 
divides JJ’ harmonically. 
[For (PRQ wo) =-1,] 

A point 2 which with the 
intersection of PQ with JJ" 
divides PQ in a given cross- 
ratio equal to — A. 

Lines meeting on JJ’. 


Angle whose bounding 
lines divide JJ’ in constant 


cross-ratio e, (Art. 88, 
Ex. 6.) 

Two lines which divide JJ' 
harmonically. 


Lines through 0 which 
divide JJ’ harmonically, and 
which also divide OP, 0Q 
harmonically, i.e. they are 
the double lines of the invo- 
lution pencil determined by 
OP, OY and OJ, OU'. 

Point of intersection of 
straight lines through the 
vertices of a triangle to points 
on the opposite sides, which 
with the intersections of the 
sides with JJ’ divide the 
sides harmonically, - 


Point of intersection of the 
lines drawn from the vertices 
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A circle, 
Centre of a circle. 


Concentric circles. 


Parabola. 
Rectangular Hyperbola. 


Foci of a conic. 

Directrix of a conic (1.2. 
Polar of the Focus). 

Principal axes of a conic. 


Coaxal Circles. 


Circle on AB as diameter. 


Centre of similitude of two 
circles, 
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of a triangle which, with the 
opposite sides, divide JU’ 
harmonically, 
A conic through J and J”, 
Pole of JJ’ with regard to 
a conic through J and J’. 
Conics having double con- 
tact at the points J and J”. 


Conic touching JJ”. 

Conic whose intersections 
with JJ’ divide it harmon- 
ically. 

Intersections of the tan- 
gents to the conic from J 
and J’. 

Polar of the point of in- 


tersection of tangents from 
J and J’. 


Lines through the inter- 
sections of tangents to the 
conic from J and J’, other 
than the tangents themselves. 

Conics passing through J 
and J’ and two other points 
A and B. 

Conics passing through 
J, J’, A, B, where AB and 
JJ’ are conjugate lines, 

Intersection of a pair of 
common tangents to conics 
passing through J, J”, 


911. Bx. 1. The angles in the same segment of a circle are equal, 
and the angle in a semicircle is a right angle. 

Rewrite. The lines joining any point P on a conic through J, J’ to 
fixed points Q and R on the conic together with the lines PJ, PJ’ give 
a pencil of constant cross-ratio; and if the line QR passes through the 


pole of JJ’ the pencil is harmonic. 
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Project the points J, J’ into finite points F, P, and we have, The 
lines joining any point P on a conic to four fired points Q, F, R, F 
on the conic give a pencil of constant cross-ratio; and, if QR and 
FF’ are conjugate, the pencil is harmonic. 


Hx. 2. The centres of a system of coazal circles lie on a straight 
line perpendicular (o the radical aris and bisecting it; also the ortho- 
gonal circles of the system have their centres on the radical axis. 

Rewrite. The locus of the poles of JJ’, with regard to a system of 
conics passing through P, P’, J, J’, is a straight line passing through 
points U and V, where (JUJ’0O) and (PVP’0) are harmonic, O being 
the intersection of PP’ and JJ’; also the pole of JJ’ with regard to 
any conic through J, J’, the tangents at any one of whose other inter- 
sections with any conic of the system divide JJ’ harmonically, lies on 
the line PP’. 


Project J, J’ into finite points F, F’, i.e. substitute F, F for J, J’ in 
the preceding. It is easily seen that the points U, V lie on the third 
diagonal of the quadrangle. 


Bx. 8. If two triangles are circumscribed to a conic, prove that 
their vertices lie on another conic. 

Let the two triangles be ABC, A’B’C’. Through 4, B, C, B’, C’ 
draw a conic and project it into a circle, and at the same time B’C’ 
into the line at infinity. Then B’, C’ become the circular points at 
infinity; the original conic becomes a parabola since it now touches 
the line at infinity; also A’ reciprocates into its focus, since it is the 
point of intersection of tangents from the circular points. 


Hence we have to prove that If a triangle circumscribes a bola 
— circum-circle passes through the focus of the parabola (art, 92, 
x. 3). 


Bx. 4. If two triangles are self-conjugate with regard to a conic, 
their siz vertices lie on a conic, and their siz sides touch @ conic. 

Let the triangles be ABC and A’B’C’, Project the conic into 4 
circle and at the same time BC into the line at infinity so that A, the 
pole of BC, becomes the centre of the circle. Also ABC will still be a 
self-conjugate triangle with respect to the circle, so that AB, AC will 
become perpendicular straight lines through the centre of the circle. 

Also A’B'C’ will become a friangle self-conjugate with respect to 
the circle. But in a circle the line joining the centre of a circle is per- 
pendicular to its polar. Henoe 44’, 4B’, AC’ are perpendicular in the 
new figure to B’C’, C'A’, A’B', go that A is now the ortho-centre of the 
new triangle 4’B'C’, : 

A conic can be drawn throngh 4’, B’, C’, A and B and, since 4 is 
now the ortho-centre of 4’B'C’, this conic is a rectangular hyperbola, 
— will then also pass through C since AB and AC are perpen- 

icular, 

Again a parabola can be drawn to touch the lines B’C’, C’A', A’B’, 
AB and the line at infinity BC in the new figure. But the ortho-centre 


so 
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of a triangle whose sides touch a parabola is on its directrix. Hence 
A is on the directrix and, since 4B is one tangent to the parabola, 
the perpendicular AC is also a tangent, Hence the six sides of the 
triangles touch a conic. 


tix. 5. If a conic be inscribed in a quadrilateral the diagonals of 
this quadrilateral, and of the quadrilateral formed by the points of 
contact, meet in a point, and form a harmonic pencil. 

Project the conic into a circle, and the third diagonal to infinity, 
so that the quadrilateral becomes a parallelogram ; the proposition at 
once follows, since all the diagonals now pass through the centre of 
the circle; also one pair of the diagonals are the bisectors of the angle 
between the other pair, and hence divide them harmonically. 
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Bx. 6. By projection, prove Pascal's theorem that the three points 
of intersection of opposite sides of a hexagon inscribed in a conic are 
collinear. 

Project the conic into a circle and the line joining two of the points 
of intersection to infinity; we then have to prove that if the sides PQ, 
QR of a hexagon inscribed in a circle are parallel to the sides ST, TU, 
then the sides RS and UP are parallel. This follows at once, since 

LSRU= Z2SRQ-2LQRU=r- LQOTS- 2 RUT 

=e- £PQT- £RUT=2PUT- 2RUT=2 PUR. 


Ux. 7. Ifa conicpasses through 
the vertices of a quadrangle, the 
locus of its centre is a conic 
through the middle points of the 
sides of the quadrangle. 


Wx. 6. If a quadrilateral can 
be inscribed in one conic S;, and 
circumscribed to another conic §,, 
an infinite number of conics can 
be so described, 


If a conic passes through the 
vertices of a quadrangle, the locus 
of the pole of any given straight 
line is a conic passing through 
the fourth harmonics of the points 
in which the given line meets the 
sides of the quadrangle, 


An infinite number of quadri- 
laterals can be described about a 
conic with their angular points on 
its director circle. 


[Project S, into a circle and the line joining two of the vertices of 
the quadrilateral to infinity; then the circle and the projection of S, 
have the same centre, viz. the third vertex; also any parallelogram 
insoribed in a circle is necessarily a rectangle, so that the circle is the 
director circle of the new conic, Since the projected theorem is true, 
it follows that the original theorem is also true. ] 


Bx. 9. The locus of the foot The tangents from two fixed 
of the perpendicular upon any points F, F’ toa conic meet in 9; 
tangent to a central conic froma tho locus of the intersection of any 
focus is a circle. tangent, P, to the conic with a 

line through S, which with P 
divides FF’ harmonically, is a 
conic passing through F and F’, 
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Generalise the following twelve theorems by projection : 


1, The tangent at any point of a circle is perpendicular to the radius 
to the point of contact. 


9, Any diameter of a circle is bisected at its centre. 


3. If a straight line touches a circle, and from the point of contact 
a straight line is drawn cutting the circle, the angles which this line 
makes with the tangent are equal to the angles in the alternate 
segments of the circle. 


4 Chords of a circle which subtend equal angles at (1) the centre, 
(2) the circumference, envelope a concentric circle. 


5. If two circles are concentric, any chord of one which touches 
the other is bisected at the point of contact. 


8, The feet of the perpendiculars drawn to the sides of a triangle 
inscribed in a circle from any point on the circle are collinear. 


7, If PSP’ be a focal chord of a conic and the tangents at P, P’ 
meet in Z, then Z lies on the directrix and ZSP is a right angle. 


8, The envelope of # chord of a conic which subtends a constant 
angle at the focus, and the locus of its pole, are conica with the same 
focus and directrix as the original conic. 


9, The locus of the intersection of two tangents to a —— 
which meet at a given angle, is a hyperbola with the same focus and 
directrix. 

10. If a focus and two tangents to a conic are given, the locus of 
the other foous is a straight line. 


11. Given the focus and two points on a conic, the directrix passes 
through one or other of two fixed points. 


12. Given three concentric circles; any tangent to one of them is 
cut by the other two in a range of constant cross-ratio. 


13, A triangle ABC can be so projected that any three lines through 
its vertices, concurrent in a point O, shall become the medians of the 
triangle in the projection, ® 

[Project the polar line of O to infinity, Art. 60, Exs. 5, 6.] 

14, Any triangle can be projected into an equilateral triangle by a 
real projection. 

15, Any conic can be so projected that two given points S and 9’ 
shall project into a pair of foci. 

[Draw tangents from S and S’ to meet in T and 1’; through T and 
T’ draw any conic; project this conic into a circle, and the line TT 
to infinity. ] 
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16, Any three chords 44’, BB’, and CC’ of a conic can be projected 
into equal chords of a circle. 


[Project the conic into a circle and the line joining the intersections 
of AB’, A’ B and of BC’, B’C to infinity. ] 


If A’ coincide with B, B’ with C, and C’ with A, deduce that a conic 
and an inscribed triangle can always be projected into a circle and an 
inscribed equilateral triangle. 


17, Conics having a common focus and directrix can be projected 
into concentric circles. {For they are conics having double contact. | 


18, Any two conics can be projected into circles. [Project one conic 
into a circle, and the common chord of the two conics to infinity.] 


19, Any two conics can be projected into concentric conics, [Pro- 
ject a side BC of the common self-conjugate triangle ABC to infinity. 
If, in addition, BAC is projected into a = angle, we have concentric 
coaxal conics. If B, C are projected into the circular points at infinity, 
we have concentric rectangular hyperbolas.] 


90. Rectangular hyperbolas can be projected into conics having 
two given points F, F” as conjugate points. [For the intersections of 
a rectangular hyperbola with Ju’ divide JJ’ harmonically.] 


212. A system of conics inscribed in a quadrilateral can 
be projected into confocal conics. 


Let the quadrilateral be PQAS, as in the figure of Art. 15, 
mg let two of the sides intersect in 0,, and the other two 
in 0,. 

Draw any conic through the points 0, and 0,, and project 
it into a circle, and at the same time the line 0, 0, into the 
line at infinity. 

Then 0, and 0, are projected into the circular points at 
infinity, and the conics into a set of conics inscribed in the 
projected quadrilateral. Since the sides of the new quadri- 
lateral pass through the circular points at infinity, their 
other points of intersection are the four foci, two real and two 
imaginary, of any conic inscribed in the new quadrilateral. 


Since the foci of the new system of conics are the same, 
the conics form a confocal system. 


Hence the proposition. 
Cor. Any two conics can be projected into confocal 


conics. For they are inscribed in the quadrilateral formed 
by their four common tangents, 
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213. A sysiem of conics which pass through four given 
points can be projected into a system of coaxal circles. 

Let the four given points be P, Q, R, S. Project the line 
joining any two of them, say P and 2, to infinity, and one 
of the conics into a circle, Then P and £ will project into 
the circular points at infinity, and through their projections 
will pass all the projected conics; these projected conics will 
therefore be all circles, since they pass through the circular 
points at infinity. Also these circles will all pass through 
the projections of the other points Q and S, and will thus 
be a coaxal system. 


Cor. Conics which have double contact with another can 
be projected into concentric circles. 


For, in thiscase, the conics will pass through twocoincident 
points at P, and two coincident points at R. Hence they 
will project into circles touching one another at the circular 
points at infinity, i.e. they will become concentric circles 
(Part I, Art. 388). | 


214. Bx.1. A quadrangle can be so projected that its sides and 
two of its diagonals become the three sides and the three perpendiculars 
of a triangle, and hence all conics through four points can be projected 
into rectangular hyperbolas. 


Let the quadrangle be as in the figure of Art. 64. Project the angles 
PBQ, QCR into right angles. Then in the new figure we have four 
points, such that each is the ortho-centre of the triangle formed by 
the other three. Also the lines joining the four points, viz. the sides 
PQ, QR, RS, and SP and its two diagonals QS and PR, become the 
sides and perpendiculars in the new figure. 


The conics of the original figure become in the projection conics 
ciroumscribing a triangle, and passing through its ortho-centre, and 
hence the latter are all rectangular hyperbolas. 


Bx. 2. If a system of conics pass through four points they will cut 
any transversal in involution, —— Theorem, ) 

Project the conics into coaxal circles. Then, if any transversal cuts 
the common radical axis in 0, any one of the circles in P and P’, and 
another in Q and Q’, we know that the rectangles OP. OP’ and OQ. 0Q’ 
are equal; for each is equal to the square of the tangent from 0 to all 
the circles. Hence, (Art. 29), we have an involution. 


Bx. 8. If two conics be inscribed in a quadrilateral, two of whose 
vertices are F and F’, the tangents at their common points divide FF’ 
harmonically. . 
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Project F and F’ into the circular points at infinity, so that the 
conics become confocal conics ; and we * to prove that the tangents 
at a common point cut JJ’ harmonically, i. e. we have to prove that 
Confocal conics cut at right angles. 
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Bx. 4. The locus of the pole 
of a straight line P, with regard 
to a system of confocals, is the 
normal to the confocal, which P 
— at the point of contact 
0 9 


Bx. 8 The locus of the inter- 
section of two ndicular tan- 
gents to a conic is a concentric 
circle; and the envelope of the 
chord of contact is a confocal 
conic. 


Bx. 6. If the original conic 
is a parabola, the locus is the 
directrix and the envelope reduces 
to the focus, 


The locus of the pole of a 
straight line P, with regard to a 
system of conics, touching the 
sides of a quadrilateral SFS’F’, 
is a straight line passing through 
the point of contact of P with one 
of the conics, and which with P 
divides FF harmonically. 


The locus of the point of inter- 
section of two tangents to a conic, 
which divide the line joining two 
given points F, F’ harmonically, 
is 8 conic passing through F, F, 
the pole of FF’ with regard to 
these two conics being the same ; 
also the envelope of the chord of 
contact is another conic touching 
the tangents from F and F’ to the 
original conic, 


If the original conic touches 
FF’, the locus is the line joining 
the points of contact of the other 
tangents to it from F and F’; 
and the chord of contact passes 
through the point of intersection 
of these tangents from F, F’. 


EXAMPLES. 


By projection prove the following six theorems: 


L. If the lines joining the vertices of two triangles are concurrent, 
then the corresponding sides meet in three points which are col- 


linear, 


9. Two conics have double contact at F and F’, and C is the pole 
of FF’; a tangent to one conic at P meets the other in A and B and 
FF' in Q; prove that C(4PBQ) is harmonic. 


3, Two sides of a triangle inscribed in a conic pass through fixed 
points Pand Q; shew that the envelope of the third side is aconic having 
double contact with the given one. [Project the conic into a circle and 
the line PQ into the line at infinity. ] 


4, If three conics pass through the same four points, the common 
tangent to any two is cut harmonically by the third conic. | 
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5, If two conics have double contact, they have an infinite number 
of self-conjugate triangles. [Project the line joining the points of 
contact to infinity and we have two concentric circles; and any two 

icular lines through the centre together with the line at infinity 
form a self-conjugate triangle for the concentric circles.] 


§. The diagonal triangle of a quadrilateral which circumecribes 
a conic is self-conjugate with respect to the conic, [Project the quadri- 
lateral into a square.] 


Generalise the following eight theorems by projection : 


7. If two circles meet in two real points, the common chord bisects 
the common tangents. 


Deduce that, if PQ is the common chord of an ellipse and its circle 
of curvature at P, then PQ, the tangent at P and the lines joining P 
to the points of contact of a common tangent form a harmonic pencil. 


8, Chords of a conic, which subtend a right angle at a given point 
z of “’ conic, pass through a fixed point on the normalat P. (Frégier 

oint. 

9, The locus of the centre of a rectangular hyperbola which circum- 
scribes a triangle is the nine-point circle of the triangle; also, if the 
hyperbola is self-conjugate with respect to the triangle, the loous is 
the cireum-cirole. 


10. The directrix of a parabola which touches the sides of a given 
triangle passes through its ortho-centre; also, if the parabola is self- 
conjugate to the triangle, the directrix passes through the circum- 
centre, 


1], The locus of the foot of the perpendicular let fall from the 
focus upon the normal at any point P of a parabola is another parabola 
coaxal with the former. 


13. A point P moves on a straight line ; the locus of the centre of 
the circle which through the feet of the three normals drawn 
from P to a parabola is also a straight line. 


13, The circum-circle of a triangle which is self-conjugate with 
regard to a conic cuts its director-circle orthogonally. 
— reciprocate the theorem with respect to a point on the director- 
circle, 


14, The envelope of the polar of a given point for a system of 
confocals is a parabola, touching the axes of the confocals, and having 
the given point on its directrix. 


15, Generalize, both by projection and reciprocation, the theorem 
that, if two circles cut orthogonally, the ends of any diameter of either 
circle are conjugate with respect to the other circle. 


CHAPTER VIII 
INVARIANTS 


215. lf 
S= aa? + by +027 2gen+ Zhay = 0, 
and = S' =a’a' + b'y? + c'2 + Of'yz + 2g'ca + Zh ay =0 
are the equations to any two conics, the equation to any 
conic through their points of intersection is 
We ot Oo. eee Sees (1). 

The condition that this latter conic should be a pair of 
straight lines is 

(ka +a’) (kb + b') (he +0!) +2 (kf +’) (hg + 9') (hh +h) 
(ka +-0') (bf +.f)'— (kb +8) (kg +9')'~(ke +0) (kh +h’) =0, 
1.6, AR + OF + @k + A’=0 0... (2), 
where : 

A =abe + 2fgh —af*—bg*- ch? = Aa + Hh+ Gq; 
@ = a’ (be — f*) + b' (ca — g*) + ¢' (ab — h’) 
+ Of" (gh- af) + 2g' (hf — bg) + 2h' (7g - ch) 
= Aa' + Bb + Cc’ + 2Ff’ + 2Gq' + 2Hh'; 
@' =a(b'c' -— f") +b (c'a' —g*) +c (ab' - h?) 
+ Of (g'h’ — off") + 2g (hiyf" — By) + 2h (f'g' - ch’) 
= A’at+ Bh + C'c + 2F'f + 26'9 + 2h; 
and 
A‘ =a'b'c' +9/"g'h' - alf"— b'g?- ch? = A'a' + Hh’ + Gg’. 

Here A, A’ are the discriminants of the two conics, and 
the capital letters have the usual meanings as defined in 
Art. 72. 

The equation for & has therefore, in general, three roots 
corresponding to the three puirs of straight lines that can 
be drawn through the four (real or imaginary) intersections 
of the conics. 
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If we eliminate & between (1) and (2), we have, as the 
equation to these three pairs of straight lines, 


AS? - @S?S + OS'S?- A'S +0. 


The coordinates in which § and S’ are expressed may be 
of any kind—Trilinear or Areal or Cartesian. If the latter 
coordinates are used, we nierely put z equal to unity. 


216. Ifon transferring to any new system of coordinates, 
of any kind whatsoever, the quantities S and S become S, 
and 8,', then clearly &S +S will become &S, + S,', and & is 
unaltered. If, in addition, &S§+.S represented a pair of 
straight lines, it must still continue to du so. Hence the 
' equation giving the values of k, for which &S + S’ represents 
straight lines, will be the same as that giving the values of 
k, for which &S, + 8,' represents straight lines. Hence the 
roots of equation (2) of the previous article must remain 
unaltered by the transformation, and so the ratios of any 
two of the four quantities A, @, &, and A’ must remain un- 
altered, and be independent of the particular axes or system 
of coordinates. 


For these reasons these quantities A, @, @', and A’ are 
called the Invariants of the two conics S=0 and S =0, 


In the case of any two conics if we have calculated the 
values of these four quantities, and find any homogeneous 
relation to hold between them, we can be certain that the 
same relation will exist between them however we may 
transform the axes of coordinates. 


217. In the course of the transformation it may hqwever 
happen that one equation has been multiplied by a constant 
quantity, but not theother. Thus, suppose that the coefficients 
of the terms in S’=0 had been multiplied by a quantity p, 
and that the terms in S=0 had not been multiplied by p, 
then, since @, &, and A’ contain the coefficients of S’ in 
the first, second, and third degrees respectively, the new 
quantities @, @', A’ would have been multiplied by p, p’ 
and p* respectively. Any homogeneous relation between 
the original invariants would not necessarily remain true. 
Thus the homogeneous relation @A=@A’ would become 
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p®@, x A, = p*@,' x pA,', which is not of the same form as before 
But the homogeneous relation @@’=AA’ would become 
p@, x pO,’ = A, x p*A,’, 4.6. @,@,' = A,A,', which is of the same 
form as before, 


Hence, that we may be sure that a relation between the 
above four quantities remains the same whatever the trans- 
formation, including the case when S and S’ are multiplied 
by different constant quantities, the relation must be homo- 
geneous both when A, @, @’, and A’ are considered as of the 
same dimensions, and also when they are assumed to be of 
dimensions 0, 1, 2, and 3 respectively, or when they are 
assumed to be of dimensions 3, 2, 1, and 0 respectively. 


918. For convenience of reference the values of the in- 
variant quantities are written down for certain standard 
cases of frequent occurrence. 

In-conic and circum-conic. 

S = Po? + mY? + nie -— 2mny2 — Inlzx - Wmay; 
S' = 2f'yx + 2g'za + Qh'ay. 

A =-- 42 m®n?; @ = Almn (If' + mg’ + nh’); 

@! = - (I/" + mg’ + nh')*; and A’ = 2/"9'/h’. 

In-conic and self-conjugate conic. 

S = Pat + miy? + n*2? — Imnyz — Inlzx — Wmay; 
S’ = La? + My? + Ne 
A=- 4m’; @=0; 
@’ = PUN +m'NL +n®LM; and A’=LMN, 
Circum-conic and self-conjugate conic. 
S = 2fyz+ 2gzu+ 2hay; 
S = Lat + My + Ne. 
A = 2fgh; @=—(Lf*+ Mg*+ Nh*); @ =0; A’= LUN. 
Two self-conjugate conics. 
S = Lat + My" + N24; 
S = L'ch+ Me + N'2. 
A=LMN; @=L'MN+M'NL+N'LH; 
@'= DM'N’+ MN'L'+NL'M’; A'=L'M'N’, 
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Ellipse and Circle. 
-* ¥ ,, 
S = (w- a)? + (y-B)- 74 
a at _ af + B- 4 7 
ee eget 
A — baby. — 
—— * 
Two circles. 


S = (w-a)? +(y—B)*- 7. 
S' = (a—a')*+(y— PP -r? 
A=-1; @=(a—a)* + (B— PP -2r? —1?; 
@' =(a—a)*+(B—f)*—1*—2r®; A’=—1'® 
Parabola and Circle. 
Sey — dpa; 
S'S (w- a)? + (y— BP - o°. 
=— 4p: ®=-—4p (p +a); @’ = B*—4pa — 7°; A ⸗- 

219. We shall now examine the geometrical meaning of 
the vanishing of some of the invariants, and of certain rela- 
tions between them. 

e=0. 

From the value written down in Art. 215, it is clear that @ 
vanishes when f= g =/=0 and at the same time a’ =b'=¢’=0. 

S then becomes az? + by? + cz?=0, «.¢. a conic self-conjugate 
to the triangle of reference, and S’ becomes 

2 f'ya + Qg'ze + 2h'ay =0, 
t.e. & conic circumscribed to this triangle. 

Hence @ vanishes when a triangle self-conjugate to S can 
be inscribed in S'. 

From the same article it is clear that @ also vanishes when 
be=f?, ca=g*, ab =A* and at the same time f’ =g'=h' =0, so 
that § is an inscribed conic and 5’ is a self-conjugate conic. 

Hence ® also vanishes when a triangle can be drawn to 
circumscribe S and also to be self-conjugate to S. 

Lu 14 
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220. Conversely, If 6 =0, then (1) an infinite number of triangles, 
self-conjugate to S, can be inscribed in S', and 
(2) an infinite number of triangles can be drawn to circumscribe S and 
be self-conjugate to S’. 
To prove (1), take any point 4 on S’, and let its polar with regard 
to S meet S'in Band C. With ABC as triangle of reference, we have 
S= az? + by? + cz? + 2fyz=0, 


and ‘= 2f’yz + 29'2a + 2h'zy =0. 
(For g and h are both zero, since the polar of 4 is z=0.] 
Since 6=0, .. - 2aff’=0. 


But f’ cannot be zero; for then S’ would be two straight lines; 
neither can a be zero, for a similar reason. 

Hence f=0, and thus the triangle of reference, which is inscribed in 
S’, is also self-conjugate with respect to 8. 

Since A is any point on 8’, there are an infinite number of such 
triangles, 


To prove (2), let BC be any tangent to S, whose pole with regard to 
S‘ is A, and let AB and AC be tangents to S. With ABC as triangle 
of reference, we bave | 


Sw Pr? + my? +2222 - 2mn yz — Inlex - Wmzy =0, 
and S' ma'a? + b'y? + c's? + 2f’yz =0, 
Since 6=0, «.41?mnf’ =0. 


But neither J, m, nor n can be zero; for then § would be a pair of 
coincident straight lines. 


Hence f’ =0, and thus the triangle of reference, which is circum- 
scribed to S, is also self-conjugate to S’. 


Since BC is any tangent to S’, there are an infinite number of such 
triangles. 


221. 0 2 0. 


From the values in Art. 215, it appears that @’ vanishes 
when f=g=h=0 and at the same time 0’c’ =f", c'a’ =g” 
. and a'b'=h", so that § is a self-conjugate conic and S’ an 
inscribed conic. 

Hence @ vanishes when a triangle self-conjugate to S can 
be corcumacribed about 5’. 

Again, @' also vanishes when a=b=c=0, and at the same 
time f’ = 9'=h'=0, t.e. when S is a circumscribing conic of 
the triangle of reference, and S’ a self-conjugate conic. 

Hence O also vanishes when a triangle can be inscribed in 
S which 18 self-conjugate to 5’. 
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As in the last article, the converses of the above theorems 
can be shewn to be true. 


oa y 
— fat 


Suppose we want the condition that a triangle can be 
circumscribed to one conic § and inscribed in another conic 
S’. Assuming that such a triangle exists, take it for the 
triangle of reference, | 

Then 

S = Pat + my? + n?2*— Imn yz — 2nlew — Wmay = 0, 
and 
S’ = 2f"yz + 29'xx + Lh'ay = 0. 
Then, from the results in Art. 218, it is clear that 
@ = 4A0’, 

This relation is homogeneous in A, @, ®' and A’; it is also 
homogeneous if they are assumed to be of dimensions 0, 1, 2, 3 
respectively; for then each side is of dimensions 2. 

It therefore is an invariantal relation of the form spoken 
of in Art. 217, and hence this relation must always exist 
between the equations of two conics such as Sand S’. Hence 

If « triangle can be circumscribed to S=0, and also be 
inscribed in S' =0, then @ = 4A@’, 

Conversely, [f 02= 4A0’, then a triangle, and any nuinber of triangles 
can be circumscribed to S=0 which are inscribed in S'=0. 


For let any tangent to § meet S'in the points B, C, and let the 
other tangents to S from B and C meet in A. Then A shall also lie 
on S'. Take ABC as the triangle of reference, 


Then SsiPz?+miy?+n322~Qmn yz -Inlzx - Bmcy, 
and 8's a'r? + Of'y2+2g'sx + Bh'zy. 
[For S is an inscribed conic, and S' goes through B and C.] 
Hence A= -4lmin?; © =4lmn (Uf’ + mg’ + nh’); 
6’ = - (Uf +mg’ +nh’)2+2mna'f’; A’=f’ [29'h’ -a'f']. 
Hence, since 6?=4A0’, we have 2m? n'a’f’ =0. 


and S’ the parabola 


14—2 
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Neither 1, m nor n can be zero; for then S would only represent 
a pair of coincident straight lines; nor can f’ be zero; for then S’ 
would be a pair of straight lines. Hence we must have a’=0, and so 
S'=0 also passes through 4. 

Since BC is any tangent to S’, an infinite number of such triangles 
can be drawn. 


223, 622 446. 


This similarly is the condition that a triangle can be 
inscribed in S=0, and circumscribed to S', 


224. @=0 and also ®@’ = 0. 


When both these relations are satisfied, then the four 
preceding cases are all included, and we have that 


An infinite number of triangles can be inscribed in = * of 


which are curcumscribed ton of and an infinite number 


of icinghs vate teed tr ite te a, 
which are self-conjugate for +3 ; 


Numerical Example. Let 
S = By—k,o?=0 and S =ya—k,f?=0. 


228. If two triangles are self-conjugate with respect to a conic 
S=0, a conic can be described to pass through the siz vertices of the 
triangles, and also another conic to touch their six sides. 


Let ABC and A’B’C’ be the two conics, and take ABC as the triangle 
of reference. 
Then Swax? + by?+cz22#=0. 
— a second conic S’ pass through the five points 4’, B’, C’, B and C, 
—— "a'r? + Of'ys + 2g'zx + 2h'zy. 
Since A’B'C’ is a triangle self-conjugate to S and inscribed in S’, 
. 8=0, i.e. a’be=0, 
a’=(0, and the conic S’ passes through A also. 
sii, let a conic S” touch the three sides of the triangle A’B’C’, 
and also the sides 4B, AC, 
Then 
S$" max? + b"y8 + o'22 4 Of "yet? Je"a"ex 22 [ab xy =0, 
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Since 4’B’C’ is a triangle self-conjugate to S and circumscribed to 
S”, therefore the 6’ of S and S” is sero, i.e. 
a (b’e” afi =O: .. be! =f "2, 
. 8” also touches BC, 


226. Gaskin’s Theorem. The circum-circle of a triangle which 
is self-conjugate with regard to a conic cuts the director circle of the 
conic orthogonally. 

Let Ssaz* +by3-1=0, 
and S's (z- a)? +(y - 8)? -7?=0. 

. * triangle, self-conjugate to S, can be inscribed in S’, then 

Henee, as in Art, 218, 


~. the square of the distance between the centres of S and S’ 


1 1 
=a? + p2 —— 


=r2+4the square of the radius of the director circle of S. 


Hence 8’, the circum-circle of the triangle, and the director circle 
of the conic cut orthogonally. 

Again, from Art. 219, we know that 6=0 if a triangle can be 
circamscribed to S=0 which is self-conjugate to S’=0. Hence (1) 
also shews that the self-conjugate circle of any triangle which is 
circumscribed to a conic cuts its director circle orthogonally. 


— Cases. I. Let the eonio in each case be a parabola. Then 
we have 

(1) The centre of the circle circumscribing a triangle, which is self- 
conjugate with regard to a parabola, lies on its directrix, and 

(2) The centre of the circle which is self-conjugate with respect to 
a triangle, which circumscribes a parabola, lies on its directrix, i. e. the 
ortho-centre of a triangle which circumscribes a parabola lies on its 
directrix. | 
: II. Let the conic in each case be a rectangular hyperbola. Then we 

ave 

(1) The circum-circle of a triangle, self-conjugate with respect to a 
rectangular hyperbola, passes through its centre, and 

(2) The self-conjugate circle of a triangle, which circumsoribes a 
rectangular hyperbola, passes through its centre. 


III. The circle self-conjugate with regard to a given triangle cuts 
orthogonally the circles on the sides as diameters, 
[For the sides are particular cases of inscribed conics.) 


IV. The circles on the diagonals of a complete quadrilateral as 
diameters are cut orthogonally by the circum-circle of the triangle 
formed by the diagonals of the quadrilateral. 


I” ae, 
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EXAMPLES, 


1, If @ triangle be self-conjugate with respect to a parabola, its 
circum-centre lies on the directrix, 


[Let Sey?-4ar=0, and §’=(2-a)*+(y- p)*-r?=0. 


If a triangle self-conjugate with respect to S is inscribed in S’, then 
6=0, which gives a= —a, ete, } 


9, If a triangle be circumscribed to a parabola, the centre of its 
self-conjugate circle lies on the directrix, [Here again @=0.] 


3, If a triangle be self-conjugate with respect to a rectangular 
hyperbola, the latter passes through the in-centre of the triangle. 


[Take Ss (x - a)?+(y-f)?-r2?=0; 8’ 2ey -k?=0; then O=0.] 


4, If a triangle be circumscribed to a rectangular hyperbola, shew 
that the circle with regard to which the triangle is self-conjugate 
passes through the centre of the hyperbola. 


[Take Sm2ry—k?=0; S’se2?+ y?- 2gx -2fyt+e=0. 
Then we are given that @=0, and hence that ¢=0,] 


5, If F=0 (Art. 113] be the harmonic locus of two conics 920 
and S’=0, and if any triangle inscribed in S’ is self-conjugate with 
respect to S, then any triangle inscribed in F is self-conjugate with 
respect to 5’, | 


6. What is the meaning of the relation @=0, according as either 
one or each of the quantities A, A’ is zero? 

What do we know of the conics S=0, S’=0 if A, 8, 6’ and A’ are 
all zero? 


7, If the directrix of a parabola passes through the centre of a 
circle, shew that an infinite number of triangles can be drawn to 
circumscribe the parabola and be self-conjugate with respect to the 
circle; and also an infinite number of triangles can be inscribed in 
the circle which are self-conjugate with regard to the parabola. 


8, Shew that an infinite number of triangles can be circumscribed 
to the conic S=0, and inscribed in the conic S’=0, in the following 
cases : 


(1) sa%+%-1=0; S'ez?+y?~(a+d)?=0; 
272 a 48 

(2) Seat ty (Sal Sm + -1=0; 

(3) Ssy?-4az; S' sy? -az-by+c=0; 


(4) when S is a parabola, and S’ any circle passing through its 
ocus. 
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9, Shew that the locus of the centre of the self-conjugate circle of a 
triangle circumscribed to a given conic is a circle if the radius of the 
self-conjugate circle is given. 


10, Ifthe director circle of a conic inscribed in a triangle touches 
the circum-circle of the triangle it also touches the nine-point circle. 


[Let 0, NV, Phe the circum-centre, nine-point centre, and ortho-centre 
of a triangle, and K the centre of the conic. Let ¢ and p be the radii 
of the director circle of the conic and of the self-conjugate circle of the 
triangle, Then, by the second theorem of Art. 226, KP#= "+ pi, 


If the director circle touches the circum-cirele, then OK =t+ R. 
“. (A+p%)+(t+R)*= KP? + OK*=2NK?+ 40P2 
= 2NK? + § (R?-8R?cos A cos B cos C) 
= 2NK? +4 (R?+ 2p?). 
, NK att, 
i.c. the director circle and nine-point circle also touch. ] 
227. To shew that two conics, S=0 and S'=0, will 
touch 1 
(@@’ — 94.4’)? = 4 (@* — 34@’) (0 — 34'@); 
and that they will have contact of the second order if 
@ = 3A0' and @* = 3A’@. 

If two conics touch then, as in Part I, Art. 385, two of 
the pairs of straight lines through their points of intersection 
coincide. Hence, instead of three different pairs of straight 
lines through their points of intersection, we only have two, 
and therefore the equation in & of Art. 215 has two roots 
equal. Let the roots be a, a and 8. Then 


2a +B=— >; ap +ah= 5; and ep=— >, 


SE 2a. + 5 =— Bat and Fatt a= Se a 
. 3a7A + 2084+ @'=0 ............4.(1), 
and a’® + 2a! + 3A’=0 .............(2) 
Solving (1) and (2), we have 
aé a ] 


6A'@-20 @@'-9AA’ 6A0' — 20°" 
, [00 —9Ad’} = 4 [@*- 346] (0? - 34’). 
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[Equation (1) also follows from the fact that if any 
equation ¢() =0 has cqual roots, each of them is a root of 


dp 
dk = 0.) 


If the conics have contact of the second order, there is 
similarly only one pair of straight lines through their points 
of intersection. In this case the roots are all equal to a, and 
we have 


iO ge Wage 
3a = ji Sah = 5 and a’ = x 


*, @=3A@’, and @*=3A'@, 


These relations are of the right dimensions according to the 
rule of Art. 217. 


228. To find the condition that a quadrilateral can be 
drawn to circumseribe a conic S=0 and be inseribed in a 
conic S’ = 0. 

We know that a quadrilateral can always be projected 
into a rectangle; hence, after projection, S is a conic and S’ 
is its orthogonal circle. 








Thus s2%+¥-1-0, 
and S’ = af+y'-a?-F=0. 
Hence, as in Art, 218, we have 
l 2a°+20? _, a* + 6*)® 
— ~~ gape , --1-' Se 
and A’ = —(a® + 5°), 
Rie” ea 
. F- 440 — — 


. -4400 + 8A%A’ = 0, 


This relation is of the proper dimensions according to the 
rule of Art, 217. 


If one rectangle can be drawn circumscribing S its vertices 
lie on the director circle, and hence, from the general 
property of the director circle, it follows that an infinite 
nuniber of such rectangles can be drawn. 
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Cor. Two conics are such that quadrilaterals can be 
circumscribed to either, with the ends of two diagonals on 
the other, if | 

@ = 2A@' and @*= 2A’O. 

For, in this case, we have both 

0 — 4A@@' + 8A*A’ = 0, 
and @* — 4A’@@' + BAA"? = 0, 
and these are both satisfied when 
@* = 2A@’, and @” = 2A’@, 


229. Bus. Prove that the relation 
63 ~ 4A60' + BA2A’ =0 
is also satisfied, 


(1) when the tangents to S at two of its points of intersection with 
S’ intersect on S’; 

(2) when S is inscribed in the triangle formed by two tangents to S" 
and their chord of contact: 

(3) when 9’ is the locus of the intersection of tangents to S which 
divide a given line FF” harmonically; 

(4) when the other tangents drawn to S from the points where any 
tangent to it cuts S’ intersect on a given straight line. 


230. Two conics S and S' are such that, if two of their 
points of tntersection are joined to either of the two others, the 
two chords and the two tangents at that point form a harmonic 
pencil; prove that @0' = AA’. Deduce the condition that two 
circles cut orthogonally. 


Take three of the points of intersection A, B, C as the 
triangle of reference, and let the conics be 


S = 2fyz + 2g + Qhay =0, 
and S = 2f'ys + 2g! en + Dh'ny = 0. 

The tangents to the conics at the point A are gz+hy=0 
and g'z +hy=0, and these with AC and AB, ie. y=0 and 
z=(, form a harmonic pencil if 

Cg 3 a Sore oe (1). 

Now A=2fgh; @=2f'gh + 2g'h/'+ 2h'fy; 

@ = 2g'h' + 2ghf' + 2hf'g'; and A’=2f"g‘h’. 

. @@'-AA’=4 (gh' + gh) (hf ‘+ hf) ( Sy > ¥. 9) = 0, 

by equation (1). 
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If we take B and C’ as the circular points at infinity, the 
two conics become circles, and, if the tangents at one of 
their points of intersection A divide harmonically the lines 
joining A to the circular points at infinity, the circles cut 
orthogonally. The required condition that two circles cut 
orthogonally is thus @@’ = AA’. 

This may be easily verified by taking the equations to the 
circles in the form 

a? +e?—a'=0 and a? + y'+ Ign +a’=0, 
hava Hx. 1. Shew that the relation 66’=AdA’ is also satisfied 
wnen: 

(1) the conics are a circle and a rectangular hyperbola, one of whose 
common chords is a diameter of the circle ; 

(2) the harmonic locus F=0 [Art. 113] degenerates into straight 
lines; and 

(3) the harmonic envelope F’ =0 [Art. 114] degenerates into a pair 
of points. 


Bx. 2. Shew that the equations to two conics which satisfy the 
relation 86’ = AA’ can always be reduced to the forms z?+y*-2z*=0 
and x? ~ y2+kz?=0. 


282. Shew that the condition that the pencil formed by joining any 
point on the contc S=0 with its points of intersection with S’=0 may 


be harmonic is 
205 - 9400’ + 27A7A’=0. 
Let the conics be La? + MB? + Ny2HO ........ecccecesenceeees (1), 
and L,a? + Mif* + Nyy=0 — — Sateen (2). 


If, as in Art. 65, their points of intersection are P, Q, R, 7, the 
equation to the lines PR and QT is 
(LM, — L,M) B2+(LN, - £,N) y?=0. 
By Page 128, Ex. 1, P, Q, R, T aubtend a harmonic pencil at any 
point of (1) if PR, QT are conjugate with respect to it, and hence if 


(Art, 76) 
NL (LM, - [.,M)+2LM(N,L -NI,)=0, 
i.e, if M,NL+N,;LM=2L,MN. 
Now A=LMN; 08=1,,MN+M,NL+N,LM=3L,MN in this case; 
@’= LM,N,+MN,L,+NL,M,; and A’=L,M,N,. 
, 00’ -34A4'=3L,7MN (MN, + MN) 
6L,2MN 205 
— LMV — 
, 208 - 9400 + 2742 A’ =0. 
This is a homogeneous relation which is of the right dimensions 
according to the rule of Art. 217. 
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Aliter. Project the points Q, 7 into the circular points at infinity 
so that the conica become circles. Then P and R must subtend a 
right angle at any point of S, and hence PR must pass through the 
centre of S. Thus 

Sak (x? +y?- a), 
and S’ saz? +4 ~ a2 +2d (y ~ pr), etc. 
288. The equation ax? + by? + cz? + 2fyz 4-Qgexr+ 2hry=0 represents 
a circle, the coordinates being areal; shew that its radius pis given by 
es 4R? (abe + 2fgh — af? - bg - ch’) 
(2f-b -~c) (2g -c-a) (2h-a-b)' 
where R is the circum-radius of the triangle of reference. 

Take S=) (ax? + by? + c2? + Wfye + 2gz2 + 2hry]=0, 
and S'=a,*yz+b222+c%2y=0, 
where a), b), ¢, are the sides of the triangle of reference, and hence 
S’ is the circum-circle, 

Since S=0 represents a circle, \ can be chosen so that § - S’=0 has 
z+y+z=0 aga factor. Hence on substituting z=-y—-z, we see that 

A[(a +b —- 2h) y* + (ate - 2g) 22+ Qyz (a+f-g-h)) 

~[agtyz — by22 (y +2) - ec? y (y +2)] 


”. A\(a+b-2h)+e,2=0, 
\ (a+c — 29) +b,?=0, 


is zero identically. 


and h (2a + 2/ - 2g — 2h) + (b,? +c,?-4,*)=0, 
giving A(b+e-2f)+a,'=0. 
A ee eee. Se, 
ee ok —— (1). 
Hence A=5 [abe + 2fgh — af? — bg? - ch], 
and A’ =}a,7b,%c,%. 


Since S=0 is now in the proper form, we have, by Art. 218, 
ph A A fabe+ 2fgh -— af? - bg? — ch?) 
R?~ A’ (2f-b-c) (2g-¢-a) (2h-a-b)’ 
on substituting for a,*, bg?, co? from (1). 
This is the result with Areal coordinates. If we use Trilinear co- 
ordinates we should have similarly 
y. 4a,2b,2 ¢,? [abe + 2fgh — af? ~ bg? - ch®] 
R?~ (2fbg cg — beg? — ebg*) (2gcqay — cag? - QC,2) (Qhay by — aby? — bag?) * 
334. If S=0 and S'=0 are the equations to two conics, 
F' = 0 their harmonic tangent locus, and F' = 0 their harmonic 
envelope, to prove that F’ = @'S + @S' — F, where the forms 
used for F and F’ are such that their discriminanis are 


AA’ (@’— AA’) and (@@- AA’). 
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Let the two conics be referred to their common self-con- 
jugate triangle, so that 
S = ac’ +by +c27 = (0), 
and S’ Sa’? +b'y'+c2=0. 
Hence, by Arts. 113 and 114, 
F = aa’ (be' + b'c) a* + bb (ca’ + c'a) y* + cc! (ab’ + a'b) 2 =, 
and 
F’ = (ab’ + a’b) (ca’ + c'a) a? + (be’ + bc) (ab' + ab) 
+ (ca’ + c'a) (be’ + b’c) 27 = 0. 
Now 
@ = a'be + b'ca + c'ab, and @' = ab’c’ + be'a’ + cab 
Hence the coefficient of 2* in 
@'S + OS'— FP =a (ab'c' + be'a’ + cab’) 
+ a (a'be + b’ca + c'ab) — aa’ (be' + 6'c) 
= a*b'c’ + abe + caa'b’ + aba'e’ 
= (ab’ + a’b) (ca’ + c'a), 
and so for the coefficients of 7 and 2’. 
Hence F’ = 60'S + 0S’ -F. 
The discriminant of F 
= abca'b'c' (be’ + b’c) (cu + c'a) (ad' + a’b). 


, 
8 


Also 
@0' — AA’ =(a'be + b'ca + c'ab) (ab‘c’ + be'a' + ca’b’) — abe. a'b'c 
= (bc’ + b'c) (ca’ + c’a) (ab’ + 0'6). 
Hence the discriminant of F 
= AA’ [@0’ - AA’). 
Also the discriminant of F’ 
= (be’ + b'c)* (ca’ + c'a)? (ab’ + a'b)? = [@0' - AA’ 
Hence the forms chosen for F, F’ are as stated. 


Cor. If @@’—AA’=0, the harmonic locus breaks into 
two straight lines, and the harmonic envelope also breaks 
into factors, and gives two points only. This is the case, as 
in Exs. 1 and 2, p. 11, when the two conics are orthogonal 
circles. 
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235. Such a function as F' is said to be a covariant of 
S, S' and F. 

Any function ¢ is a covariant of other functions S, F, ... 
when it is derived by some rule from those functions, and 
when, if the variables involved are transformed by any 
linear substitution, the result obtained by transforming ¢ 
differs only by at most a constant multiplier from that which 
we should get by first transforming S, 8’, ..., and then from 
them deriving 4 by the same rule as before. 


236. In a similar manner we can shew that if 3 and 3’ 
be the tangential equations of two conics, and ® and ©’ the 
tangential equations of their harmonic locus and harmonic 
envelope respectively, then 7 

= @'S + @3' - &. 
For > = Phe + mica + nab; 
y= Po'c' + mica’ + nied’; 
® = bebe (ca’ + ca) (ab’ +-a'b) +. +...3 
and = =aa'bd'co’ [(be' + b’c) 2 +... +...) 

@=theinvariant derived from 3 and %’=abe(ab'c' + ...+...), 
and & similarly =a'b’c' (a'be +... +...). 

[It may be verified, asin Art. 234, that the forms of ® and 
® are so chosen that their discriminants are respectively 
(@8’— AA’) and Ad’ (@0' - AA’), where A, @, @', and A’ 
belong to the system % and 3’.] 

Just as in Art. 234, it may now be shewn that 


b= O'S + Od’ - o. 
237. Jf 5, be the polar reciprocal of S with respect to 5’, 
and 5, the polar reciprocal of S' with regard to S, then 
S, = OS’ — F = F’-@'S, 
and S; =@S-F =F’ — 08". 
— the notation as in Art. 234, we have, from Art. 178, 


S, =a bex* + b*cay* +c*ab2* =0, 
and 5; =a"b'c'a? + bc'a'y* + 8a'b'2?= 0, 
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~ Now | 
@S’ - F =(a'be+b'icat+c'ab)(aat+by+cx) - | 
— aa! (be' + b'e) æ - bb’ (ca’ + c'a) y* — cc! (ab’ + ab) 2 
=a'tbex! + b"cay? + c%aba*=8,. 

.. 5,=08' -F=F -@'S, by Art. 234. 

Also 
@'S - F = (ab‘c' + be'a' + ca’b’) (asc + by* + 02") 

~ aa’ (be' + b'e) 2% — bb’ (ca + c'a) y* — ce’ (ab' + a) 2" 
=atb'e'a2 + Be'a'y? + cfa'b'e’ = 8, 

, 8 =@S-F=F —@S', by Art. 234. 

Cor. If the conics S and S' are such that @ = 0, then the 
harmonic locus F is the polar reciprocal of S with respect 
to S’, and the harmonic envelope F* is the polar reciprocal 
of S’ with respect to S. 

If the conics are such that @’=0, then the harmonic 


locus Fis the polar reciprocal of S’ with respect to S, and the 
harmonic envelope ¥” is the polar reciprocal of S with respect 
to F. 


238. That there must be a linear relation between 
S,, S’ and F follows from the fact that the points of contact 
with §’ of any common tangents to S and $' are the poles of 
tangents to F with regard to S$’, and are thus points on the 
polar reciprocal §,, and through these points passes F, by 
Art. 117. Hence we must have a relation of the form 

S, = 18’ + mF. 

280. Shew that the general equation of @ conic touching the four 
common tangents of two conics S=0 and S'=0 ts AS+k¥ + k?A’S'=0, 
where k is a variable parameter and ¥ =0 is the harmonic locus. 

Let Saaz? + by? +cz* =0, 
and S’za'x?+b'y®+c'24=0, 

Let 2 and &’ be the tangential equations to these conics, so that, 
by Art. 72, 

D=Pbe+mica+n2ab=0, and 2 =l*b'c’ +mic'a’ +n@a'b'=0. 

The tangential equation of any conic touching the four common 
tangents of S and S’ is — 

+ =U; 


i.e. (be + kb! c’) 14+ (ca+ ke’a’) m?+ (ab+ ka’b’) n*?=0. 
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For the point equation we have, by Art. 73, the coefficient of z* 
= (ca + ke’ a’) (ab + ka’ b’) =a be + kaa’ (be’ +b’ c) + k*a’2b’c’, 
and so for the coefficients of y? and z*, The required equation is thus 
abe (ax? + by? +27] 
+ k[aa’ (be’ + b'c) 2* + bd’ (ca’ +c! a) y® +-cc' (ab! +.a’b) 22) 
+k? a’b’e' (a! 22+ b’y? + cs) =0, 
i.e. AS + kB +k*A'S’=0. 

Cor. The envelope of these conics is the four common tangents 
themselves. Hence the equation to these four common tangents is 
F?=4AA'SS'. [Cf. Art. 117.] 

240. Shew that the tangential equation of S+kS’=0 ts 

L+kb+kd'=0, 
and interpret the equations 6=0 and $*-4E2'=0. Shew that the point 
equation of +kb=0 ts 
AS +k [OS + AS] + #*(0'S + OS’ - F]=0, 
and interpret the equation 
[OS + AS’P ~ 4AS [06'S +05’ - F]=0. 
Let Smaz*+by?+cz?=0, and S'ma’x*+ b’y?+c'22=0, 
Then the tangential equation of 
(a + ka’) 24+ (b+ kb) y? + (c+ ke) 2=0 
(b+ kb’)[c+ke']+...+...=0, 
i.e. 
(beP+...+.,.)+h[2 (be’ +b'c)+...4...J+k[Pb'e'+,..4.,.]=0, 
i.e. Z+kb+kz’=0, 
where * is the tangential equation of the harmonic envelope. The 
equation 4*= 42% is the tangential equation of the envelope of the 
above conics, i.e. it is the tangential equation of the four common 
points of the conics S, S’. [Cf. Art. 116.] 

The equation 2+kd=0 
is {be +k (be +b’c)} P+... +...=0, 

For the point equation the coefficient of x? 

=[ca+k(ca’ +c’ a)][ab+k (ab’ +a’ d)] 

=albe + k[a (a be + b’'ca+c’ab) +a’. abc] +k? (ca’ +c'a) (ab’+a’b). 

Hence the point equation is 

abe [ax* + by? + cz3] 

+k{[ (az? + by? + cs¥) (a’ be +b’ ca +c’ ab) + abe (a’ 29 + b’y? +¢'23)] 
+I [(ca’ +a) (ab’+a'b) z*+...4...J=0, 

i.e. AS +k [6S + AS']+k°¥’ =0, 

i.e. AS + k[OS + AS’} + k8[0'S + OS’ - F]=0, 

by Art, 284, 
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The equation 
[OS’ + AS’}*~ 4AS [6'§ +05’ - F]=0 
is the envelope of these conics, i.e. it is the equation to the four common 
tangents to § and FP’. 


241. Since the results of the last two articles only contain quantities 
which are invariants with respect to S and S’, or which, like F=0 and 
¥F’ =0,are defined bya geometrical property which is independent of the 
particular axes of coordinates or triangles of reference which are used, 
these results will remain true whatever be the particular forms that 
are used for S and S’, and, in particular, will hold when S and S’ are 
given by the general equations of the second degree. 

‘This can be verified, as in the previons articles, by taking the general 
— — for S and S’ and using for F and @ the values given in 


EXAMPLES. 


1, Determine the homogeneous relations which exist between the 
invariants of the conics 
S, = (az + py)*- 22=05 
S,= 8 (z*+y%) - 22=0; 
and S,m2cry + 28dz + dary a ae 


and verify the corresponding geometrical relations between the conics. 


9. Find what homogeneous relations exist between the invariants 
in the two following cases: 


(1) S is a parabola, and S’ a rectangular hyperbola whose centre is 
at the foous of §; 


(2) S is a circle, and S' a parabola whose focus is on S. 


3. From the fact that, if a conic touches the locus of the feet of the 
normals drawn to it from any point P, then the locus of P is the 
evolute of the conic, obtain the evolutes of the parabola y?=4pz and 

. gt y? 
of the ellipse at pf =1. 

4. If S’=0 be a given conic, the locus of the centre of a variable 
conic $=0, which is self-conjugate with regard to a given triangle, 
and such that the invariant © of S and S’ vanish, is a straight line. 


5, Two conics S and S’ intersect in 4; the tangents to S and S’ at 
A meet S’ and S in B and C respectively and BC meets the conics 
again in B’, C’; if B’ and C’ are the harmonic conjugates of B and C, 
prove that 60’ + AA’=0, 


8, Shew that a conic can be drawn to have contact of the third 
order with the conics S=0 and S’=0 if AG's = A’6'. 
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7, ¥=0 and F’=0 are the harmonic locus and harmonic envelope 
of two conics S=0 and S’=0. If triangles can be inscribed in F, 
which are self-conjugate with respect to F’, then 

60'+3AA'=0. 


8, If F=0 and ¥’=0 have double contact, then S=0 and S’=0 
have double contact, or else AQ’#= 4’6. 


9. If the four points of contact with S=0 of the common tangents 
to S=0 and S’=0 are joined to any point of S, and the lines ao formed 
give a harmonic pencil, prove that 

20 —960'A’ + 274A7=0. 

10, If one pair of common chords of two conics are conjugate lines 

with regard to each of the conics, prove that 66’=9Ad’. 


11, Two conics S=0 and S’=0 touch; shew that the ratio of their 
curvatures at the point of contact is equal to the ratio of the unequal 
roots of the equation 

Ake + Ok? + 0’k+ A’=0, 

12, An infinite number of quadrilaterals can be inscribed in S and 
circumscribed about S’. If 8, is the polar reciprocal of S with respect 
to S’, shew that an infinite number of triangles oan be inscribed in S 
and circumscribed about S,. 


13, Find the locus of the ortho-centre of a triangle which is inacribed 
in a conic § and circumscribed to a conic S’. 

The principal axes of §’ being the axes of coordinates, we have 

S maz? + Qhay + by? + 2gz+ 2fy+e=0, 
and 8’ ma’z*+b'y?-1=0, 

Let (x’, y’) be the ortho-centre of any such triangle and d the radius 
of its self-eonjugate circle, so that the equation to the latter is 

S" a(e- 7’)? +(y-y'}? -d=0, 

By Arts. 221 and 219 since the triangle is inscribed in S, circum- 
scribed to 8’, and self-conjugate to 8”, the 6’ of S and S” is zero, and 
also the 6 of S’ and S” is zero. 

Hence az? + 2hz'y’ + by’? + 2gz’ + 2fy' +c - (a+b) d?=0, 
and a + ~ (2'2 +3 ~ d?) a’b'=0. 

Hence, on eliminating d*, the required locus is the conic 

1 1 
= Root & 
S=(a+b) (st4y a >) ° 


14, A triangle ABC is self-conjugate to a conic 8, and two of its 
angular points, B and C, lie on a conic S'; shew that the locus of the 
third angular point A is @8~AS’=0, Prove also that the side BC 
touches the harmonic envelope of S and S’, and that the sides AB, AC 
touch the reciprocal polar of S' with regard to S, 


Lu 15 
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Taking 4 BC as the triangle of reference, we have 
S = az* + by? +cz*=0, 
and S’ ma’x* + 2f’ys + 

Clearly the conic a’S - aS'=0 goes through the point 4. 

But A=abc, and O=a’be. .. rt and hence 9@§ - AS’=0 is a 
conic through 4. But since this equation contains only S, S’ and the 
invariants, it is clear that it remains the same whatever triangle of 
reference is taken. Hence the conic is a fixed one. It follows, as, 
would be expected from Art. 219, that the locus reduces to S’=0 when 
8 is zero. 

The tangential equation to the harmonic envelope is (Art. 115) 

&=ca'm? + a'bn? - Qaf'mn — 2bg’nl - 2ch'im=0. 

This is satisfied by m=0, n=0, i.c. the base BC always touches the 
invariant conic F’ =0. 

As in Art. 179 the polar reciprocal of &’ with regard to S is 

al f 9x3 + 54 9/8y2 + 62h’? 22 - Qhe (g'h' - a’ f’) yz 

~ 2cah' f' zx - Qabf'g’cy =0. 

This touches both AB and AC, But, since the equation of this polar 
reciprocal can be put into the form 6’S- F=0, it is an invariant 
conic, Hence the sides AB, AC always touch it. 


15, Triangles can be inscribed in a conic S=0 which are self- 
conjugate for a conic 8’=0. Shew that the triangle formed by the 
tangents at the angular points of any such triangle is inscribed in 
the conic AS’ - 8S=0. 


16. Two conics, S and S’, are such that triangles can be inscribed 
in S’ whose sides touch S. Shew that the locus of the point of inter- 
section of the lines joining the vertices of any such triangle to the 
point of contact of opposite sides is the conic 8AS’ - 20S=0. 


17, A triangle is inscribed in a conic S=0 and two of its sides 
touch the conic S’=0; shew that the envelope of the base is the conic 
{6’ - 4A'8] S+4AA'S’ =0. 

18, A triangle circumscribes a conic S=0 and the extremities of 
its base lie on the conic S’=0; shew that the vertex lies on the conic 
{6? ~- 4A6’}? § + 164° A’ 8’ +4A {62 - 4A6’] F=0. 

[When 62=4A0’, the locus reduces to S’=0. (Art. 222.)] 
19. The conic §=0 touches three sides of a quadrilateral, and the 


vonic S’=0 passes through the four angular points; prove that the 
envelope of the fourth side is the conic 


{@?~ 4A0'}? 8484 [@3- 4400’ + 8A?A’] S’=0, 


ANSWERS 


(Pages 58, 59,) 
{(mn+1)(am + Bn)+ (m5 + n5)} { (mn-1)(am—-fn) +-y(m' —n°)} =0, 


B. A conic touching two of the fixed lines, 


7. 
13. 


12. 


13, 


14, 


A conic circumscribing the triangle of reference, 
A cubic circumscribing the triangle of reference, 


(Pages 77, 78.) 


. (00s B--+y cos C)?=asin A (8 sin B+ sin C); 


e cos? B.B+6 cosa? C. y=0, 
The nine-point circle. 


(Pages 85-87.) 
x+y? +22— Qyz - Qew - Izy =0, 


(Pages 92-94.) 

(1). (1,0), (-1, 0) and (0, 1); (r+-y-1)?+(r~ yt1)?-4y?=0; 

(t+y-1)—-(2~y+1}2+y2=0, 
(2). (1, 0), (- 1, 0) and (-}, 4); 

4 (2+ 2y -1)?- (Qe - By +9)? - Byi=0; 

4 (x + Qy - 1)?+ (Qa — By +2)? - 5y?=0, 
(3). (4, - 4), (-3, 4) and (-2, ~8); 

(2 - y +1)?— (x--y -1)+(2+y)*=0; 

~ (2¢~y +1)? +2(2-y-1)?+2 (e+y)*=0, 
Xsy+2=0; Yae+z=0; Zez+y=0; X?~ y24 72-0; 
X24. Y?272=0, 


(Page 106, ) 
10, a? = 4yz. , 
(Pages 111-114.) 
3, t=0; y=0; ++22=0; %=-12y -42=0, 


(Page 144,) 


BR] 
ox 
— 
ij= 
o 
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i 
1 
| 
os 








228 ANSWERS 


(Page 149.) 
1, 5672+ 9m? - 15n® - 42mn —52nl + 44lm=0. 
3. (9, $)35 t+ y=2. 
(Pages 169, 160.) 
3, The conic ayz+bzr+cry=0. 
5, (8, -—8, —2); c+y=0 and 17z+ by + 18z=0. 


1 i 
6, (0, yu’ y) ete (M+N, N+L, L+H). 


(Page 168.) . 
Zz (2, 1); (-2, ~1). 
(Page 224.) 


1, 66’=9AA’; 62=440’; O=0. 
9, O=0; O7=440. 
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